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Preface

In the preface to Explorations in Complex Functions, the authors noted that “A first
course in complex analysis introduces keys that open many doors. ... The doors open
on many subjects of interest. Too many subjects, in fact, to cover in a single follow-
up course. ... Our purpose is to provide brief, but self-contained introductions to
many of the subjects alluded to above.” We felt that such a book could be useful — for
independent reading, as a source of material for presentation in a seminar, or as a text
for a second course in the subject. The first author used the material of Explorations
in this way in a one-semester course for two successive years. The courses covered
two different (though overlapping) subsets of roughly half of the chapters past the
“basics.”

Anyone familiar with complex analysis could see that Explorations did not exhaust
the topics that such a book might cover. Eventually the authors decided that the book
did not completely exhaust themselves, either. We envision the same kind of uses
for the present book — independent reading, seminar topics, or for a semester or
year-long second course in complex analysis that gives a broad overview of some
important parts of the subject.

The present book is independent of, and has minimal overlap with, Explorations,
and is essentially self-contained. We begin with two chapters that are meant to be
used as a resource, rather than as regular reading — sections of these chapters can be
drawn on as needed as background for later chapters. Both the introductory chapters
contain proofs, or sketches of proofs, of all the material that they cover. The first
chapter is (almost) the same as in Explorations, reviewing material that is standard
in an introductory course. The second chapter covers, quickly, some topics from
that book and some additional topics that will be used in more than one chapter in
this book. These additions include Carathéodory’s theorem that a conformal map
between Jordan domains extends to the boundaries, and an introduction to weak
solutions and Weyl’s lemma.

The order of the remaining chapters is somewhat arbitrary. Chapter 3 and Chapter 4
are stand-alone introductions to complex dynamics and to univalent function theory,
respectively. Chapter 3 treats iteration of a rational function. It covers basic facts
about the Fatou and Julia sets and the roles played by different types of fixed points.
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Chapter 4 begins with a capsule history of the Bieberbach conjecture, introduces the
basic results of Koebe and Bieberbach, and continues through Carathéodory conver-
gence and Loewner’s equation. After covering the Robertson and Milin conjec-
tures, the chapter ends with Weinstein’s short proof of de Branges’s theorem: the
verification of the Bieberbach conjecture.

The next three chapters can be treated as a unit leading to the uniformization
theorem: the characterization of simply connected Riemann surfaces. Chapter 5
follows Perron’s approach to the Dirichlet problem via subharmonic functions.
General Riemann surfaces, universal covers, cover transformations, and some conse-
quences of the uniformization theorem are covered in Chapter 6. Chapter 7 contains
the proof of the uniformization theorem itself.

Chapter 8 and Chapter 9 carry the theory of Riemann surfaces further. Chapter 8
is a stand-alone introduction to quasiconformal mapping through modules, extremal
ring domains, the Beurling—Ahlfors extension, Holder continuity, and the Beltrami
equation. This chapter paves the way for the use of the uniformization theorem and
quasiconformal equivalence to attack the problem of moduli of Riemann surfaces in
Chapter 9 on Teichmiiller theory.

The remaining five chapters are (largely) stand-alone introductions to topics of
both theoretical and applied interest. Chapter 10 treats the Bergman kernel and the
Bergman metric, with applications to conformal mapping for simply connected and
multiply connected plane domains and to the Dirichlet problem. Chapter 11 intro-
duces theta functions, particularly for hyperelliptic curves, and the approaches of
Riemann and Weierstrass to the Jacobi inversion problem.

The final three chapters have applications to approximation theory and to asymp-
totics. Chapter 12 deals with Padé approximants and the connections with continued
fractions, orthogonal polynomials, and the Stieltjes transform. Chapter 13 treats
the original Riemann—Hilbert problem and some of its generalizations and appli-
cations, such as integral transforms and integral equations. Chapter 14 covers
Darboux’s method for computing asymptotics of Maclaurin expansions, and some
recent generalizations.

Altogether, there is more material here than one could expect to cover in a year-
long course in complex analysis. How much can be covered in one or two semesters
will depend on the degree of preparation of the class. The authors hesitate, therefore,
to make specific suggestions — especially since the choice of topics will depend very
much on the interests of the instructor and/or the students. It has been pointed out to
the authors that material selected from Chapters 2, 4, 5, 7, and 8 contains the function
theory background for some stochastic equations of current interest, such as SLE.

For an overview of dependence relations of chapters, see Fig. 0.1.

The authors gratefully acknowledge the patience and support of their wives,
Nancy Beals and Edwina Wong, and the encouragement and helpfulness of their
Springer editors, Loretta Bartolini and Elizabeth Loew. The authors are also grateful
to Professor Wei-Yuan Qiu for many helpful comments on Chapter 3.
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Dependence relations among chapters:

1. Basics

l

2. Further
preliminaries

3. Complex 4. Univalent 5. Harmonic
dynamics functions functions

6. Riemann
surfaces

7. Uniformization 8. Quasiconformal

theorem mapping
9. Teichmiiller 10. Bergman 11. Theta
theory kernel functions

12. Padé 13. Riemann-Hilbert 14. Darboux
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*

Fig. 0.1 Chart of dependence relations among chapters
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Chapter 1 )
BaSiCS %f:je;zhefgr

This chapter begins with a brief summary of facts from a standard introductory com-
plex variables course: Cauchy’s formula and consequences, isolated singularities,
residues, and the complex logarithm. Also included are four topics that are not as
standard for an elementary course, but are used in the following chapters: reflection
properties, infinite products, analytic continuation, and harmonic functions. For all
this material we give brief discussions and sketches of proofs.

1.1 Introduction; notation

Throughout, a domain 2 is a connected non-empty open subset of the complex plane
C. A function f : 2 — Cissaid to be C", or a C" function if all partial derivatives
of f of order < n exist and are continuous. The space of such functions is denoted
C"(82). The space C*°(£2) of C* functions is defined similarly. Partial derivatives
are often denoted by subscripts: fx, fy, fxx.fxy, €tc.

A (parametrized) curve in £2 is a continuous function y defined on a real interval
I = [a, b] and having values in £2. We commit the usual abuse of terminology by
using the term “curve” interchangeably for the continuous function y : I — §2 and
for the image y (1) in C. The image carries an orientation from the parametrization.
The curve y is said to be smooth if y is a C' function on the closed interval. The curve
y is said to be piecewise smooth if it is smooth on each of finitely many subintervals
whose union is [a, b].In some contexts a curve, or a part of a curve, may be referred
to as an arc or a path..

Similarly, a curve y is said to be analytic if it is real-analytic, i.e. for each ¢, €
[a, b], y is given for nearby values by a convergent power series

oo
y() = Y an(t —to)".
n=0
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 1
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Note that this means that y can be extended so as to be defined on an open neigh-
borhood of its (original) domain, defined by these same power series for complex
values of ¢.

A curve I' : [a, b] — C is said to be closed if the endpoints coincide: y (a) =
y (b). A curve is said to be simple if its image has no self-intersections.

In this chapter it is assumed that any domain £2 that occurs is bounded and that the
boundary 952 is the union of finitely many pairwise disjoint simple smooth closed
curves, oriented so that £2 lies to the left of each boundary curve.

Ify : [a.b] - $2 isacurve and f is a continuous function defined on the image

of y, then the integral
f f = f f@)dz
% y

is defined to be the limit as max{|z ;41 — z;|} tends to zero of the Riemann sums over
partitions @ = xg < x; < --+ < Xy4] = b,

eIy () = ().

j=0

In the case of double integrals it will often be convenient to write dm (z) for dx dy:

/f f(x+iy)dxdy =// f()ydm(2).
17 1?)

(As usual, it is understood that x, y are real, and that a function of z = x + iy can
be considered as a function of x and y, and conversely.)
If z =x 4+ iy, the complex conjugate 7 is x — iy. Thus the real part Re z and
imaginary part Imz of z = x + iy are
1 _ 1 _
x =Rez = Z(z+2); y=1Imz = —-(-2).
2 2i

The polar decomposition of z = x + iy is essentially the representation of z in polar

coordinates )
z = ré? = rcos6 +isind, (1.1.1)

SO

r=—v/x2+y2, 6 = tan”! Y
X
1.2 The Cauchy-Riemann equations and Cauchy’s integral
theorem

Consider a function

S +iy) = ulx,y)+ivix,y), x+iyeSf2,
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where u and v are real-valued C' functions. The complex-valued function f is said
to be holomorphic (differentiable in the complex sense), if and only if  and v satisfy
the Cauchy—Riemann equations:

Uy = Vy, Uy = —Vy, (1.2.1)

where the subscripts denote partial differentiation.
Green’s theorem (or an argument due to Goursat that uses only pointwise differ-
entiability) yields the basic theorem of the subject.

Theorem 1.2.1. (Cauchy integral theorem) If f is holomorphic in a domain S2,
and continuous on the closure of $2, then

/ f@)yds¢ = 0. (1.2.2)
982

Let us pause to look at the Cauchy—Riemann equations and Cauchy’s theorem
from the point of view of differential forms and Green’s theorem. The pairs of 1-
forms dz, dz, and dx, dy are related by

dz = dx +idy, dz = dx —idy;

dz +dz dz — d7
dr — z+ z’ dy = z . z.
2 2i
Thus
af af 1 Taf of 1[af | of]
df = Lax+ gy = |9 i g4 - Y az.
e T 2[3 ay | o ax Ty | 2

It is natural to express this as

df:_fd +—de=8fdz+5de,
0z 0z
where
0 170 ) - 0 110 .0
3:__ - i 0= — = — | —+i—|. (1.2.3)
az ax 8y 9z 2 [ox ay

With f = u + iv we find that
1 -
af = E[(ux-i-vy)-i-i(vx _My)]s af = [(”x —Vy) _i(vx+”y)]'
(1.2.4)

Thus the Cauchy-Riemann equations (1.2.1) are equivalent to the single equation
d f = 0. Moreover they imply that for holomorphic f = u + iv,

of = ux+ive = f,  of = uy—ivy = f.. (1.2.5)
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A standard form of Green’s theorem is that if £2 is a domain, then

[Pdx + Qdy] = /f [Q, — P,]dx dy. (1.2.6)
a2 2

It is an exercise, using the identities above, to show that (1.2.6) is equivalent to the
equation

/ [fdz+gdz] = Zi/f [0f —dgldxdy. (1.2.7)
982 2

In particular, taking g = 0 we obtain a result known as the Cauchy—Green formula

/ fdz = 2i // df dxdy. (1.2.8)
082 2

The case 8 f = 0 is Cauchy’s formula (1.2.2).

Another application of these identities is to the calculation of the area of the
image of a domain £2 under an injective holomorphic function f whose first and
second partial derivatives are continuous up to the boundary. If f = u 4+ iv, the area
is, taking account of the Cauchy—Riemann equations:

Uy Vx

Z/./52 —Vx Ux
Z// [u? + v > dxdy.
2

Taking into account (1.2.5) we have two area formulas for injective holomorphic f:

dxdy

Area{f(£2)} = //Q|f/|2dxdy = //Q af of dxdy. (1.2.9)

Since 39f = 0, L
af af = a(f'f).

It follows from (1.2.8) that

1 _
Area{f(£2)} = 2—1./89 '@ f(z)dz. (1.2.10)

1.3 The Cauchy integral formula and applications

Much of basic complex function theory consists of exploring (fairly immediate)
consequences of the Cauchy integral theorem, Theorem 1.2.1. One such consequence
is the Cauchy integral formula. If f is holomorphic in a general domain 2, and
continuous on the closure, we can apply (1.2.2) to the function
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1 f(w)
glw) = 2— s
T W —Z2

w e §2,

on the domain £2, formed by removing from {2 a small disk centered at z,

D,(z) = (w:w=z+re’, 0<r <e 0<6 <2m).

The integral over the boundary of D,, oriented in the positive (counter-clockwise)
direction, approaches 27 f (z) as ¢ — 0; see the calculation (1.3.4). Taking the limit
yields the formula (1.3.1). This formula can be differentiated arbitrarily often.

Theorem 1.3.1. (Cauchy integral formula) If f is holomorphic in a domain $2,
and continuous on the closure of S2, then for each 7 € §2,

_ £
A 2ri Jyp § — 2

de. (1.3.1)

More generally, each derivative can be written as an integral:

n!/ f(@dg

90 (C __Z)n+1

") = (1.3.2)

Thus a holomorphic function is infinitely differentiable. Moreover, if

lz—2z0l < r = inf [ — z0l,
Ledf2

then the expansion

1 1 = (z—z0)"
_ = — EE: _ n+1
£7F (C—Zo)~|:1——z ZO} amg (&~

¢—20
converges uniformly for ¢ € 9£2. This gives:

Theorem 1.3.2. (Taylor expansion) If f is holomorphic in a disk D, (zo), then f
has a convergent Taylor expansion

°° )
f@) = Zan(z—m)", lz—z0l <r; a, = M. (1.3.3)

n!
n=0

In other words, a holomorphic function is an analytic function of z.

Remark. If f is holomorphic in a neighborhood of 0, the Taylor expansion centered
atz =0,
o0
f@) =) az
n=0

is often referred to as the Maclaurin expansion.
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Other easy consequences of the Cauchy integral formula are various mean value
and maximum principles. For example, if f is holomorphic in a domain that includes
the closure of a disk D, (z), then a change of variables

¢ = z+re’
gives
1 1 [7 A
f@ = — AYY) d¢ = — fz+re?ydo. (1.3.4)
2mi [—z|=r {—z 2 0

One can also take the real or imaginary part of this formula.

Theorem 1.3.3. (Mean value property) If f is holomorphic in a domain §2, then
the value of f at each point zy € §2 is the mean of the values on any circle {z :
|z — zo| = r} that is small enough so that D,(zo) is contained in S2. The real and
imaginary parts of f have the same property.

Itis an easy consequence of Theorem 1.3.3 that the maximum value of the modulus
| f(2)], or of the real or imaginary part of f, occurs at the boundary of £2. A closer
examination of (1.3.4), taking into account the Taylor expansion, shows that no such
maximum value can occur at an interior point of §2, unless f is constant near the
point.

Theorem 1.3.4. (Maximum modulus principle) If f is holomorphic in §2 and
continuous on the closure of §2, then the maximum value of the modulus | f (z)| is
attained on the boundary. The same is true for the real and imaginary parts of f.

By assumption a domain £2 is connected, so it is easily seen that if f is constant
near a point, it is constant throughout £2. Therefore Theorem 1.3.4 has a more precise
form.

Theorem 1.3.5. (Strong maximum modulus principle) If f is holomorphic in a
domain $2, and the maximum modulus is attained at a point of §2 itself, then f is
constant. The same is true for the real and imaginary parts of f.

‘We note here another frequently used consequence of the Cauchy integral formula.

Proposition 1.3.6. Suppose that { f,,},2 | is a sequence of functions holomorphic in
a domain $2, and suppose that the sequence converges to a function f, uniformly on
each compact subset of §2. Then f is holomorphic in £2.

In fact if z € £2, the convergence is uniform on a small circle I" that contains
z. Therefore in the disk bounded by I" the limit function f is given by the Cauchy
integral formula, from which it follows that f is holomorphic in that disk.
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An entire function is a function f that is holomorphic in the entire plane C. For
each R > O and each z € C, (1.3.1) and (1.3.2) give

1
F@) = f©

278 Jig—z=r § — 2

d¢

and, more generally,

(n) _ n_'/ f©)
IO = o lc—z1=r (& —2)"*! .

Since the circle of integration has length 27 R and the modulus of the denominator
is R"*!, it is easy to see that constraints on the growth of f can imply vanishing of
high order derivatives.

Theorem 1.3.7. (Liouville’s theorem) If f is entire and bounded, then f is con-
stant.

Theorem 1.3.8. (Extended Liouville theorem) If f is entire and
lf@] =CUzI"+ 1D

for some integer n > 0, then f is a polynomial of degree < n.

1.4 Change of contour, isolated singularities, residues

The Cauchy integral theorem is often used to justify a change of contour in an
integration. This is particularly useful in the rest of this section. Rather than formulate
a general theorem, we illustrate with an example. Suppose that the domain £2 is
bounded by one large circle I" and two smaller, disjoint circles, 7, I, that are
enclosed by I', as in Figure 1.1 on the left. Suppose that f is holomorphic in £2 and
continuous on the closure. Then

/ fRdz = f@dz+ | f(2)dz, (1.4.1)
r I

I

where each circle is oriented in the positive (counter-clockwise) direction.

In fact, Theorem 1.2.1 implies that the integral of f over the contour on the right
in Figure 1.1 is zero. In the limit, as the gap is closed, the integrals over the flat parts
of the contour cancel, and we are left with (1.4.1) in the form

/ rdi— | roda— [ r@az = o.
r I D

An isolated singularity for a holomorphic function is a point zy such that f is
holomorphic in a punctured disk 2 = {z: 0 < |z — 70| < r}.
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Fig. 1.1 Change of contour in integration.

An isolated singularity zq is said to be a removable singularity if a value f(zo)
can be assigned to f at zg in such a way that the extended function is holomorphic
in some disk {z : |z — zo| < r}.

An isolated singularity z is said to be a pole if there is some integer n > 0 such
that

a_n Al—n
(z—2z0)"  (z—zo)"!

4+ daFa(z—z0)+... (1.4.2)

in some punctured disk {0 < |z — z9| < r}, with a_,, # 0. The expansion (1.4.2) is
called the Laurent expansion of f at zo. The order of the pole is n. A simple pole is
a pole of order 1.

Suppose that the function f is bounded and holomorphic in the punctured disk {z :
0 < |z — zo| < R}. Choosing a smaller radius, we may assume that f is continuous
up to the circle {z : |z — zo| = r}. Let g(z) = (z — z0) f(z) and g(z9) = 0, s0 g(2) is
continuous at zo. Using the Cauchy integral formula for {z : ¢ < |z — z09] < r} and
letting ¢ — 0, we find that g is given by the Cauchy integral formula and is therefore
holomorphic near 0. If follows that the same is true for f = g/(z — z¢). Thus

Proposition 1.4.1. Suppose that z is an isolated singularity of f and suppose that
f(2) is bounded for O < |z — zo| < r. Then z, is a removable singularity: f(z) has
a limit at 7 = zo and extends to be holomorphic in D, (z).

Corollary 1.4.2. Suppose that zq is an isolated singularity of f. Suppose that for
some integer n, g(z) = (z — 20)" f (2) is bounded as 7 — z¢, and suppose that n is
the least such integer. If n is negative, it follows that z is a removable singularity, at
which f has a zero of order —n. If n is positive, then f has a pole of order n at z,

An isolated singularity that is neither removable nor a pole is called an essential
singularity. An example is the function g(z) = exp(l/z) on 2 = C\ {0}. In this
case the behavior near 0 is quite different. It is an exercise to show that g takes any
given non-zero value a infinitely often in each neighborhood of 0. A weaker version
of this is easily proved for essential singularities in general. (For a stronger version,
see Theorem 2.5.2.)
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Theorem 1.4.3. (Casorati-Weierstrass theorem) Suppose that f is holomorphic
in a domain §2 and has an essential singularity at zy € §2. In each punctured neigh-
borhood D, = {7 : 0 < |z — zo| < €}, f comes arbitrarily close to any given com-
plex number a.

Proof: Suppose, to the contrary, that |f(z) —a| >3 >0 in D,. Then g(z) =
1/[f (z) — a] has an isolated singularity at zo. Moreover, g is bounded as z — z¢, SO
the singularity is removable. If g(zo) # 0, then f has a removable singularity at z.
If g has a zero of degree n > 0 at z¢, then f has a pole of order  at z,. O

Let us return to the Laurent expansion (1.4.2). Suppose that f is holomorphic in
{z:0 < |z —2z0|l < R}. Then (z — z0)~'™" £ (2) can be integrated term-by-term over
the boundary of the domain {z : ¢ < |z — z9| < r < R}. Taking ¢ — 0, we find that

@ = —— / _S@dz (143)

270 Jj—gy=r (2 — 20)"

In particular, the coefficient a_; is defined to be the residue res(f, zo) of f at zo:

res(f,z0) = L f(2)dz. (1.4.4)

2700 Jjgzgl=r

A function f is said to be meromorphic in adomain 2 if f is holomorphic except
at isolated points that are poles of f. An application of Cauchy’s theorem to the
domain minus sufficiently small disks centered at the poles gives the following.

Theorem 1.4.4. (Residue theorem) If f has finitely many poles in 2 and is con-
tinuous on the closure, then

1
%/ag f©de = Zres(f, 2). (1.4.5)

€82

The residue theorem can be used to count poles and zeros (taking into account
multiplicities). In fact, suppose that near z = zp, f(z) = (z — z0)"g(2), where n is
an integer, g is holomorphic and g(zp) # 0. then

@ __n Jrg’(z)
f(@) z—20 g

has residue n at zg. As a consequence:

Theorem 1.4.5. (Counting zeros and poles) If f is meromorphic in 2, and con-
tinuous and nowhere zero at the boundary, then

1 £
— [ L&y,
2ri Jao f(&) ¢

= number of zeros minus number of poles of f in §2, (1.4.6)
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where the zeros and poles are counted according to multiplicity.

Corollary 1.4.6. If f is meromorphic in §2 and continuous on the boundary, then
it takes each value in the complement of f (952) the same number of times (counting
multiplicity) in each connected component of this complement..

Proof: If f does not take the value a on the boundary, then the integral

N - L[ J©

. dg
2ri Jyo f(§) —a

counts the number of times f takes the value a minus the number of poles. The num-
ber of poles is constant, and N (a), being integer-valued and continuous with respect
to a, is also constant on the connected component of the complement that contains
a. 0

Here are two more applications of these ideas.

Theorem 1.4.7. (Rouché’s theorem) Suppose that f and g are holomorphic in $2
and continuous on the closure. If | f (z) — g(z)| < | f(2)| on the boundary 052, then
f and g have the same number of zeros in S2.

In fact the function f(z) = (1 —s) f(2) +sg(x) = f(2) —s[f(2) —g(2)],0 <
s < 1, has no zeros on 952, so the number of zeros in 2 is

! (@)

27i Jyo f5(8)

d¢.
This is an integer-valued continuous function of s, so it has the same value at s = 0
andats = 1.But fo = f, fi = g.

Theorem 1.4.8. (Inverse function theorem) Suppose that f is holomorphic near
zo and f'(z9) # 0. Then f has an inverse that is holomorphic near f(zp).

In factitfollows from the series expansion at zo thatforsmallr > 0, f(z) # f(zo)
if z is inside or on the curve I = {z : |z — 29| = r}. Therefore if a is close enough

to f(zo), the integral
' L[ @

— d¢
2ni Jr Q) —a

is the unique value of z inside the curve such that f(z) = a. This expression is a
holomorphic function of a.

1.5 The logarithm and powers

In view of (1.1.1), the complex logarithm log z, z # 0, is defined by

logz = log(|z|e' %) = log|z| + i argz. (1.5.1)
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Here log |z| denotes the usual choice for positive argument; thus log |z| is real. Of
course arg z is defined only up to addition of an integer multiple of 27. By a branch
of the logarithm in a domain 2, we mean a choice that is holomorphic throughout
£2. (Such a choice may not be possible, e.g. in a deleted neighborhood of the origin
{z: 0 < |z] < r}.) Abranch s called the principal branch if £2 N R is not empty and
log z is real on this intersection.

An important concept here is that of a simply connected domain,usually defined
to be one that is connected and in which each closed curve can be continuously
shrunk to a point. An equivalent definition is that §2 is connected and, given two
curves yp and y; in £2 that join points z and w, there is a family of curves y; :
[0,1] — £2,0 <t < 1, such that ¥;(0) = z, y:(1) = w, and the map (s, 1) — y;(s)
is continuous, 0 < s, < 1. (Showing that the two definitions are equivalent is an
interesting exercise.)

Suppose that £2 is a simply connected domain. Suppose also that O is not in 2.
Then a branch of the logarithm may be obtained by choosing zg € §2, choosing log zo,
and setting

Z dé—
logz = logzo—i-/ ? (1.5.2)

20

Because of the assumption that §2 is simply connected, the integral is independent
of the path of integration from z, to z: see Section 1.8 for details.
Corresponding to a branch of the logarithm, and to each « € C, there is a branch

of the power z%:
2% = eloez, (1.5.3)

This is independent of the branch of the logarithm if and only if « is an integer.
The next result is a generalization of Theorem 1.4.4 to the case in which the
function f is defined only in a neighborhood of the curve of integration.

Theorem 1.5.1. (Argument principle) Suppose that f is holomorphic in a neigh-
borhood of a closed curve I', and suppose that 7 is not in the image f(I"). Then

the integral
1 f'(©)d¢

") = o o -

is an integer: the number of times that the curve f (I") wraps around z in the positive
direction.

Proof: Let g(¢) = f(¢) — zo. By assumption, g # 0 for ¢ € I', so we may choose
a branch of the logarithm at a point {, € I" and follow the logarithm continuously
along the curve. When we return to the starting point ¢y, the logarithm will have the
same real part as initially, but the imaginary part will differ by 2w n, where the integer
n can be interpreted as the number of times that g(I") wraps around the origin in the
positive direction. Equivalently, n is the number of times that f (I") wraps around z
in the positive direction. Thus

! f@de 1 g@Q)d;  2nmi
Y Py = = n. a

i Jr f(@) =20 2mi Jr g(@) 2ri
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1.6 Infinite products

Infinite products are often written in the form
o0
]‘[(1 —ay), (1.6.1)
n=1

where the a,, are complex numbers. The key tool to be used is the following estimate.

Lemma 1.6.1. Suppose |z| < 1/2. Then the principal branch of log(1 — z) satisfies

lzl

llog(1 —2) +z| <[z < 5 (1.6.2)
Proof: Integrating along the line segment from 1 to 1 + z,
=% ds ¢ dt
Og( Z) ‘/I‘ S 0 1—1¢
z Z2 Z3
= — l1+t+...)dt = —z— — — — —
fo A+r+...) i- 53
)
|Z|2 2 |Z|2 2
[log(1 —z)+z| < — T+ |zl +zI"+...) £ —- < Iz| O
2 2 1—1z|
The (formal) product (1.6.1) is said to converge if
N
li 1 - = 1. 1.6.
lim 1;[4< a) (1.63)

This implies that the partial products []3;(1 — a,) have a non-zero limit, as soon
as M is large enough that n > M implies 1 — a, # 0. In particular, a necessary
condition for convergence is that 1 — @, — 1, i.e. a, — 0. Suppose that |a,| < 1/2
for n > M. Then, taking the principal branch of the logarithm

N N
log|[ Ja —an| = > 1log(1 —ay)l.
M n=M

The product is said to be absolutely convergent if

[+ lauh
n=1

converges. Absolute convergence implies convergence. It follows from (1.6.2) that
for large enough n,
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|anl 3lanl
=< [log(l + |a,]) = >

Therefore the product converges absolutely if and only if Y | |a,| < oo.

1.7 Reflection principles

Theorem 1.7.1. Suppose that $2 is a domain that is symmetric under reflection about
the real axis: 2 = 2. Suppose also that f is holomorphic on the intersection of 2
with the upper half-plane H = {z : Imz > 0}, continuous up to I = 2 N R, and
real on 1. Then f has a holomorphic extension to the remainder of §2, with

f@ = @), ze€2,. (1.7.1)

Proof: The prescription (1.7.1) defines f so as to be holomorphic in £2 N C_, and
continuous in all of £2. As a domain, 2 is connected, so [ is not empty. We need to
show that f is holomorphic near /. Consider a complex neighborhood D, (x¢) of a
point xo € I, whose closure is contained in £2. Let

Ay = Dy(xo) N{z:£Imz > 0}, (1.7.2)

and

oo L F@)de
ST i e €2

, |z —xo| <.

This function is holomorphic in D, (xg). For z € A, the lower semicircle of the
contour can be moved to the x-axis, showing that g = f on A,. Similarly, g =
f on £2_ if we use (1.7.1) to define f on A_. It follows that (1.7.1) extends f
holomorphically across 1. O

Theorem 1.7.2. Suppose that §2 and [ are as in the previous theorem. Suppose that
f is holomorphic in 2 NH, nowhere zero, and continuous up to I. Suppose also
that | f(x)| = 1 for x € I. Then f has a holomorphic extension to the remainder of
2, with

f@ = 1/f(@. (1.7.3)

Proof: As in the previous proof, it is sufficient to work in a small disk D, (x). For
small r a branch g of log f can be chosen in A;. By the assumption on | f|, the
limit of ig is real on D, (xp) N R. Therefore ig can be continued to all of D, (x).
The continuation of g, given by (1.7.1) for ig, exponentiates to the continuation of
f given by (1.7.3). O
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1.8 Analytic continuation

There are two situations that give rise to the consideration of analytic continuation.
An example of one such situation is the function f defined by the series

f@ = l4+z+22 424+ +2"+.... (1.8.1)

The series converges if and only if |z] < 1. On the other hand, the sumis 1 /(1 — z),
which is holomorphic in the complement of the point z = 1. It is natural to consider
1/(1 — z) as a continuation of f: the extension of f to a function holomorphic on a
larger domain. A natural question: is such an extension unique?

An example of a second such situation is the logarithm. Starting with the usual
choice in a neighborhood of 7 = 2, and following along a curve that circles the origin
in the positive direction, one comes back not to log 2 but to log2 + 27i — but it is
natural to think of this “branch” as an analytic continuation of the original. For a
visualization, see Figure 1.2.

e logl =4ri
log(—1) = 3mi e y log 1 = 2
log(—1) =mi'e & log1 =0
log(—1) = —mifs o logl = —2ri

Fig. 1.2 Analytic continuation of the logarithm.

In general, suppose that f; is holomorphic in an open disk D centered at z,
suppose that y : [0, 1] — Cis a curve with y (0) = z¢, and suppose that Dy does not
contain y (we are systematically conflating y as a mapping and y as a set of points,
i.e. the image of the mapping). It may still be the case that we can find successive
points z; = y(¢;) along the curve and functions f; holomorphic in disks D; centered
at zj suchthat D; N Dy #W, fj = fj+1 0on D; N D;,y, and the union of the D;
covers y. The result is a function f, holomorphic in a neighborhood of the curve y,
that agrees with fy near zo. The function f is said to be a continuation of fy along
the curve y .

Proposition 1.8.1. (Uniqueness of analytic continuation) If two functions that are
holomorphic in a connected domain §2 agree on a non-empty open subset of §2, then
they agree on all of $2.

Proof: It suffices to prove that if f is holomorphic in £2 and vanishes near a point
Z0 € §2,then f isidentically zero. Let z be another point of £2 andlet y : [0, 1] — £



1.9 Harmonic functions 15

be a smooth curve with y(0) = zpand y (1) = z. If f(y(s)) =0for0 < s < t, then
it follows that each derivative of f vanishes at z = y (¢). Thus the Taylor expansion
of f vanishes at y (), so f vanishes in a neighborhood of y (¢). It follows from this
argument that f vanishes along the entire curve, so f(z) = 0. O

Recall from Section 1.5: a domain £2 C C is said to be simply connected if each
closed curve in §2 can be deformed continuously to a point (a constant curve). For
example, the plane C is simply connected, but the complement of any non-empty
bounded subset A is not. As noted above, an equivalent definition is that any two
curves from a point zq to a point z; can be deformed continuously from one to the
other.

Theorem 1.8.2. (Monodromy theorem) Suppose that the domain S2 is simply con-
nected. Suppose that fy is holomorphic in a domain §2y C $2, and suppose that f;
can be continued along each curve in §2. Then fy has a unique holomorphic extension
to all of $2.

Proof: Take zp € £2y. It is enough to show that the continuation of f, along a curve
y : [0, 1] — £2 that starts at zo leads to a value f(y (1)) that depends only on z; =
y (1), not on the particular curve y. Suppose that ) and y; are two such curves from
Zo to z1. Then there is a family of curves y; from zo to z;,0 < ¢ < 1, that interpolates
continuously from yy to ;.

Suppose that fj is continued along each curve y,. Let T be the supremum of those
t such that y,(z;) = yo(z1) It follows from Proposition 1.8.1 that T is positive. It fol-
lows from continuity that y7(z;) = Y(z1). Then T = 1, since, otherwise, Proposi-
tion 1.8.1 implies that equality at z; can be extended pastt = T. O

1.9 Harmonic functions

A function f that maps a domain §2 — C is said to be harmonic if is belongs to
C?(£2) and satisfies Laplace’s equation, the differential equation

Af = fu+ foy = 0. (1.9.1)

As an example, suppose that f : U — C is holomorphic. Writing f(x +iy) =
u(x,y) +iv(x, y), where u and v are real-valued, we note that the Cauchy—Riemann
equations imply

uxx+uyy = (Vy)x _(Vx)y = O; Vxx+vyy = _(ux)y+(uy)x =0

Thus the real and imaginary parts of a holomorphic function are holomorphic. This
proves the first half of the following proposition.

Proposition 1.9.1. Suppose that U is a simply connected domaininC. If f : U — C
is holomorphic, then its real part u is harmonic. Conversely, if U is simply connected
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and a C? function u : U — R is harmonic, then u is the real part of a holomorphic
function f : U — C.

Proof: It is enough to prove the second statement for a disk D whose closure lies
in U; then the result follows by analytic continuation. We may translate and take
D = D,(0). If u is the real part of f, the Cauchy—Riemann equation tell us that
the gradient of the imaginary part v is given by vy = —u,, v, = u,. Therefore, for
z=x+iyeD,

1
v(x,y) =v(0) +/ iv(sx, sy)ds
0 ds
1
=v(0) +/ {—xuy(sx, sy) + yu(sx, sy)} ds. (1.9.2)
0

Conversely, choose v(0) arbitrarily and define v by (1.9.2). The assumption that u is
harmonic implies that u and v, so defined, satisfy the Cauchy—Riemann equations.
Therefore f = u + iv is holomorphic. O

The function v is called a harmonic conjugate of u, and is often denoted u*. It is
unique up to an additive constant.

Corollary 1.9.2. A harmonic function u is infinitely differentiable, and its Taylor
series sums to u in any disk that is contained in the domain of u.

Corollary 1.9.3. If u is harmonic and g is holomorphic, then u o g is harmonic
where it is defined. In particular, dilations ugy(x, y) = u(rx, ry) are harmonic.

Proof:Locally u is thereal partof f,sou o gisthereal partof f o g. O

Remarks and further reading

Most undergraduate texbooks on complex analysis cover the basic complex analysis
in this chapter. Three classic complex analysis texts—Ahlfors [6], Hille [107], and
Titchmarsh [206]—cover, in addition, several of the topics in later chapters: For a
discussion of the development of the subject through the work of Cauchy, Riemann,
Weierstrass, and others, see Neuenshwander [153].

The special issue of the Journal Primus, vol. 27, issue 8-9 (2017) on “Revitalizing
Complex Analysis” contains a number of papers that explore topics in this chapter
and their applications.
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Further preliminaries i

This chapter covers additional material that is used in more than one subsequent

chapter. The various sections here are meant to be read or consulted as needed for later

chapters, so that those chapters or sequence of chapters can be read independently.
Four fundamental domains in complex function theory are: the complex plane C

itself; the unit disk D,
D={zeC:|zl=1}

the upper half-plane H,
H={zeC:Imz>0}

and the Riemann sphere S:
S = CU {o0}.

The Riemann sphere is given a complex structure by taking a base of neighbor-

hoods of oo to be the sets
{zeC :|z] > R=>0}.

A function f is said to be holomorphic at oo if it is holomorphic in a neighborhood
of oo and g(z) = f(1/z) has a removable singularity at 0; equivalently, f is holo-
morphic and bounded in some neighborhood of co. Poles and essential singularities
at oo are defined similarly.

It is also useful to have a special notation for the unit circle T, the boundary of

the unit disk:
T =0D ={¢ceC:|zl=1}.

Sections 2.1 and 2.2 cover the automorphisms (bijective holomorphic self-maps)
of C, D, H, and S, and the geometries associated to these domains.

Section 2.3 introduces normal families and theorems of Ascoli-Arzela and Mon-
tel. In Section 2.4 this material is applied to the proof of the Riemann mapping
theorem.

The triply-punctured sphere and theorems of Picard and of Montel are introduced
in Section 2.5. Carathédory’s extension theorem is proved in Section 2.6.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 17
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Sections 2.7 and 2.8 cover basic facts about Hilbert spaces and L” spaces and
measure. Convolution, approximation, and weak solutions are covered in Section
2.9. The gamma function and some of its properties are introduced in Section 2.10.

2.1 Linear fractional transformations

A linear fractional transformation, or Mobius transformation, is a function of the

form
az+b

f@ = npl

ad — bc # 0. (2.1.1)

Computing the composition of two such functions shows that the group of such
transformations is a homomorphic image of the group GL(2, C) of invertible 2 x 2
complex matrices:

az+b
cz+d’

A= |:ccl Z] = fa,  fal@® =

Note that if « is a non-zero constant, then ¢ A and A induce the same mapping. In
particular « can be chosen so that « A has determinant 1.

Proposition 2.1.1. (a) Each linear fractional transformation is a bijective map from
the Riemann sphere S to itself.

(b) Each linear fractional transformation f has either one or two fixed points, i.e.
solutions of f(z) =z, z € S.

(c) Given any two ordered triples of distinct points (z1, 22, 23) and (Wi, wp, w3), there
is a unique linear fractional transformation f such that f(z;) =w;, j =1,2,3.
(d) Each linear fractional transformation is conformal: if two smooth curves in S
meet at an angle, then the images under f meet at the same angle.

(e) Each linear fractional transformation f has the property that if I' is either a
straight line or a circle in C, then f(I") N C is either a straight line or a circle.

Proof: Parts (a) and (b) are easily checked. For (c), it is enough to show that given
(z1, 22, 23), there is a unique linear fractional transformation f such that f(z;) = 0,
f(z2) = 1, and f(z3) = o0o. (See below).

Part (d) is clear geometrically. Given z; in the domain of f, let us define g(w) =
f(zo +w) — f(z0), so that g(0) = 0. In the limit as w — 0, g is multiplication by
f'(z0) # 0. So letting f'(z¢) = re'?, in the limit g dilates by a factor » and rotates
by 0, both of which actions preserve angles. (If zg or f(zo) equals oo, this argument
can be modified accordingly.)

In part (e), note that the statement is not that lines are taken to lines and circles
are taken to circles. One way to verify the result is to note that any linear fractional
transformation is a product of linear fractional transformations of the form f(z) =
az + b and, if necessary, the inversion R(z) = 1/z. The first type maps lines to lines
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and circles to circles, so the problem reduces to the study of R. Taking into account
rotations, it is enough to consider R(I") when I" is a vertical line or a circle with
center on the real axis. In each case, consideration of where R (") intersects R U {oo}
will identify the nature of the image, and aid in verifying that it is indeed a straight
line or circle. Details are left to the reader. O

Three distinct points in S determine a unique line or circle in the plane; if one
of the points is the point at oo, then they determine a line. Suppose that the three
points are (z1, 22, z3) € C. The unique linear fractional transformation that takes
these points, in order, to (0, 1, 00) is

_Z-u 22—
=23 Zz-m.

The expression on the right is called the cross ratio of the quadruple (z, z1, 22, z3). It
is commonly denoted [z, z1, 22, z3]. The following is a consequence of Proposition
2.1.1.

Corollary 2.1.2. (a) The cross ratio is invariant under linear fractional transforma-
tions: given four distinct points z¢,z1,22,z3 in C and a linear fractional transformation
g;

[8(20), 8(21), (22), g(z3)] = [0, 21, 22, z3].

(b) Apoint z € Clies onthe line or circle determined by three distinct points 71, 22, 23
in S if and only if the cross ratio [z, 21, 22, 23] is real.

By an automorphism of a domain £2 with a complex structure, we mean a bijective
holomorphic map of the domain to itself. The set of such mappings is a group Aut(s2)
under composition.

Proposition 2.1.3. The automorphism group of C is the set of linear fractional
transformations of the form f(z) = az + b, a # 0.

Proof: Obviously any such linear fractional transformation is an automorphism of C.
Conversely, suppose that f is an automorphism of C. Then f has an isolated singu-
larity at co. Since f is single-valued, this singularity is not a multiple pole nor (by
Casorati—Weierstrass) an essential singularity. Moreover f is not bounded, so it is
not bounded in a neighborhood of co. Therefore the singularity is a simple pole with
residue a # 0. Then f(z) — az is entire and bounded near co, hence constant. m]

Proposition 2.1.4. The automorphism group of S is the set of all linear fractional
transformations.

Proof: Any linear fractional transformation f is an automorphism of S. Bijectivity is
easy to check, and holomorphy needs only to be checked at z = oo and at f~!(c0).
Conversely, if g is an automorphism of S, compose with a linear fractional transforma-
tion f such that f(g(oc0)) = 0o. Then h = f o g restricted to C is an automorphism
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of C, hence a linear fractional transformation, so g = f~! o h is also a linear frac-
tional transformation. m|

Lemma 2.1.5. (Schwarz’slemma) If f is an automorphism of D such that f(0) = 0,
then f is a rotation: f(z) = wz, |o| = L.

Proof:Let g(z) = f(z)/z. Then g : D — D is holomorphic, so the maximum princi-
pleimplies | f(z)/z| < 1/r for|z| < r < 1. Taking the limitasr — 1 and noting that
the same argument applies to £ ~!, we find that | f(z)| = |z|. By the strong maximum
principle, f(z)/z is constant. O

Proposition 2.1.6. The automorphism group of the unit disk ID consists of linear
fractional transformations of the form

L8 4eD, ol =1. (2.1.2)

fl@) = @I
—az

Proof: If f has the form (2.1.2), then |z| = | implies | f(z)| = 1, so f maps each
component of the complement of the unit circle onto such acomponent. Since f(a) =
0, it follows that f (D) = D.

Conversely, suppose that g is an automorphism of D. Let f be given by (2.1.2) with
a=g(0)andw = 1.Thenh = f o gisan automorphism with 2(0) = 0. By Lemma
2.1.5, his constant, so g = f~! o h is a linear fractional transformation. O

The linear fractional transformations

co = 2L ol = i

2.1.3
z+1 1-— ( )

are the Cayley transform and its inverse. It is easily seen that C maps the real line to
the unit circle. Since C (i) = 0, C maps the upper half-plane to the unit disk and the
lower half-plane to {z : |z] > 1}.

Proposition 2.1.7. The automorphism group of the upper half-plane H consists of
the linear fractional transformations that have real coefficients and positive deter-
minants.

Proof:If f is an automorphism of H, then g = C o f o C~!is an automorphism of .
Therefore g is a linear fractional transformation and sois f = C~' o g o C.If f has
the form (2.1.1), we may assume that ad — bc is real, and then computing Im f (i)
shows that ad — bc must be positive. Now f maps R U {oo} to itself. Checking
f(00), £(0), and f(1) shows that each coefficient is real. ]
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2.2 Geometries

Each of the domains C, S, D, and H carries one or more natural metrics and geome-
tries.
A. Geometries on C

There are two commonly used geometries and three commonly used metrics on C.
The first is the euclidean geometry of C as identified with R?, with metric [z — w|.
The second geometry and a related metric come from the identification of C as a
subset of the Riemann sphere via stereographic projection. This standard pictorial
representation is obtained by considering C as the x, y plane of the three-dimensional
space

R} =CxR = {(w,t): weC, t €R},

and relating it to the 2-sphere of radius 1 centered at the origin:
S = {w,0):|w?+1* = 1}.
A point w = (w, t) on S is mapped to a point z = 7 (w) in C by following the line

from the north pole N = (0, 1) € § through (w, t) to its intersection (z, 0) with
C x {0}; see Figure 2.1.

. . =

ows
Fig. 2.1 Stereographic projection.
The line determined by (0, 1) and w = (w, ¢) is the set of points

(1 =20, 1) +Ar(w, 1), »eR.

Thus for ¢ # 1,

w
Tw.1) = . 2.2.1)

It follows that
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2 2
) [w| 1—t 14t
D = = = .
T O = G T o T 1o,
Therefore
_ P P
T o zZP+ U
and 5 | |2 {
-1 74 |7 —
= , . 222
T (|z|2+1 |z|2+1> 222

As w € § approaches the north pole, 7 (w) approaches oo, so we let 7 (0, 1) = oo.
We define a second distance function in the plane by using the euclidean distance
of the pull-back to C,

d(z1,22) = %|n*1<zl) — 7' (2)|, (2.2.3)
The computation is made simpler by noting that for (w;, ¢;) in the sphere,
(Wi, 1) = (w2, )|* = 2= Re (miwz + 1112). 224
Using this and (2.2.2) we find that
d(z1.22) = 121 — 2 . (2.2.5)
Vizil? + 1VzP +1
Taking the limit as z; — oo gives
d(z,00) = ! (2.2.6)

J1+z212

B. Hyperbolic geometry in the disk

The fundamental idea for geometry in D is that the metric pp should be invariant
under Aut(D) and that the diameters should be geodesics. The geometry is then
uniquely determined by setting a scale factor. Different sources use different scale
factors. In [22] we followed [107] and chose the scaling so that in the limit at the
origin, the metric is euclidean:

,0
pE0 (2.2.7)
e—0 le]
This choice also fits nicely with the Teichmiiller metric in Section 9.4.
Since the diameter (—1, 1) is to be a geodesic, we want additivity:
op(r,t) = pp(r,s)+ pp(s,t) if —l<r<s<t<l. (2.2.8)

By a slight abuse of notation, write pp(z, 0) = pp(z). Note that invariance implies
that pp(z) = pp(|z|). The automorphism f(z) = (z —r)/1 —rz) and the invari-
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ance assumption reduce (2.2.8) to the case for the triple 0 < r < r + §, thus to
(f(@0),0, f(r +6)). Letting § — 0 and taking into account (2.2.7), we find that

o 1 t(1,
r = — = - ,
Pp =2 = 2\1+xr 1=+

SO

1 1+r
op(r,0) = pp(r) = - log ,
2 1—r

—1<r<l. (2.2.9)

In general, suppose that z;, z, are distinct points of ID. There is a (unique) automor-
phism that takes z; to 0 and z, to an element of (0, 1). Invariance then gives the
general formula for the hyperbolic metric, or Poincaré metric

1 1 —Zizl + 21—z i —z
op(z1,22) = = lo | 12l o — 2l tanh~! —|1 2|

< = 2L 2210
2 [T —z122| — |21 — 22| 1 —z1z0]

The set of geodesics is, by construction, invariant under Aut(D). We know that
the image of a diameter must be an arc of a circle, and since the automorphisms are
conformal, such an arc must meet the boundary T in two right angles. Conversely,
given such a circular arc, there is an element of Aut(ID) that moves the endpoints to
—1, 1. Therefore

Proposition 2.2.1. The geodesics for the hyperbolic metric pp inD are the diameters
of D and the circular arcs that meet the boundary in two right angles.

Two infinitesimal versions are the line element

|dz]

ds = (d = — 2.2.11

== @2.11)
and the Riemann metric 5 5
dx* +dy

ds? = ————. 2.2.12

YT a—p (@212

The Poincaré density np(z) is, by definition, the limiting ratio between the Poincaré
distance and the euclidean distance at zD:

ldz| 1

T

(2.2.13)

C. Hyperbolic geometry in the upper half-plane

The fundamental idea is the same as in the case of the disk. The metric oy, known
as the Poincaré metric is invariant under Aut(H). This can be constructed by the
same method used for pp, starting with the positive imaginary axis and deriving a
differential equation that determines pyy on that half-line, up to a scale factor. Instead,
we shall take advantage of the Cayley transform C : H — D to transplant pp:
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21 —1 Zz—i
pu(z1, 22) = pp(C(z1), C(z2)) = ,OJD)< -, )
z21+i z2+1

1 7— —
= Lpg Bz altla mal (2.2.14)
2 |Z1 — 22| — |21 — 22|

In particular

1 t
pu(it,is) = —log—- if0<s<t.
2 N

The infinitesimal version is

ldz| ,  dx*+dy?
d — : ds? = — 7 | 2.2.15
@) = Simg B 47 (2215
Thus the Poincaré density ny for py is
(ds)u 1
= = ) 2.2.16
nm(z) 2] 2imz ( )

It follows from this construction that the geodesics, as images under C~' of
geodesics in D, are lines and half-circles that meet the real axis at right angles.

Remark. There seem to be two common normalizations for pg. The other is twice
this one. We have chosen to use the normalization (2.2) since this is what is used in
our sources for Chapter 9.

This construction can be carried over to any conformal image of D. If f : 2 — D
is a conformal map, then we set

pe(z1,22) = pp (f(z1), f(z2).
Thus the infinitesimal distance dsg is

p((fz+e), f@) _ 1 (@)dz]
€ L= [f@1*

ds(z) = lim

and the associated metric density is

|/ ()]

ne(z) =

In Section 9.4 we will need the following two results.

Proposition 2.2.2. Metric density decreases with respect to set inclusion: if $2| and
§2, are simply connected domains with §2; C §2, C C and 2| # §2, # C, then

N2, < ne,@), z€82. (2.2.18)

Proof. Given z € £21, let f; be a conformal map of £2; onto ID that takes z to 0, such
that f ;(O) > 0.Then f = f, 0 ffl is a conformal map of D to a proper subset of D,
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and f(0) =0, f/(0) > 0. By Schwarz’s lemma, f'(0) < 1. Near z, f> = f o fi, so
1@ = 10 /1] < £/ O] O

Proposition 2.2.3. The metric density pg satisfies

! 1
1dG a0 = Ne(@) < 1z 092) (2.2.19)

where d(z, 082) is the (euclidean) distance to the boundary:

d(z,082) = cle%fg lz = ¢l

Proof. Given z € 2, let ¢ be the conformal map of D onto §2 such that ¢ (0) = z,
¢’(0) > 0. Let £2; be the disk of radius r = d(z, 9§2) centered at z. Then f(w) =
¢~ '(rw + z) maps D into D, so

d(z,982)

/ _ -1y _ — .
L > 10 =rlp” 1@ = O d(z,98) - ne,

which proves the second inequality in (2.2.19).
Now ¥ (w) = [¢p(w) — z]/¢'(0)] is a normalized map of D into C. The Koebe

one-quarter theorem, Theorem 4.1.4, says that v/ (ID) contains D;/4(0). The largest
disk about 0 has radius r/¢’(0), so

1 - d(z,082)
4790 ne
which proves the first inequality in (2.2.19). O

2.3 Normal families

A collection .# of real or complex-valued functions defined on a domain £2 in C is
said to be a normal family if each sequence {f,} in .% contains a subsequence that
converges uniformly on each compact subset of §2. A normal family .% is said to be
complete if the limit of any such convergent sequence belongs to F.

The standard criterion for a normal family is the following, specialized to domains
in C. A family .% of real or complex-valued functions defined on a domain 2 C C
is said to be bounded on compact subsets if for each compact subset C C £2, the
supremum of | f(z)|, f € %, z € C, is finite. The family .% is said to be equicon-
tinuous on compact subsets if for each compact subset C C £2 and each ¢ > 0,
there is a § > 0 such that for each f € .% and points z, w € C, if |z — w| < § then

If(@) = fm] <e.
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Theorem 2.3.1. (Ascoli-Arzela) Suppose that .7 is a family of real or complex-
valued functions defined on a domain 2 C C, that is bounded and equicontinuous
on compact subsets. Then F is a normal family.

Proof: Let {z,,} be a countable dense subset of §2. The boundedness assumption
implies, in particular, that for any sequence { f,,} in %, there is a subsequence { f1 ,}
that converges at z;. Some subsequence of {f ,} converges at z»; denote this sub-
sequence by {f>,}, and find a subsequence of {f,} that converges at z3. Having
found nested subsequences { f,,+1.,} C {fn.n} for each m, we note that the sequence
{ fu.n} converges at each z,,.

Suppose now that C is acompact subset of C that is the closure of an open set. Then
the z, that lie in C are dense in C. It is an exercise to show, using the assumptions of
equicontinuity and boundedness, that { f,, ,,} converges uniformly on C to a bounded
continuous function f. O

Corollary 2.3.2. (Montel’s theorem) Suppose that .% is a family of holomorphic
functions on a domain 2 C C, that is bounded on compact subsets. Then F is a
normal family.

Proof: It is enough to prove equicontinuity on compact subsets, and for that it is
enough to prove that the family of derivatives

F = {f": feF}

is bounded on compact sets. To see that this is true, given zg € §2, choose r > 0 such
that {z : |z — zo| < r}is contained in £2 and use the estimate (1.3.2) to show that the
derivative is bounded on each disk Dy(zp),0 < s < r. O

Anticipating a bit, we note here that analogous results are true for harmonic
functions.

Corollary 2.3.3. Suppose that .F is a family of harmonic functions on a domain
2 C C, and bounded on compact subsets. Then .F is a normal family.

Proof: The proofis essentially the same as for Corollary 2.3.2, with the (scaled) version
of the Poisson integral formula (5.1.6) in place of the Cauchy integral formula. 0.

It is important to know something about the limit functions in the holomorphic or
harmonic case.

Proposition 2.3.4. If{ f,.} is a uniformly convergent sequence of holomorphic (resp.
harmonic) functions on a domain §2 C C, then the limit f is holomorphic (resp.
harmonic).
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Proof: Given zy € £2,choose r as in the proof of Corollary 2.3.3. The f,, are eventually
defined on D, (zp). In the holomorphic case, the Cauchy integral formula for f,(z),
z € D,(zp), gives aformula for f(z). The same argument, using the Poisson formula,
applies to the harmonic case. O

Corollary 2.3.5. (Vitali’s theorem) If the sequence { f,,} of holomorphic functions
on a domain 2 C C is uniformly bounded on compact subsets and converges at
each point of a set with an accumulation point in S, then it converges uniformly on
compact sets in §2.

Proof. The sequence is a normal family. The limit of any convergent subsequence is
determined uniquely by its values {a,} on a set with an accumulation point, since all
derivatives at that point are uniquely determined by the {a, }. Therefore the sequence
itself converges. O

Proposition 2.3.6. If{ f,,} is a uniformly convergent sequence of injective holomor-
phic functions on a domain §2 C C, then the limit f is either constant or injective.

Proof: Suppose that f is not constant. Given zy € §2, choose r as before, but in such
a way that | f(z) — f(z0)| = 6 > O for |z — z9| = r. By Rouché’s theorem, 1.4.7,
eventually f, has the same number of values f(zg) in D,(z¢) as f does. By assump-
tion each f,, is injective, so f must also be injective. O

The special properties of holomorphic and harmonic functions allow a useful
generalization of these criteria. The proofs make new use of the same ideas.

Proposition 2.3.7. Suppose that F is a family of holomorphic or harmonic func-
tions on a domain 2 C C, and suppose that for any compact C C §2,

sup // |fldxdy < oo. 2.3.1)
c

feZ
Then % is a normal family.

Proof: Consider the holomorphic case. Let z; be any point of £2 and again let r > 0
be such that the closure of D, (zp) is contained in §2. Given any f holomorphic on
D, (z0) and any z in Dy, /3(z0), we can write a version of the Cauchy integral formally
by smearing the original formula over the circles of radius 2r/3 to r:

F) = 3/ (i/ f@‘“) ds
r Joa \270 Jig—pg=s € — 2

_ L / / f©)dxdy
2mi J o ppcppmzter C—2

Differentiating with respect to z, and using the assumption (2.3.1) gives us uniform
estimates for f’ on D,/3(z¢), f € .-#. The same idea, using the Poisson formula,
applies in the harmonic case. O




28 2 Further preliminaries

Remark. This section exemplifies different mathematical traditions. Texts on com-
plex analysis speak of normal families and Montel, and give the above criterion and
proof, without mentioning Ascoli or Arzela. Functional analysis and real analysis
texts often contain the Ascoli—Arzela theorem, by name, but do not mention Montel
or give a name to the “normal family” concept.

For a pictorial proof of the Ascoli—Arzela theorem, see [22], Section 5.3.

2.4 Conformal equivalence and the Riemann mapping
theorem

A conformal mapping of one complex domain to another is a bijective C! function
that preserves, at each point, the size and the orientation of the angle between any
two C! curves passing through that point. Some calculation shows that the necessary
and sufficient condition for this, pointwise, is that the Cauchy—Riemann equations
hold, and that the derivative with respect to z be non-zero. Thus a conformal mapping
is a bijective holomorphic function.

Given two domains in C or S, a natural question is whether they are conformally
equivalent: does there exist a bijective holomorphic map from one onto the other?
Since linear fractional transformations are conformal maps, we know that a half-
plane and a disk, are conformally equivalent. On the other hand, by Liouville’s
theorem, a holomorphic map from C to a disk in C must be constant, so C and D are
not conformally equivalent. Moreover it is easily seen that a bijective holomorphic
image of a simply connected domain is simply connected. Therefore the plane minus
a single point is also not conformally equivalent to the unit disk.

The original version of the following theorem was formulated by Riemann for
domains with some assumptions about the boundary. The definitive result is the
following, due to Koebe [122].

Theorem 2.4.1. (Riemann mapping theorem) If §2 is an open, simply connected,
proper subset of the plane, then there is a bijective holomorphic map f that maps
§2 onto the unit disk D.

Given a point 7o € £2, we may specify f(zo) =0, f'(z9) > 0. These conditions
determine f uniquely.

Remark. Given that 2 C C is a simply connected domain, the assumption that it
is a proper subset is equivalent to the assumption that the boundary 02 contains at
least two points. Therefore the theorem is often stated with this as the extra condition
on 2.

The proof involves a number of steps. The first step is a reduction to the case of
bounded £2. Choose a not in £2. Then z — a is never zero on the simply connected
domain £2, so we may choose a branch of 4/z — a that is holomorphic on £2; see
Section 1.5. This branch maps 2 bijectively onto a domain £2;. Choose a point
b € £2,. For some ¢ > 0, the disk {z : |z — b| < ¢} is contained in £2;. If z is in £2;
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then —z is not, so £2; lies outside the disk {z : |z + b| < ¢}. Themap z — 1/(z + b)
takes £2; bijectively onto a bounded domain £2,. Thus we may replace £2; by £2,,
and assume that £2 itself is bounded.

For the next step, choose a point zo € §2 and let .% be the family of bijective
holomorphic maps f from £2 into the unit disk D such that f(z9) = Oand f'(zo) > 0.
Note that this family is not empty: f(z) = &(z — 7o) will belong to .% if ¢ > 0 is

small enough. Note also that |

sup f'(z0) <
feF

if 7 is such that the closure of D, (z) is contained in £2. It follows from Corollary
2.3.3 that .# is a normal family. Therefore .# contains an element f such that

f'(z0) = sup g'(z0).
geF
By Proposition 2.3.6, f is injective. We need to show that f is surjective. Suppose

f omits a point @ € D, and suppose first, for simplicity, that a > 0. A branch of the
square root can be chosen so that

Z—a

az — 1

g =

is holomorphic on f(§2) C D. The linear fractional transformation under the radical
sign maps D to D, so the composition g o f maps §2 into ID. Note that g(0) = /a.

Let
_ i@
h(z) = Jai 1 (2.4.1)
and let fj = ho g o f. Then f; is bijective from §2 into I, and
fizo) = I'(Va)g'©0) f'(zo). (2.4.2)
But 5
@) = 1 (az—1)—a(z—a) _ 1 a*>-1
T %@ @1y 28 (@z — D2’
o o = WED=AC= VD) _ -
o (Vaz —1)? T az— 2
50 a>—1 1
8(0)=ﬁ, h(ﬁ):m
and
f1(Z0) f (z0)-

f
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Butsince 0 < a < 1 we have a + 1 — 2/a = (1 — \/a)> > 0,50 f](z0) > f(z0),
contradicting the assumption that f’(z¢) is maximal.

The preceding argument assumed that f (£2) omitted apointa € D and thata > 0.
Otherwise, we may assume that the omitted point has the form wa, where || = 1
and a > 0, and take

fi@@) = oh(g(@f(2)
with g and & defined as before. Again we find that f](z9) > f’(zo), a contradiction.

This contradiction shows that our function f of (2.4.2) maps 2 onto D.
Finally, uniqueness follows easily from Lemma 2.1.5. O

2.5 The triply-punctured sphere, Montel, and Picard

By the triply-punctured sphere we mean the Riemann sphere with the points 0, 1, co
removed. We will denote it by S \ 3:

S\3 = S\{0,1,00} = C\ {0, 1}. (2.5.1)

The study of S\ 3 is closely connected to the elliptic modular function 1. Theorem
2.4.1 makes possible a quick conceptual construction of A. Let £2 be the domain

2 ={z:0<Rez<l, [z—1|>1}. (2.5.2)
See Figure 2.2.
Q
ry Iy
Iy
0 1

Fig. 2.2 Fundamental domain of A.

Let ® be a conformal map of D onto £2. Since the boundary of £2 consists of
analytic arcs, Theorem 1.7.2, together with some consideration of the images under
® of circles {z : |z| = r} as r 1 1, shows that ® has a continuous extension to the
boundary. (Or see Section 2.6.) By composing with an automorphism of D, we
may suppose that (1) = oo, ®(—i) =0, and ¢(1) = co. Let C : H — D be the
Cayley transform. Then ¥ = & o C is a conformal map of H onto §2 that extends
continuously to map R onto the boundary of §2, fixing 0, 1, and oco:
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v . H— $2; Iim¥Y(w) =w, w=0,1, 0. (2.5.3)
—w

Let A be the map
A=vi2 > H (2.5.4)

As we shall see, A extends to a covering map of H onto S \ 3. This means that any
point z € S\ 3 has a connected neighborhood U with the property that A maps each
connected component of A~ (U) conformally onto U.

Theorem 2.5.1. The function A is the unique conformal map of the domain (2.5.2)
onto H whose extension to the boundary fixes 0, 1, and oo. Moreover, A extends to
H as a covering map of H onto S \ 3.

Proof. Suppose that i1 : £ — H is another such map. Then £ ~! o A is an automor-

phism of H whose extension fixes three distinct points. Therefore wlor=1,the
identity map, so u = A.

Since A extends to map the semicircle that is the lower boundary I onto the
real interval [0, 1], it extends across by reflection to the reflection  (£2) through the
semicircle I;. By following the boundary and using conformality, it is easy to see
that the lower boundary of r(§2) consists of the semicircles in H centered at 1/4 and
at 3/4 and having radius 1/4. This gives us an extension that is a conformal map

ARUDURR) — C\{0,1} = S\3.

This can be extended again across each of its lower bounday arcs, and the process
continued; see Figure 2.3.

I'

Fig. 2.3 Extension to a half strip.

Each of the bounded, three-sided subdomains in this figure, when reflected across
one of its lower boundary arcs, gives an extension that it defined on a similar domain
having half the diameter and maps to the opposite half-plane of C. Continuing indef-
initely results in a countably-many-to-one locally conformal map of the strip,

A:{z :Imz>0, 0<Re <1}— S\3.
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Finally, continued reflection through the vertical boundaries results in an extension
A:H— C\{0,1} = S\3.

This is a covering map—tracing through the construction shows that each point of
S\3 has a neighborhood U whose inverse image is the disjoint union (_ U, such that
A : U, — U is conformal. O

For our purpose here it is convenient to replace A by A* = A o C~!, C the Cayley
transform, so that A* is a covering map from D onto S \ 3.

Remark. The classical elliptic modular function has (2.5.2) as fundamental domain,
but maps 0 — 1, I — oo, oo — 0. Therefore it is & o A, where h € Aut(H) maps
0— 1, etc.

Let us pass to two important consequences of the existence of such maps A or A*.
The first is Picard’s theorem.

Theorem 2.5.2. If an entire function f : C — C omits two points of C, then f is
constant.

Proof. If f omits two points of C, choose the fractional transformation 4 such that
f« = ho fomits0, 1, co. and consider f, as aholomorphic function fromCto S \ 3.
We know that there is a covering map from D to S \ 3, and the identity map C — C
is also a covering map. Both D and C are simply connected, so the monodromy
theorem, Theorem 1.8.2, implies that the map f, can be lifted to a map f, from one
covering space to another, in such a way that the diagram

c—5 p

1l ”l (2.5.5)

c L s\3.

is commutative. In particular, f* is a bounded holomorphic function on C, so it is
constant. Therefore f, = A o f, isconstant. O

Exactly the same procedure reduces the following theorem of Montel to Montel’s
theorem, Corollary 2.3.2.

Theorem 2.5.3. Suppose that . is a family of rational functions on some domain,
and suppose that there are at least three points in S that are omitted by each [ € F.
Then . is a normal family.

Proof. Choose a linear fractional transformation / such that each f, = h o f omits
0, 1, 0o, and restrict to a simply connected subdomain £2. Passing to the diagram
(2.5.5) with £2 in place of C, and any f € .%, we find that the family of lifts { f,} is a
normal family, by Corollary 2.3.2. It follows easily that .# is a normal family. O
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2.6 Jordan domains and Carathéodory’s extension theorem

A Jordan curve in Cis a closed curve y that is simple, i.e. does not intersect itself; see
Figure 2.4 According to the Jordan curve theorem, the complement of y consists of
two simply connected components, one that is bounded and one that is unbounded.
We follow here the usual practice of remarking that this is intuitively obvious, and
referring elsewhere for a proof, e.g. Newman [155].

Fig. 2.4 Two Jordan curves.

The bounded component of the complement of a Jordan curve y is called a Jordan
domain. In other words, a Jordan domain in C is a bounded domain whose boundary
is a Jordan curve. In view of Theorem 2.4.1, any two Jordan domains are conformally
equivalent. What one would wish is that a conformal map from one Jordan domain
to another extends continuously to the boundary curves, yielding a homeomorphism
between the boundaries. In fact, the wish has been granted: [39].

Theorem 2.6.1. (Carathéodory) A conformal mapping f from one Jordan domain
onto another has a continuous extension to the closures. The restriction to the bound-
ary is a homeomorphism.

Proof: We may assume that one of the domains is the unit disk. Suppose that f is
a conformal map of D onto a Jordan domain 2. Note that the images of the disks
D(r,0), 0 > r < 1, fill out £2 and, therefore, eventually cover any given compact
subset of §2. Therefore if a sequence {z,} in D converges to a point { € dD, some
subsequence of { f(z,)} converges to a point of 952.

The diameter of abounded set S C Cis defined to be the supremum of the distance
between two points of S. By assumption the boundary I" is homeomorphic to the
unit circle, from which it follows that, given ¢ > 0, if two points of I" are sufficiently
close together, then exactly one of the two subarcs of I" determined by them has
diameter < ¢.

Let us look closely at f near a point ¢ of the boundary of D. For 0 < r < 1, let
¥, = ¥-(¢) and B, = B,(¢) be the arc and domain that are the parts of the circle
{z |z — ¢| = r} and of the disk D,(¢) that are contained in D:
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Vo ={z:lz=¢l=rinD, B, ={z:|z—¢|<o}ND;

see Figure 2.5.

Fig. 2.5 Domain B,(¢) and arc y,(¢), r = 4.

The image f(y,) of y, has length L(r) that can be estimated using the Cauchy—
Schwarz inequality. Since fy |dz| < mr, we obtain

2
L(r)? =[ If/(z)lldzl] <mr / |f'(2)I* ldz]
Yr Yr

=ar | |f (€ +re®)’rdeé.
yr

Therefore
s s
L dr / TNy
Lr)y— < m | (¢ +re”)|'rdodr = Area(Bs) < oo.
0 r 0 Yr

The fact that the integral on the left is finite implies that there is a sequence r,, — 0
such that L(r,,) — 0.

Now the closure of y,, meets dD in two points «, and B,. The finiteness of
L(r,) implies that as one approaches o, and B, on y;,, the image points converge to
limits a, and b, on 952. Clearly |a, — b,| < L(r,) — 0. Passing to a subsequence,
if necessary, we may assume that a, and b, converge to a point w € 952.

By the remarks above, this means that, given ¢ > 0, for large n exactly one of
the two subarcs of 02 determined by a,, b, has diameter < ¢. Denote this subarc
by n,. Together f(y.,) and n, form a Jordan curve that encloses a domain £2, C 2.
We claim that £2, = f(B,,) In fact y,, divides D into two disjoint simply connected
subdomains and the images under f are two connected subdomains of 2 whose
complement in §2 is f(y,,). Note also that since the diameter of the two parts of
the bounding curve approach 0, the diameter of £2, — 0. In fact every point of the
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curve f(y,) U n, is within the maximum M of diam f(y,) and diam 5, of a,, so the
complement of Dy, (a,,). Therefore §2, has diameter < 2M.

To complete the proof, it is enough to show that f is uniformly continuous on D.
In fact this will imply that it extends to be continuous on the closure. A conformal
map allows us to interchange the roles of the two domains £2 and D and conclude
that £~! also extends continuously to the boundary, from which it follows that f is
a homeomorphism from one boundary onto the other.

If f were not uniformly continuous, there would be two sequences {s,,}, {#,;} in
D and a constant ¢ > 0O such that |s,, — t,,] = O but | f(s,,) — f(t,)| > €. Passing
to subsequences, we may assume that both the original sequences converge to a
point ¢ which is necessarily on the boundary dID. Then, given n, both sequences will
eventually belong to B,, , so theirimages will belong to §2,,. Since the diameter of §2,, is
eventually < ¢, this is a contradiction. O

2.7 Hilbert spaces

For some applications we need the basics of Hilbert space theory. The starting point
is an inner product space. This is a complex vector space H, equipped with an inner
product (u, w), defined for each pair u, w in H and having the properties

(aiuy + aqusz, w) = aj(uy, w) +ax(uz,w), a; €C, uj,we H;(2.7.1)
(u,w) = (w, u), u,we H; 2.7.2)
(u,u) > 0 if u e H and u # 0. 2.7.3)

Let

ull = v/ (u, ).

A basic property is the Cauchy—Schwarz inequality

[, w)| < [lull [[w]]. (2.7.4)
The proof can be reduced to the case ||u|| = ||w|| = 1. Then for each a € C with
la| =1,
0<|lu—awl||*> = (u—aw,u —aw)

= |lul* = , aw) — (aw, u) + [law]| |’
=2 —2Ref{a(u,w)}.

We may choose a with |a| = 1 in such a way that Re {a(u, w)} = |(u, w)|.
The Cauchy—Schwarz inequality implies the triangle inequality

lu +wll < [lull + [wl].
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This and the positivity property (2.7.3) imply that d(u, w) = ||u — w|| is a metric.
The space H is said to be a Hilbert space if H is complete with respect to this metric.
First example: the space /%(Z) of two-sided complex sequences x = (x,)>, such

that
o0
Dl < oo,

n=—00

with inner product

XY = Y Xhu

n=—0oQ

The Cauchy—Schwarz inequality, applied to partial sums, implies that the inner prod-
uct is well defined. This space is easily shown to be complete.

Second example: the space of continuous functions u : R — C that are periodic,
with period 27:

T

ulx +27) = ulx), (u,w) = % u(x)w(x) dx.

The completion of this inner product space with respect to the associated metric is
Lger (R); it can be identified with the corresponding space for the interval [0, 277],

L?([0, 27]).

Two elements u, w of an inner product space are said to be orthogonal, written
u L w,if (u, w) = 0. Note that

2 2 2
ulw = lut+wl” = ull”+[w]]".

An orthonormal set in an inner product space H is a subset consisting of elements
{©;} such that

1 if j=k

@00 = {o if £ k.

For our purposes the index set {j} here is finite or countable. Let us suppose that it
is the integers Z. If {¢, } is an orthonormal set in H, let

u, = Z(”,on)‘Pj-

lil=n

An easy calculation shows that u,, and u — u,, are orthogonal, so

2 2 2 2
Dol o)l = Huall® = [ull® = [lu — ua| .

ljl=<n

This implies Bessel’s inequality:
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Dol el < P, 2.7.5)
[jl=n
and also Bessel’s equality:
oo
Nt —unll =0 & > | o)l = |lull” (2.7.6)
j=—00

The orthonormal set {¢;} is said to be complete, or an orthonormal basis if u,
converges to u for every u € H. Note that u, is the element closest to # in the
subspace H, spanned by {¢;}" . In fact if w belongs to H,,, then

llu — Wy + W = [lu—unll* + [Iw]]?

is minimal when w = 0.
An element w of H induces a linear transformation

Sw@) = (u,w)
from H to C. This transformation is bounded:

[fw@)] = Cllull

where the constant C can be taken to be ||w||. It is an important fact about Hilbert
spaces that the converse is true. A helpful identity here is the parallelogram identity:
the sum of the squares of the diagonals of a parallelogram equals the sum of the
squares of the sides.

lu+wl* + llu —wll* = 2[[ull* + 2[|w]]*. (2.7.7)

Proposition 2.7.1. If f : H — C is a bounded linear transformation, then there is
a unique element w of H such that

fw) = (u,w), allueH.

Proof: We may assume that f is not identically zero. Let H; be the null space:
H, ={u e H: f(u) = 0}. Since f is bounded, H; is closed. If w exists, it must be
orthogonal to H;. Take any wy that is not in H; and look for an element u( of H,
that is closest to wg. Then, as argued above, w; = wy — uy is orthogonal to Hj, so
w should be a multiple of w;. To put this argument into effect, we need to show that
there is indeed a uy € H; closest to wy. We choose a sequence {u,} in H; such that

lim |lu, —woll = inf [lu —woll.
n—o00 ueH,;

Then applying (2.7.7) with u,, — wy and u,, — wp in place of u and w,
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2 2 2 2
||un_um|| :2||un_W0|| +2||le—W0|| _ll(u11+um)_2W0||

= 2ty — woll® + 21t — woll> — 4| |3 + ) — wol |-

Considering how the u, were chosen, and that %(un + u,,) belongs to Hj, we see
that the sequence {u, } converges to up € H. The argument shows that u is unique,
so we see that the orthogonal complement of H; is one-dimensional. For any A € C,
w = A(wg — ug) is orthogonal to H;. Therefore the function

Jw(u) = (u,w)

agrees with f on H;. If we choose A so that A||w||> = f(w), then f,, and f agree
on the orthogonal complement as well. O

2.8 L7 spaces and measure

Suppose that §2 is either a domain in C or an open interval in R. For convenience
we denote the variable in £2 by z in either case. We denote by C(£2) the space of
continuous functions f : 2 — C. The support of a function in any of these spaces is
the smallest subset S of £2 such that f = 0 on the complement §2 \ S. The subspace
of C(£2) that consists of functions with compact support is denoted C.(£2).
Given an index p, 1 < p < oo, the L? norm of a function f € C.($2) is defined
to be
1£lly = [[fo1f @ dm@]"", 1< p < oo;

(2.8.1)
[1flleo = sup_ [ f(2)]

Here m(z) is a convenient shorthand for dx dy in the two-dimensional case z =
x +iy,and m(x) = dx in the one-dimensional case. Eventually m will be interpreted
as a measure.

The defining properties of a norm in a vector space of functions are

@) [1f1] > O unless f =0;
i) lafll = lalllfll ifaeC;
@) f gl = NN+ 1gll-

It is clear that (2.8.1) satisfies the first two of these properties, but (iii) is not obvious
except for p = 1 and p = oco. To prove (iii) for | < p < oo we introduce the concept
of a dual index, and prove an important inequality. The dual index for p, 1 < p < oo,
is the index ¢ such that

—r =1, (2.8.2)

Thus 1 and oo are dual. Otherwise ¢ = p/(p — 1). The key inequality (when gen-
eralized to the completions L?, L?) is Holder’s inequality.
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Proposition 2.8.1. If f and g belong to C.(§2) and p, q are dual indices, then

/Q f(2) gx)dm(z)

= If1pllgllg (2.8.3)

Proof: We may normalize and assume that || f||, = ||g|l; = 1. We use the elemen-
tary inequality

a? b1 1 1
ab < —+— ifa,b>0, pg>0, and — + — = 1.
p q P g
Integrating this inequality, with a = | f(2)|, b = |g(z)|, gives (2.8.3). O

Proposition 2.8.2. If f belongs to C.($2) and p, q are dual indices, then

Al = supH/f(z)g(z)dm(z) , g€ CAUR), liglly = 1}- (2.8.4)

Proof: Assume 1 < p < oo and normalize again with || ]|, = 1. It follows from
(2.8.3) that || f]|, is at most equal to the right side of (2.8.4). To prove equality,
define g(z) = 0if f(z) = 0, and otherwise let

p—1 m
If @I

Then [|gll; = IIfll, = 1and f(z)g(z) = | f(2)]?,so equality holdsin (2.8.4). m]

8@ = [f(2)

Corollary 2.8.3. For1 < p < oo,

I+l <A1+ 1lgllp

For 1 < p < o0, the space L?($2) is defined to be the completion of C,(§2) with
respect to the norm (2.8.1). The elements of L”(§2) can therefore be considered as
equivalence classes of Cauchy sequences of continuous functions. They can also
be considered equivalence classes of measurable functions. Let us briefly discuss
Lebesgue measure in C; the transfer to R will be clear.

The outer measure m*(S) of a set S C C is the infimum of the sum of the areas
A(R,), where {R,} is a sequence of open rectangles with sides parallel to the coor-
dinate axes that covers S: S C [J R,. Itis an exercise to show that the outer measure
of a countable set is zero, and the outer measure of a disk or a rectangle is its area.
The inner measure m,(S) of a bounded set S is defined to be m*(R) — m*(R \ S) for
any rectangle R that contains S. This is independent of the choice of R. A bounded
set S is said to be measurable if m*(S) = m,(S), and the common value is the mea-
sure m(.S). An unbounded set S is said to be measurable if its intersection with each
rectangle R is measurable; m (S) is the supremum of m (S N R). Two things are espe-
cially worth noting here. One is that not every set is measurable. The other is that
non-measurable sets do not occur easily; it takes some ingenuity to prove that they
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exist. Some facts: The complement of a measurable set is measurable. Open sets
and closed sets are measurable. The union or intersection of a countable collection
of measurable sets is measurable, If they are pairwise disjoint, the measure of the
union is the sum of the measures (countable additivity). The measure of a decreasing
sequence of measurable sets is the limit of their measures.

A statement about C is said to hold almost everywhere (abbreviated a.e.) if it is
true of every z € C except (possibly) for a set having measure zero.

By definition, a function f : C — Cis measurableif S C C openimplies f~!(S)
is measurable. The elements of each L? space, 1 < p < 0o are measurable functions;
two such functions represent the same element of L7 if and only if they are equal
a.e. If {f,} is a Cauchy sequence in L7”, then it may not converge a.e. but some
subsequence converges a.e.

We defined the L norm of a function belonging to C.(§2). The completion of
this space with respect to this norm is the space Cy of continuous functions with
limit O at 2. The space L*°(2) is defined to be the space of measurable functions
f with the property that for some M, | f(z)| < M a.e.

2.9 Convolution, approximation, and weak solutions

Limits of nice functions (holomorphic, harmonic, ...) may give rise to functions that
satisfy the same equations (f; = 0, u,, +u,, =0, ...) in a “weak” sense, or in “the
sense of distributions.” In this case and some other important cases, weak solutions
are necessarily “strong solutions”: solutions in the ordinary sense. A tool for proving
this—approximation by convolution—occurs in many other contexts as well.

The functions considered in this section map a domain £2 C C to C. Given an
integern > 0, let C7 (£2) denote the space of such functions whose partial derivatives
of order up to n exist and belong to C,.(§2). Similarly, C2°(2) is the space of functions
that belong to C’(£2) for every n. It is not obvious that Cg° = C°(C) contains
any non-zero functions. However, as we shall see, it is dense in each of the spaces
L? = LP(C), 1 < p < oo. A starting point is the function

G(z) = cexp(l — |z|%) - max{l — [z], 0}, (2.9.1)

Itis an exercise to show that, for any ¢ > 0, this function belongs to C2°. It is positive
for |z| < 1 and otherwise vanishes. We choose ¢ so that

/ / G(z)dm(z) = 1. (2.9.2)
C

Given 0 < ¢ < 1,let G,(z) = £ 2G(z/¢e) Then the support of G, is {z : |z| < &}

and
[[ G.(z2)dm(z) = 1.
C
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Thus G, has L' norm 1, but is more and more concentrated near 0. As we shall see,
convolution with G, is a systematic way of taking smooth averages of translates of
a function, in such a way that the averages get close to the function itself.

The convolution of two functions f, g € C. is the function f * g defined by

fxgl) = //Cf(z—W)g(W)dm(w).

A change of variables shows that
frg =gxf
Consider a Riemann sum approximation

g = gx f@) ~ D g@—x)fx)E 4 —x)). (29.3)
j

Each translate g;(z) = g(z — x;) has the same L” norm as g, so the L” norm of the
approximation (2.9.3) is at most

DI = x) | gl
J

Taking a limit gives
ILf*gllp < IIfIIligllps 1 <p<o0. (2.9.4)

Since C.isdenseineach L”,1 < p < oo, it follows that convolution can be extended
to pairs f € L', g € L?, and (2.9.4) remains valid.
If f belongs to C!, then the partial derivatives satisfy

(f*2x = fixg, (f*x8)y = fi*g (2.9.5)

Theorem 2.9.1. Let {G,} C C° be the family of functions defined above. Then for
each f € LP, 1 < p < o9, the functions f. = G, *x f belong to C*° and

lim || fe — fll, =0 (2.9.6)

Proof: For p > 1, each G, belongs to the dual space LY, 1/p + 1/q = 1, so Holder’s
inequality (2.8.3) gives a bound for G, * g, and translations of G, * g involve trans-
lations of G,. For p = 1, the same argument works using boundedness of G,. Com-
bining this argument with (2.9.5) and iterations, we see that each G, is infinitely
differentiable.

It is enough to prove (2.9.6) on a dense subset. For f € C,, a change of variables
implies that
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£D) = Gox f(2) = / /C GONIf(z—ew) — f@ldmw).  (2.9.7)

This identity and (2.9.2) imply that g, converges uniformly to g. moreover, for 0 <
¢ < 1, g, vanishes outside a fixed bounded set (the set of points at distance < 1 from
the support of f). Therefore (2.9.6) holds. O

Corollary 2.9.2. The space C° is dense in each L”, 1 < p < oo.

Now let us turn to weak solutions. The idea is that if, say, f isa C! function and

¢>GCL1.,then
//Cg¢ _ —//Cfaﬁx, g= /o (29.8)

If we assume that f and g are functions that belong to the space of locally integrable
functions L,., meaning that [, |g| < co and [} | f| < oo for each bounded set B,
then both sides of (2.9.8) are well defined for each ¢ € C;. If equality holds for each
such “test function” ¢, then f is said to satisfy f, = g in the weak sense, or f, = g
weakly. Thus f can in principle be a weak solution without having a continuous
derivative. However if the partial derivative f, exists and is continuous, then an

integration by parts in (2.9.8) leads to

ffc(fx—gw:o

for every test function ¢, from which it follows that f — g = 0 a.e., so essentially f
is an ordinary (“strong”) solution of f, = g. Equations of higher order are treated in
the same way.

Without loss of generality, and to accommodate equations of any order, we may
take the set of test functions in any case to be C2°.

The three cases to be considered here, for later use, are the weak solution of f; = 0
in a domain £2, characterized by

// fo: =0, all € C°(£2), (2.9.9)
2
the weak solution of Af = fy, + fvx = 01in a domain £2, characterized by
// fAp =0, all ¢ € C3°(£2) (2.9.10)
2

and the system f; = p, f. = ¢, under the assumption that p and g are weak solutions
of p: = gq.. The results concerning (2.9.9) and (2.9.10) are both known as Weyl’s
lemma.

Theorem 2.9.3. Suppose f € LI (82) is a weak solution of f- = 0 in 2. Then f

loc
is holomorphic in 2.

Proof: Extend f to C by setting f = 0 on the complement of §2. The extended
f still satisfies (2.9.9) for each ¢ € C.(§2). Given such a function ¢, note that for
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sufficiently small ¢ > 0, the support of the convolution G, * ¢ is also a compact
subset of £2. Let f, = G, x f. Then for small ¢, using the fact that G, is an even
function, we have

/ /Q (f2): () dm(z) = / /Q (G): % £(2) () dm ()

= /fQ(Gs)z(Z —w) f(w) ¢(2)dm(w)dm(z)

= /f Jfw) [f/ (Ge):(z —W)¢(Z)dm(z)} dm(w)
2 2

= —// FW) Ge * ¢y (w)dm(w) = 0.
2

It follows that for any given open disk D whose closure is in £2, f; is eventually holo-
morphic in D. The restrictions f;|p converge to f|p in L' (D). By Proposition 2.3.7,
f isholomorphicin D. Thus f is holomorphicin £2. O

The proof of Theorem 2.9.4 adapts readily to the harmonic case.

Theorem 2.9.4. Suppose f € L} (£2) is a weak solution of Af; = 0 in §2. Then f
is harmonic in §2.

Now we come to the third case mentioned above. Suppose here that p and ¢ are
functions in C'. We can construct a function f € C? such that f, = p, f: = g if and
only if p and g satisfy the equality-of-mixed-partials condition p: = ¢g,. In fact the
unique solution with f(0) = 0 must be given by the formula

_ Laf _
f(z,z)=/ —(sz,52)ds
0 BS
1
= / [2f2(sz,52) + 2 f3(sz, s2)]ds
0
1
=/ zp(sz,s2) +2q(sz, s2)]ds. (2.9.11)
0

It is an exercise to verify that the function defined by last integral satisfies f, = p,
f; = q. Now we want to carry this over to the case of weak solutions of p; = ¢,.

Theorem 2.9.5. Suppose that p and q are continuous functions whose weak deriva-
tives pz and q, belong to L }oc and are weak solutions of p; = q., i.e. foreach¢ € CZ,

//C[lﬂﬁz —q¢:]1 = 0. (29.12)

Then there is a C' function f such that f, = p, f- = q.

Proof: With G, as above, let p, = G, * p and g, = G, * q. The same type of argu-
ment that we used in the proof of Theorem 2.9.3 shows that (p,): = (g.),. Therefore
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we may construct f; by using the integral in (2.9.11) with p and g replaced by p, and
g.- Since p and g are assumed to be continuous, the formula (2.9.7), with f replaced
by p or g shows that p, and g, converge to p and ¢ uniformly on bounded sets. There-
fore f, converges to f in C', with f, = p, f: =q. o

2.10 The gamma function

The gamma function I"(z) is usually defined for Re z > 0 by
o0
I = / e~ dr. (2.10.1)
0

An integration by parts yields the functional equation

'z+1) = zI'(). (2.10.2)

In particular, I'(1) =land I'(n+ 1) =n!,n=1,2,3,... . Moreover, since the
left side of (2.10.2) is defined for Rez > —1, we may use (2.10.2) to extend the
definition of I"(z) to the strip —1 < Re z < 0. Continuing this process allows us to
extend I” to the complement of the non-positive integers. The result is a function
meromorphic in C with simple poles at the negative integers. The residue of I" at
—n,n=20,1,2,3,...,is (=1)"n!

A particularly important case is I"(1/2). Now

> 00 0 2 o0 2
ras) = / ™17 dr = 2/ e™d(t'?) =2/ e ds = / e ds.
0 0 0 oo

and
o 2 2 2 2 2
|:/ e’ dsi| =[[e’(x Y dxdy = /fe”’rdrd@
—0oQ0

[o.¢] ) o
=2n/ e "rdr = nf e du = 7, (2.10.3)
0 0

SO

r{/2 = Jx. (2.10.4)

The asymptotics of the gamma function are given by Stirling’s approximation:
Theorem 2.10.1.

e [ 2\ 12
re) = (;) <7> REL (2.10.5)

as x — +oQ.

Proof. By (2.10.2),



2.10 The gamma function 45

r 1 1 [
re = 20D —/ i i
X 0

X

The integrand is maximal at ¢ = x, so with t = xu we have

1 o0
—/ e (xu)* xdu
0

) [ weyan

This integrand decays exponentially away from # = 1. Comparing Taylor expansions
at u = 1 shows that

I"(x)

we'™ = V2 4 L — 1)+ 0 — DY
Therefore, setting (u — 1) = s/4/x, we have

ds

> 1—u\* _ > —s2/2 1.3.-3/2 4. -2
ue du —/ e’ 1+ x{35"x + O(s"x7 %)} .
/o (™) Ll 15

. 2 . . . . . .
Since e~*"/2s3 is an odd function, its integral vanishes and we obtain

Aoo (uelfu)x du — /2652/2 [1+0(S4x71)] d_}

X

The identity (2.10.3) is equivalent to
o 2
/ e ?ds = V2m.
—00

Combining these estimates, we get (2.10.5). O

Remark. The estimate (2.10.5) can be shown to hold uniformly in any closed sector
that omits the negative half-axis:

7N\ 2 27 1/2
re = (3) (7) + 0z

as z — oo, uniformly for | argz| < w7 — §, for any § > 0. See [21] or [22].

Remarks and further reading

The material in this chapter is covered in many standard texts on complex analy-
sis, functional analysis, or distribution theory, according to the topic. The topics in
Sections 2.1 and 2.2 are treated more leisurely in [22]. Normal families are covered
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extensively in Schiff [184]. There are many texts on conformal mapping; two classics
are Cohn [46] and Nehari [152].

Riemann’s original argument for the Riemann mapping theorem came into much
criticism by Schwarz and others. Subsequent arguments were given, under vari-
ous assumptions on the boundary of the simply connected domain, before Koebe’s
definitive result; see Tazzioli [200] and Gray [92].

Boundary behavior of conformal maps is treated comprehensively in Pommerenke
[171]. For much more on the material in Sections 2.7 and 2.8 see, for example, Folland
[78], Rudin [182], or Stein and Shakarshi [195], [196]. For Section 2.9, see Georgiev
[90] or Duistermaat and Kolk [61]. The gamma function is treated in any book on
special functions, e.g. [21].



Chapter 3 ®)
Complex dynamics ez

Mathematically, a dynamical system generally consists of a product space X x T
and a function f : X x T — X, with X thought of as “space” and 7' as “time.”
Time is usually taken to be continuous, with T = R or T = [0, 00), or discrete, with
T =Zor{0,1,2,...}. The simplest situation is the autonomous discrete case with
f independent of ¢. In other words, f : X — X and one studies the iterates f, f o f,
f o fof,....Tohave a convenient notation that will not be confused with powers
of f (if X has a multiplication), we set f°° = 1, the identity map, and

fo(n+l) — fof‘m’ n=1,2,3,....

If f is invertible, this can be extended to f°*,n = —1, —2, ..., . (We shall always
assume that f itself is not the identity map.)
One wants to understand the orbits

(@, f200), fP),... ), xeX.
It is useful also to consider the backward orbit of a point z,: the set
{z: f""(2) =20, somen > 1} (3.0.1)

Two maps f and g from X to itself are said to be conjugate if there is an invertible
map ¢ : X — X such that

fop=d¢og.

Then
fon — ¢Ogon Od)_]v

so the dynamics of g can be read off from the dynamics of f and conversely.
Among the most-studied cases are those in which X is a space of one real or one
complex dimension and f is a rational function—even a polynomial. These cases
allow surprisingly intricate behavior, as anyone knows who has encountered the
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Mandelbrot set. This study began in earnest in the 19th century, with the examination
of Newton’s method for approximating zeros. It flourished in the early 20th century
with work by Fatou, Julia, and others. It revived later in the 20th century, sparked
in part by connections with chaos theory and fractals and was given striking visual
form by the development of powerful computers and computational techniques.

In this chapter we introduce the subject, concentrating on the case X = S, the Rie-
mann sphere, and f a rational function: f = P/Q where P and Q are polynomials
with no common zero. The degree of f is

deg f = max{deg P, deg Q}.

The rational functions of degree 1 are the linear fractional transformations.
A residue calculus argument shows that f takes each value in S deg f times,
counting multiplicity. This shows that degree is multiplicative:

deg(f og) = deg f -degg. 3.0.2)

In particular,
deg /" = (deg f)". (3.0.3)

This fact suggests (or even insists) that the study of rational dynamics is much simpler
in the case of degree 1. We deal with this case immediately.

As noted above, the case deg f = 1 is the case f € Aut(S). To normalize, we
note that f has exactly one or two fixed points. Consider first the case of a single
fixed point, which we may take to be z = co. Then

f@ =z+b, b#0, [f(z) = z+nb,

and foreach z € S, f*"(z) > ocoasn — =£oo.

Now suppose f has two fixed points, which we may take to be 0 and co. Then
f(z) = az for some a # 0. If |a| < 1, then | f*"(z)| = |a|"|z| shrinks any bounded
set to {0} at a geometric rate. If |a| > 1, f°" shrinks closed sets not containing the
origin to the point at co. Inversion z — 1/z conjugates one case to the other; thus as
dynamical systems they are identical.

If |a| = 1, the situation is more interesting. Here a = e and the behavior is
very different depending on whether 6 is rational or not: whether some iterate f°"
is the identity map (so that the orbit of each point consists of finitely many points),
or not.

As we shall see, things can become much more interesting than this, even for
f a quadratic. In Section 3.1 we define the Fatou set F(f) and the Julia set J(f),
and examine the examples f(z) = 722+ c withe =0, c = —2, and ¢ = 6. General
properties of F and J are developed in Section 3.2.

Fixed points and periodic points of f play a dominant role in the study of dynam-
ics. Section 3.3 establishes general properties for rational f of degree > 2. In Section
3.4 we look more closely at the general features of attracting and repelling fixed

2mif
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points. Section 3.5 introduces the basic theory of “neutral” fixed points. The special
case of “parabolic” fixed points is examined in more detail in Section 3.6.

Finally, in Section 3.7 we describe the classification theorem, which characterizes
the connected components of the Fatou set. We also give one more illustration of
dependence on parameters by a brief discussion of the Mandelbrot set.

3.1 Fatou sets and Julia sets; some examples

‘We begin here a systematic consideration of discrete dynamics with f arational func-
tion of degree > 1. For practical purposes this means deg f > 1, since we obtained a
complete picture (up to normalization) for degree 1 in the Introduction. Even the case
of quadratic polynomials illustrates many of the general phenomena. We note that
a given quadratic polynomial f can be conjugated by an affine map ¢ (¢) = a¢ + b
to either of the canonical forms

fo(2) =+ fUQ) =L +o) (3.1.1)

see Exercise 2.

The Fatou set F = F(f) of f is the set of points z € S such that the family of
iterates { f"}°5° |, when restricted to some small enough neighborhood U of z, is
a normal family: for any subsequence { f***} some subsequence { f°"*/} converges
uniformly (in S) on compact subsets of U. The complement J = J( f) is the Julia set
of f. Thus, by definition, F is open and J is closed.

Twomaps f : 2 — 2 and g : 2" — 2’ are said to be conformally conjugate if
there is a conformal map @ : 2’ — £2 such that

g=d 'ofoo. (3.1.2)
Again this means that the dynamics are the same. In fact
g" =@ o frod. (3.1.3)

Remark. We may always study the dynamics of f at up to three prescribed
points z; € S by using a Mobius transformation @ so that this amounts to studying
the dynamics of g at prescribed points w;. In particular, behavior near a pole or at
infinity can be reduced to behavior at a regular point or at a finite point.

Example. Consider the triple

g:R—>Q, 2={z:z¢[-221}, gk =2
[2->2, 2 ={z:|z21>1), f@=z2-2
D: 2> 2, PG =z+z" (3.1.4)

Then (3.1.2) is satisfied; see Exercise 3. The same is true if replace the domain £2’
by 2" = {z : |z] < 1}. Now it is easily checked that the Julia sets of g and f are
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Ji@) = {z: |zl =1},  J(f) = [-2,2]; (3.1.5)

Exercise 4.

These very simple Julia sets are not representative of the general situation, even
for quadratic polynomials.
A more instructive example is

f@) =22 —6. (3.1.6)
with the two-valued inverse map

g(@) = Vo +z.

Proposition 3.1.1. If (z) = z> — 6, then

(a) The fixed points of f in'S are {—2, 3, co}.

(b) If |z| > 3 then | f(2)| > 3, with equality only if 7 = £3.
(c) If|z| > 3then | f(z)| — 3 > 2(|z] — 3), so f°"(2) — <.
(d) If |zl < ~/3 then | f(2)] > 3.

(e) If || <3, then |Im g(2)| < [Imz|/2+/3.

Proof. This is left as Exercise 5.

By following up properties (a)—(e), we can show that the Julia set J(f) is a
Cantor set. Note first that it follows from (b), (c), (d) that, with the exception of £3
and :t\/§,

f"(z) — oo if |z] =3 or |z] < /3. (3.1.7)

It follows from (e) that if |z] < 3 and Im z # 0, then |Im f°" (z)| increases geometri-
cally so long as it remains in D3(0). Because of this we can sharpen (3.1.7):

" — oo ifz ¢ [-3.3]. (3.1.8)
For real x, we know that f°"(x) — oo if
x € Ao = (—v3,V3).
But then the same is true if x € g(Ay), and so on. Let
An = 8 (A0) = {x € (=3.3): [/" W] <3, 1" V()] > 3).

Then the sets A, are disjoint, and for real x,

o0
f"(x) > oo ifand onlyif x € U A,. (3.1.9)
n=0
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Now (each branch of) g is continuous and strictly monotone on [—3, 3], so we simply
need to track the endpoints ++/3. The first stage is

A= g(A) = (64 V32 —6-v3)'"?) U (6- VD2 6+3)'7).

Note that these are subintervals of [—3, —\/5] and [\/§, 3], respectively.
Let B, = U] A

Lemma 3.1.2. B, consists of 2"T' — 1 disjoint intervals. The 2" intervals of A,
interlace the 2" — 1 intervals of B, _.

Proof. This is clearly the case at n = 1. Suppose that assertion is true for n. Then
the positive and negative parts of g(A,) each consist of 2" disjoint intervals, so A4
consists of 2"*! disjoint intervals. The positive part of g(B,) consists of 2" disjoint
intervals, interlaced by the intervals of g(A,). These last are the positive partof A, .
By symmetry the intervals of A, interlace those of g(B,—1) = B, \ Ag.Since A,, is
disjoint from Ay, and all the intervals in the positive part of g(B,) lie to the right of Ay,
the interlacing property carries over to all of B,,. O

Recall that the original Cantor set C is obtained by the processing of successively
removing the open middle third of a union of closed intervals, starting with the unit
interval. In general, a Cantor set is any set that is homeomorphic to C.

Proposition 3.1.3. Let f(z) = z> — 6. The Julia set J(f) is a Cantor set contained
in the interval [—3, 3]. For every z in the Fatou set, f°"(z) — oo.

Proof. Since By, = | J B, is an open set in R, it follows from (3.1.8) and (3.1.9) that
the Fatou set contains
B U (S\ [-3,3D).

By Lemma 3.1.2, to show that C is a Cantor set it is enough to show that the lengths
of the intervals in the complement of B, in [—3, 3] shrink to zero. This follows
immediately from the fact that

1 1
"x)| = < .
g0l 2/6+x T 23

It follows that points whose orbits converge to 3 are dense in the complement of B,
in [—3.3]. Therefore

F(f) = BoUBS\[-3,3D,  J(f) = C = [-3,3]\ B. O

We close this with three images that give some idea of the possible variations in
form of J (f), even for quadratic polynomials. The first is a Cantor set: the appearance
of some connectedness is deceiving and is violated on a small enough scale. The
second is a case of a figure known as a Douady rabbit. The third begins to show how
elaborate Julia sets of the second type can become (Figures 3.1, 3.2, and 3.3).
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Fig. 3.1 Julia set for f(z) = z% + (—.766 + .083i): a Cantor set.

Fig. 3.2 Julia set for f(z) = 22 4+ (—.122 + .7450): a Douady rabbit.

Fig. 3.3 Julia set for f(z) = 72 + (.125 + .604i): an elaborated rabbit.

These three figures were obtained from the Java Script Julia set generator. https://
marksmath.org>visualization>julia_sets. The reader is invited to explore the site for
other examples with f(z) = z? + c, for one’s choice of c.

In subsequent sections we shall see how the general theory accounts for some of
the properties of these figures, such as self-similarity.


https://marksmath.org>visualization>julia_sets
https://marksmath.org>visualization>julia_sets
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3.2 Julia sets: invariance, density, and self-similarity

We assume throughout that f : S — S is a rational map of degree d > 2. Let f~!
denote the d-valued inverse. In this section we begin discussion of the general prop-
erties of the Julia setJ = J(f).

Proposition 3.2.1. (a) The Julia setJ = J(f) is not empty.
(b) 1 is fully invariant for f:

f@=71=f"'. (3.2.1)

(c) Forany k > 1, J(f°k) =J(f).

Proof. Part (a) is proved by contradiction. If J = ¢ then { f°"} is a normal family on S,
so some subsequence { f°"/} converges uniformly on S to a function 4 : S — S that
is everywhere meromorphic, hence rational. The limit ~ cannot be constant, since
the f°% are surjective. Since the convergence is uniform, eventually the number of
zeros of h will be the number of zeros of f°"/. But f°* has degree d"/ and we have
assumed d > 2.

It is enough to prove statements (b) and (c) for the Fatou set. Now zo € F(f) if
and only if { f°"} is a normal family on some neighborhood of z. This is true if and
only if { £°**D} has this property on some neighborhood of f*(z¢). This proves (b).

Any subfamily of a normal family on a given domain is normal, so zo € F(f)
implies zo € F(f°%). Conversely, suppose zg € F(f°¢). Then

k—1

tren = Ui gy

j=0

Suppose zo € F(f°%). Given a sequence in { °"}, some subsequence belongs to one
of the families on the right, each of which is normal in a neighborhood of z. Therefore
{ f°"} itself is normal in that neighborhood, showing that zy € F(f). O

Let us look more closely at points z € J(f). Let U be a neighborhood of such a
point, and consider the family of functions G = {g,}, g, = f°"|v. By assumption
G is not a normal family. By Montel’s theorem, Theorem 2.5.3, the exceptional
set E;, =S\ g, (U) of values omitted by every g, contains at most two points.
Suppose that E, consists of a single point a. Replacing f by h~! o f o h, where h is
a linear fractional transformation that takes co to a, we may assume that E; = {oo},
and take U = C. By definition, f~!(E,) C E,, so f~'(c0) = oo and there are no
other poles, so f is a polynomial. If E, consists of two points, we may take them
to be 0 and oo and take U = C \ {0}. Then either f(0) =0 and f(oc0) = o0, so
f(z) =Cz7" or f(0) =00 and f(c0) =0,so f(z) = Cz7". In either case we have
proved the first part of the following.
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Proposition 3.2.2. (a) The exceptional set E,, 7 € J(f), is independent of z, and is
contained in the Fatou set.

(b) If zo belongs to J(f), then the backward orbit (3.0.1) of z¢ is dense in J( f).

(c) Any completely invariant non-empty subset of J(f) is dense in J(f).

(d) If U is a union of connected components of F(f) that is completely invariant,
then J(f) = dU.

Proof. As noted, the preceding discussion proves (a).

Given z € J(f) and a neighborhood U of z, | f°*(U) is the complement of E, so
by (a) it contains J( f). Therefore for any zo € J, some point of U is in the backward
orbit of zy. This proves (b), and (c) is a consequence of (b).

Complete invariance of U implies complete invariance of the boundary, and the
assumption that U is made up of connected components of F( f) implies thatoU C J,
so (d) follows from (c). O.

Corollary 3.2.3. If] has an interior point, thenJ = S.

Proof. Suppose that the open set U is contained in J. By invariance, the same is true of
J f°"(U).Butthis setis S \ E. Since J is closed, it must be all of S. O

We supplement part (b) of Proposition 3.2.2 by considering forward orbits. Con-
sider J(f) as a metric space relative to the spherical metric of S. It is closed in S,
and therefore complete. It is a general property of complete metric spaces that the
intersection of a countable family of dense open subsets is itself dense; see Exercise
9. We refer to such an intersection as a generic subset.

Proposition 3.2.4. There is a generic subset V C J such that for each z in V, the
Sforward orbit { f°" (2)} is dense in J.

Proof. Given j =1,2,...,let U;,Uj,..., Ujm, be an open cover of J by disks of
radius 1/j. Let V;; consist of all pre-images of points of U j;. Then each V. is open and
dense in J, so the intersection V is generic. If z belongs to V, then each U j; contains
some point of the forward orbit of z. Therefore the orbit of z is dense in J. O

In the next section we begin a general discussion of fixed points of f. It is useful
here to discuss one case. A finite fixed point zo of f is said to be super-attracting
if f/(zo) = 0. If oo is fixed, it is super-attracting for f if O is super-attracting for
g(x)=1/f/2),1e. f(z)/z = 00) as z — 00.

For example, each of the examples in Section 3.1 has a super-attracting fixed point
at co. In fact at oo we consider the expansion

Lo_ ! = & =22+ 0@
f(1/z) zi2+0(1) 14+ 0(2?)
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Lemma 3.2.5. If zo is a super-attracting fixed point of f, then zo belongs to the
Fatou set F(f).

Proof. For small enough §, if z € U = Ds(zgp), then | f(z)| < Clz — z0|2. If § is
chosen so that C8? < §, then U is invariant for f and { f°"} is a normal family. O

Theorem 3.2.6. The Julia set J(f) contains no isolated points.

Proof. Suppose zp € J. We may assume that z, is finite. If no backward iterate
(f~1°"(z0) is equal to zg, then, since these pre-images are dense in J, it follows
that zo is not isolated. Otherwise z¢ is a periodic point for f: f°"(zo) = zo, for
some m > 0 that we may assume to be minimal. There are (deg /)™ solutions to
f°"™(z) = z0, so if zp were the only solution it would have positive multiplicity.
(Recall that we are assuming that deg f > 1.) But then the orbit would be super-
attracting and belong to F. This leaves us with the possibility that f°"(z) = zo has
distinct solutions zq and z;. Then £°/(zq) # z; for all j, since otherwise, because of
the m-periodicity of z, it would be true for some 0 < j < m. But then

(o) = " (z0) = f"(z1) = 20,

contradicting the minimality of m. Then again no preimage of z; is equal to zg, but
they are dense in J, so z¢ is not isolated. O

Corollary 3.2.7. If S C J is countable, then the complement J \ S is dense in J.

Proof. Let {z,};2 , be an enumeration of S. Given U C S open, with U N J not empty,
we may find a sequence of open disks D, such that D; D D, O ..., the closure of
D, is contained in U, and the closure D,, contains a point of J but does not contain z,,.

Then () D,, C J is non-empty and does not contain any of the z,,. O

We are now in a position to address self-similarity, the “fractal” nature of Julia
sets. We say that two points z1, z, of J have conformally equivalent locations in J if
there are neighborhoods U; of x;, and a conformal map @ of U, onto Uj, such that
D(zp)=z1and @ (U, NI) =U; NI

The critical points of a rational map f : S — S are those points where f is not
locally injective. At finite points of C where f is finite, these are the zeros of f’.
At poles, they are the points where the pole has order > 2. The number of critical
points, counting multiplicity, for f of degree d, is 2d — 2; see Exercise 8.

Let us say that a point z in J(f) is atypical if every backward orbit contains a
critical point; otherwise we say that z is typical. Since there are finitely many critical
points, and each orbit is countable, there are only countably many atypical points. It
follows from Corollary 3.2.7 that typical points are dense in J.

Theorem 3.2.8. Suppose that z is a typical point of J(f). Then the set of points 7
that have a conformally equivalent location is dense in J(f).
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Proof. We know from Proposition 3.2.2 (b) that the backward orbit of z is dense in J.
Suppose f°"(z') = z forsomen > 1. Because there are no critical points in the back-
ward orbit, the derivative [ f°"]'(z’) # 0. Therefore f°" restricted to some neighbor-
hood U’ of 7z’ serves as the desired conformal map. O

3.3 Fixed points and periodic points

It is clear from the examples in Section 3.1 that fixed points of f play a key role
in the dynamics. A first classification of a fixed point f(z¢) = zo is based on the
multiplier. For a finite fixed point z,

A= f'(z0).

We leave the determination of X in the case zy = oo to the reader.
A fixed point zj is said to be

attracting if |A] < 1;
super-attracting if A=0;
repelling if A >1;
neutral if |Al=1.

Obviously super-attracting is a special case of attracting. A fixed point that is attract-
ing but not super-attracting is termed geometrically attractive.

(It might seem more natural to use a different definition of “attracting fixed point”
that does not reference f'(zg), but see Exercise 10.) The neutral case needs further
refinement; see Section 3.5.

In the example (3.1.6), —2 and 3 are repelling fixed points. As noted above, 0o is
a super-attracting fixed point.

Proposition 3.3.1. (a) If zo is an attracting fixed point of of f, then zo belongs to
the Fatou set F(f).
(b) If zo is a repelling fixed point of f, then zo belongs to the Julia set J(f).

Proof. (a) By assumption f(zo9) = zo and |f’(zo)| < 1. Then there is a bounded
neighborhood U of zj such that f : U — U. Therefore each iterate maps U into U,
so {f°"} is a normal family on U.

(b) If zg belonged to F( f), then a subsequence of { f°"} would converge uniformly
near zo. In particular, by the Cauchy estimate for derivatives, the derivatives would
converge at zo. But

[T (z0) = f'(zo)" — oo. o

Corollary 3.3.2. (a) If f"(z) = z¢ is an attracting fixed point of f, then z belongs
to the Fatou set.
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(b) If £ (z) = zo is a repelling fixed point of f, then z belongs to the Julia set.

Periodic points play a similar role. A point z; € S is said to be periodic with
period k > 1 if the partial orbit

{20, 21,22 sz =208,z = f(20)s (3.3.1)

contains k distinct points. Clearly each z; is also periodic with period k. Equivalently,
2o is periodic with period k if 7o is a fixed point for £°¢, butnot forany f°/,0 < j < k.
The set (3.3.1) is called a periodic orbit, or a cycle. In the case (3.3.1), the derivative

[ (z0) = f (o) f'(z1) - f(zxe1)

is independent of the choice of the point z; in the periodic orbit. We have the same
classification for periodic orbits as for fixed points: if z is periodic with period k and
multiplier A = [ f °k1'(z), then, as in the case of a fixed point, the orbit is said to be

attracting if Al <1;
super-attracting if A=0;

repelling if A > 1;

neutral if |A]l=1.

The analogue of Proposition 3.3.1 and its corollary are valid for periodic orbits.

Proposition 3.3.3. (a) Any attracting or super-attracting periodic orbit of f
belongs to F(f).
(b) Any repelling periodic orbit of f belongs to J(f).

Proof. Since elements of periodic orbits are fixed points for some iterate f°¢ of f, this
follows from Proposition 3.3.1 and the fact that F( f°¢) = F(f). O

Corollary 3.3.4. (a) If f°"(z) belongs to an attracting or super-attracting orbit of
f, then z belongs to F(f).
(b) If f°"(z) belongs to a repelling orbit of f, then z belongs to J(f).

3.4 Attracting, super-attracting, and repelling fixed points

We continue to assume that f is rational, deg f = d > 1. The next result goes back
to Keenigs [123] in 1884.

Theorem 3.4.1. Suppose that z is a geometrically attracting fixed point. Then there
is a conformal map ¢ defined on a neighborhood U of zy to a disk D,(0) such that
¢ (z0) = 0 and

o(f(2) = rp(z), zeU. (3.4.1)
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The map ¢ is unique up to multiplication by a constant.

Proof. For convenience, we conjugate so that zop = 0. Choose § > 0 such that f is
single-valued on a neighborhood V' C DD and

|f(z) =2zl < Clz|>,  zeV. (3.4.2)

Then |f(2)| < |Az] + Clz|> = (|A| + C8)|z| for z € V, so by choosing V small
enough we also have f(V) C V. Choose § > 0 such that U = ¢~!(V) C Ds(0).
Let

$u(2) = A" f"(2), zeUl.

Then
Gnof =270 = Agy.

If we show that the ¢, converge to ¢ on U, it follows that
d(f(2) = 2o (2). (3.4.3)

Iterating (3.4.3) gives
If" @ < p"lzl, zeU. (3.4.4)

Taking (3.4.2) into account, we get

fUT@Q) =M@ _ CIf"@F C,Oz”IZIZ‘

|)u|”+1 - |Mn+1 - |)L|"+1

|Pnt1(2) — du(2)| =

Thus, choosing p < +/|1|, we get uniform convergence of ¢, on U. Since f is
injective in D;s(0), the same is true of f°" and, therefore of ¢,. It follows from
Proposition 2.3.6 that ¢ is either conformal or constant. But

$,(0) = A7"[f"T(0) = 27" f(0)" = 1,

so ¢’(0) = 1 and ¢ is conformal.
Finally, suppose that i was a second such map. Then

pof =xrp, Yof =21y,
50, writing w = ¥ (z), we have
Moy~ w) = oy (w).
Expanding ¢ o ¥~ (w) gives
AMaw +aw? +...) = aldw +a(Ow)> + . ..

soaj=0f0rjz1,and¢01/f’1(w)=a1w, O
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The basin of attraction of an attracting or super-attracting fixed point z is the set
A = A(zo) of points z such that the f°"(z) converge to zo. Because f is continuous
on S, this is an open set. The connected component Ay = A(zp) of A that contains
20 is the immediate basin of attraction of z,. Clearly A is invariant under f and f~'.
Theorem 3.4.1 can be extended.

Proposition 3.4.2. The map ¢ of Theorem 3.4.1 can be extended to a holomorphic
map on the basin of attraction A(zo) that intertwines f and multiplication by A:

O (f(2) = 2p(2), z€ Azo). (3.4.5)

Proof. Formally, (3.4.5) extends to give

¢(2) = A7'¢(f@) = AIVIOf(f@) = ... = A" f(2). (3.4.6)

Given z € A(zp), f°"(z) will eventually belong to the original domain of ¢. Thus
(3.4.6) serves to define ¢ throughout A(z) and to extend the intertwining identity
(3.4.5) one step at a time. O

Theorem 3.4.3. The immediate basin of attraction Aq of an attracting fixed point
20 of f contains a critical point of f.

Proof. If zg is super-attracting, then zo itself is a critical point. Suppose that zg is
geometrically attracting and let ¢ : Ay — C be the map in Proposition 3.4.2. Then
¢ has a local inverse ¥ defined in a disk D, = D,(0). There is some maximal disk
D, such that i/ has a holomorphic extension ¥, to D,. Since ¢! oy and ! 0 ¢
are the identity map near 0 and z, respectively, they continue to be the identity up to
D, and ¢ (D, ), respectively. It follows from (3.4.5) that

f@ = vy '), zeD,. (3.4.7)

Therefore f is injective on D,. Our standing assumption is that f has degree > 2,
hence is not injective on C, so D, # C.
Writing (3.4.7) as
fWw) = ¢¥@Gw), weD, (3.4.8)

we note that the right side is holomorphic in a neighborhood of the closure D,. Near
any point wg of d D, that is not a critical point of f, f has a local inverse g and we
get a holomorphic extension ¥ (w) = g(Ay(w)) to a neighborhood of wy. It follows
that there is a critical point of f on dD,. Otherwise i can be extended across d D,,
contradicting the assumption of maximality. (We assumed here that the critical point
was not a pole of f. The case of a pole can be dealt with by passing from f to a
conformally equivalent function. The same remark applies to the rest of the proof.)
Now (3.4.8) extends by continuity to w € D,, so

o wmw) = £ Vwow) = - =y"w) - ¥(0) =0, weD,.
(3.4.9)
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In particular, the critical points on d D, belong to Ay. O

Remark. The basin of attraction of a periodic orbit of f is defined to be the set
of points z such that {f°"(z)} tends to the orbit. Recall that each periodic orbit
corresponds to a fixed point of some iterate of f, and that the Julia set of an iterate
is the same as the Julia set of f itself. It follows that each of the preceding results in
this chapter has a corresponding extension to attracting periodic orbits.

Moreover, critical points of iterates of f are critical points of f. Therefore Theo-
rem 3.4.3 puts an absolute limit on the total number of attracting points and attracting
periodic orbits of f.

Proposition 3.4.4. Let A be the basin of attraction of an attracting or super-
attracting fixed point zo of f. Then J(f) = 0A.

Proof. Boundary points of A belong to J; see Exercise 16. Thus A is a union of
components of F. It is easily seen that A is completely invariant for f, so the result
follows from Proposition 3.2.2 (d). O

The following result helps show why Julia sets can be so complicated.

Corollary 3.4.5. Suppose that f has a repelling fixed or periodic point zo with mul-
tiplier A that is not real. Then J(f) is not contained in a proper smooth submanifold
of S.

Proof. We may assume that z is a fixed point. There is a branch g of f~! defined in
aneighborhood of z, and z is a fixed point of g with multiplier 1/A. By Proposition
3.4.2 there is a conformal map ¢ defined in a neighborhood U of z, that locally
conjugates f~! to g, with g(¢) = A~'¢. Choose z; € J NU andlet &, = ¢ (z;). The
points {; = g°/ (¢1) lie on alogarithmic spiral centered at ¢ (zo). Thus J is not smooth
at zo.

Since J is not smooth at the center z, of the spiral and is not in the exceptional set
E C F, for any small neighborhood U, of z;, | J f°"(U,) contains zg. Therefore U;
contains a preimage (f°*)~! of a neighborhood of zo. By shrinking U to z; itself, we
see that J is not smooth at z;. m]

We end this section with a quick look at the super-attracting case. The analog of
Theorem 3.4.1 was proved by Boettcher [28] in 1904.

Theorem 3.4.6. Suppose that zg is a super-attracting fixed point of the rational
Sunction f. Then there is a neighborhood of zo and conformal map ¢ : U — D, (0)
such that ¢(zp) = 0 and

o(f@) =", z€elU, (3.4.10)

where p > 2. The map ¢ is unique up to multiplication by a (p — 1)-th root of unity.
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Proof. We may translate coordinates so that zo = 0, and change scale, z — cz, so
that in D;(0),
f@ =2"[1+€e@]  le@]=Clzl. (3.4.11)

Choose 0 < § < 1/2 so that | f(2)| < 2|z|)? if z € U = D;(0). Then f : U — U

and inductively )
If*"(x) = @lzh”.  zeU.

Let i i . )
(@) = [F @IV = 27" A +.. )" = z(1+.. )7,

This is well defined and conformal in a neighborhood of 0. Then
$nof =" I = ¢/,

With ¢y the identity map,

n

¢, = ]_[ﬂ (3.4.12)

and

1 _ Lf o 1

¢ Lferyire
_ AU e
- Lfemytr

n+1

=[1+e(fH1"/7".

n+1

Therefore

| < ‘M <1 +1e(f" @) = 1+ 022"
e,

so the product (3.4.12) converges uniformly in a neighborhood of 0; see Section 1.6.
The product is either conformal or constant. If £(z) in (3.4.11) is identically zero then
there is nothing more to prove. Otherwise |&(z)| > 8|z|* for z near 0, some positive
8 and k, and this can be used to show that the product is not constant.

Finally, suppose that v is another such conformal map. Then ¢ o ¥/ ~' commutes
with taking the p-th power. Expanding

poy '@ =az+m®+...,

we have 5 )
(az+az"+...) = a1z +az?? + ...,
SO af = a; and it is easily seen by induction thata, = O forn > 1. O

Remark. Since log |¢ (f(z))| = plog|¢(z)|, we may extend the harmonic function
G(z) = log|¢(2)] to the entire basin of attraction A(zp) by
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G(@) = p"G(f™(2) (3.4.13)

for z such that f°"(z) is in the domain of ¢.

3.5 Neutral fixed points

Once again we concentrate on the dynamics of a rational map f of degree d > 2.
Recall that a neutral fixed point or periodic point of f is one whose multiplier Ahas
modulus |A] =1, so A = ¥ for some real 6. A fundamental distinction here is
whether 6 is rational or irrational. A fixed point or periodic point with 6 rational
is said to be parabolic. A more fundamental distinction, from the point of view of
dynamics, is whether the point belongs to the Julia set or not.

Proposition 3.5.1. Any parabolic fixed point or periodic point zy of f belongs to
JCH-

Proof. We know that some A/ = 1, so the iterate g = f°/ has multiplier A/ = 1. We
are assuming that d = deg f > 2. Therefore g has degree d/, so g is not the identity
map. Expanding in an affine coordinate ¢ centered at zo, we have

g0) = ttal ta M+, @ #0, t=z—2.

Then
g (¢) = ¢ +natt + 0",

so [g1®(0)=nk'ag — oo as n— oo. Therefore z; belongs to
J(g) = I(f). m|

Suppose now that z; is an irrationally neutral fixed point, i.e. A = 2™, with 6
not rational. This implies that powers of A are dense in the unit circle. (In fact a
much stronger statement is true: see Exercise 17.) We may assume that zo = 0. We
want to know whether there is a local conjugation by ¢ = h(z) such that in some
neighborhood of 0

f(h(2) = h(rz), h(OQ) =0, K (O) = 1. 3.5.1)

Lemma 3.5.2. A solution to (3.5.1) in a disk D,(0), r > 0, is injective in the disk.
Proof. Suppose that h(z;) = h(z2). Then

h(rz1) = f(h(z1)) = f(h(z2)) = h(Az2),..., h(A"z1) = h(A"z2)
for all . Since the A" are dense in the circle, h(e’¥ z) = h(e'V z,) for all . Therefore

the functions g;(w) = h(wz;) agree in the interior of I as well: g;(w) = g(w) if
|w| < 1. Thenz; = g1(0) = g5(0) = z». O
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Lemma 3.5.3. A solution to (3.5.1) exists if and only if { f°"} is uniformly bounded
in some neighborhood of 0.

Proof. If there is such a solution in a neighborhood U of 0, then

g =hlofoh(z) =xrz, zeU,

so the functions g°" are uniformly bounded in U, and the same is true for the iterates
for = hog‘”‘oh_l.
Conversely, suppose boundedness. Then let

n—1

¢n(@) = %ZA‘-’f"f @)=z zeU.
Jj=0

Note that =
[0) = =Y A0 = 1.
@, (0) n; F'o

The family {¢,} is bounded and
1
¢no f(2) = hgn+— (A7) = 7).

Therefore a subsequence converges, and its limit ¢ can be taken as 2 ~!. Infact ¢’ (0) =
1,s0h'(0) = 1. O

It was shown by Pfeifer [165]in 1917 that there is a choice of 6 such that no solution
of (3.5.1) exists. In fact it was shown in 1938 by Cremer [49] that no solution exists
if liminf,_ o |1 — A"|"/" = 0. The question whether there is a choice of # such that
(3.5.1) does have a solution was finally settled by Siegel in 1952. (The question of
exactly which 6 permit a solution was settled by Brjuno [34] (sufficiency) in 1965
and Yoccoz [222] (necessity in 1988.)

Theorem 3.5.4. Thereisa ) = e*% such that the equation (3.5.1) has no solution
for any polynomial f.

Proof. Let f be a polynomial with f'(0) = A: f(z) = z¢ + - - + Az, and suppose
that (3.5.1) has a solution % in D;s(0). Then f°"(z) = z has d" solutions, the zeros
{z;} of

0=f"@—z=z"+-+Q" =Dz = hQ"(h"'(2))) — z.

Since there is only one zero in Ds(0), namely z = 0, we have

=" = [ lzjl = 8

z,-;éO

2mwif

But suppose that A = e“™'", where
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o0
0 =) 2%, (3.5.2)
k=1
and {q;} is a strictly increasing sequence of positive integers. Then
11— )L2""| ~ QBTG (3.5.3)
see Exercise 18. Then s
Gr+1 < C(8) 2*. (3.5.4)

But by choosing gy to grow rapidly enough, we may be sure that, for any given degree
d and any givend > 0, (3.5.4) eventually fails. O

Note that 8, as constructed here, is an irrational number that can be approximated
very efficiently by rationals. Siegel showed that when this condition fails badly, it
is possible to solve (3.5.1). A Diophantine number is a number 6 € R such that for
some positive constants ¢ and m,

C
> —, (3.5.5)

=
q

q

for all integers p, g with ¢ > 0. In particular, Liouville showed that if 6 is irrational
but algebraic, then 0 is Diophantine; see Exercise 19.

Let us express (3.5.5) in terms of A = ¢**/?. Given an integer n > 0, the distance
A" — 1] is

|ei‘//_1| = 25sin <£>, || = inf |2n70 — 2km|.
2 keZ
Since || < /2, we have 2| sin(y/2)| ~ |¥], so
A" —1] = cn'm,

For use in the proof to follow, it will be convenient to rewrite this in the form

1 nH
co—,
=1 =

(3.5.6)

where we take u to be some positive integer.

Theorem 3.5.5. (Siegel) Suppose that f is holomorphic in a neighborhood of 0,
and f(0) = 0. Suppose that the multiplier ». = f'(0) is & = €™, where 0 is Dio-
phantine. Then there is a solution to (3.5.1) in a neighborhood of 0.

Proof. We follow the proof as presented in [42]. Given any function &, we will write
approximations in a form like 7 = k + h, where k is some more-or-less explicit first
approximation, and h is smaller than / in some suitable sense. In particular we begin
with f(z) = Az + f(z), and we want to take h(z) = z + h(z) and solve (3.5.1) in
the form
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h(2) = 2h(@) = f(h(2)). (3.5.7)

The first step is to look for a conjugation ¥, ¥ (z) = z + ¥ (z), that gives an approx-
imate solution to (3.5.1) in some disk

Yo foy(z) = gz) = Az +8(), <z € D0). (3.5.8)

The idea is to replace f by g and work on a slightly smaller disk. When g = 0, we
have reached our goal.
Replacing i (z) by z + h(z) in the right side of (3.5.7) leads to

oo
V02 =M@ = f@) =) b, (3.5.9)
n=2
which has the solution 00
b =3
=R

Using this, we want to compare g, as defined by (3.5.8), to f in (3.5.9). For this
purpose we use (3.5.6) and the assumptions

nl/«
co —

f'(z) < 8, for z € D,(0); < .
If'(2) < or z € D,(0) TS TR

This allows us to use Cauchy estimates for the coefficients of f ,

8

pn—1’

|nb,| <

together with (3.5.6) to estimate 12 in a smaller disk of radius (1 — n)r:

o]

o n|by| —1 —1
W@l <) ——r""(1—n"
2 5l
8 o0
e A
" n=2

Let us assume now that § is chosen so that ¢pd < n’”z, SO
W' ()| < n,  z€ Dq_p0).

This estimate implies that ¥ : D _3,)(0) = D(i—_4p)(0). The argument principle
and the fact that
Y ()] = (A =2n)r, z€dDq_p0),
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while ¥ (z) = 0 in D(_y)(0) only for z = 0, implies that y» takes every value in
D12 (0) exactly once in Dj_p,(0).

Now consider 1
8 = 1/’ o f o I/ja z e D(1—4r])r(0)-
Each factor enlarges the radius by at most nr. By (3.5.8) and (3.5.9),

8@+ V0z+8@) =@+ f+¥(2)
=) —yYvOz+8@)+ [+ ¥ (@) — f(2).

Let C = sup{|(2)], z € D14y (0)}. Then

C < sup ¥/ (@) C +sup|f(z+¥() — f2)

<nC s C08
=nC+ W r,
which gives
& co8?r 1
- n/i+1 1— n :
Therefore Cauchy’s estimate gives
~/ 6052 r 1
18" (@] = g T—g  °€ Di—spr (0). (3.5.10)

Recapitulating, we have passed from f with | f '| <48 in D,(0) to g with the
estimate (3.5.10), using the assumptions: f defined on D,,(0), r < ry, and

1
O<n<z. ab<n 5 < (3.5.11)

If we require that n < c; for small enough ¢, then < 1/5 and the second inequality
in (3.5.11) will imply the third. Starting from 7o and §, that satisfy (3.5.11), we
choose inductively

Fay1 = (1 = 5n,)10;
Mutt = 310 = 027"
81 = cody(2m,)”HH2.

If co8, < 1, then

Co8nt1 = €382 (2n,) "2

244N, — 2)A— 2 +2
< (g, DD = i

1
In the process we choose functions v, g,,

g = f, gn:wglogn—IOWns
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i.e.

g =V, oy ofoyiooy.

The limiting radius of definition is

B o) B o0 57)0 Ciom
R_rol_[(l—Snn)_rol_[ 1—2n > rpe

n=0 n=0

and

R Sl
12/ (2)] < T 0

n

on Dg(0). Thus g,(z) — Az uniformly on Dg(0),
Yioypo- -0y =¥
uniformly, and ¥ conjugates f to multiplication by A, i.e.
Vo foy() =hz O

The connected component of the Fatou set that contains a neutral fixed point for
which (3.5.1) has a solution is called a Siegel disk..

A reward for all this effort is Figure 3.4; the larger region on the lower left is a
Siegel disk.

Fig. 3.4 Julia set for f(z) = z2 + ¢%"¢ 7, £ = (1/4)'/3, with a Siegel disk. (Figure reproduced
from [141] with the permission of Princeton University Press.).
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3.6 Parabolic fixed points

In this section we return for a closer look at how iterates of a rational function f
behave near a parabolic fixed point in the Julia set. We assume again that deg f > 2.

We begin with the case when the multiplier A = 1, and work in a local coordinate
with the fixed point at the origin. Then for some n,

f@ =zl +az"+0E"™H], a#0.
We assume that the multiplicity n 4 1 of the fixed point is > 2. To get some perspec-
tive, suppose that some sequence {zx = f°*(z¢)} converges to 0. Then

Zk+1 =zk[1+az,'(’+...] ~ zk[l—l—naz;'—l—...]l/n

=z (1 + (%) + ...)_l/n , 3.6.1)

for any choice of w with @" = —1/an. Set z; = (c;)~'/". Then (3.6.1), if we ignore
the remainder term, leads to the functional equation

1
Ck+1 :Ck(1+—) =c+1
Ck

with the solution ¢; = k. Thus we might expect convergent sequences to look like

@ ot 3.62
Zk m, a)—_E ()

Similarly f~! has a branch g defined near 0 with

g(@) = z[l —az" + O"H].

Therefore a sequence {z; = g (z()} converging to 0 can be expected to have the
form /

r_ w nno__ 1
7 = AR ()" = -t (3.6.3)
In view of these remarks we refer to the n solutions w;, j =1,...,n of the
equation " = —1/an as attraction directions for f at the fixed point, and the n

solutions w), of («')" = 1/an as repulsion directions for f at the fixed point.
The preceding construction showed that what behaves nicely under f is not the

Zk, but rather ;
w c 1
g = | — = —, c=——.
V4 " na

This suggests a change of variables that puts the fixed point at co:

c _1 cl/n
w=9@ =5 z=¢"m =[], (3.6.4)
Z w
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for some choice of the branch. Under this coordinate change, the attraction and
repulsion directions become

$w) =1, W) =—
Under ¢, the function f is conjugated to F, i.e.

Fw)=¢ofop ' (w)

—¢ <[ﬁ]l/" [1+a=+ 0(w11/")]>

w [1 +a— row " 1/")]

w[l———f-O( —1- 1/")]

Since ¢ = —1/na,
Fw) = w4+ 14+ 0(w|™""). (3.6.5)

Similarly, the branch g of f~! that fixes 0 conjugates to G = ¢ o g o ¥ and
Gw) = w—1+0(w|™"/"). (3.6.6)

It is especially simple to analyze the behavior in certain sector-like regions. First,
we may choose R > 0 large enough so that

R 1
|w|3E implies |F(w) — (w+ )] < 5. (3.6.7)

Lemma 3.6.1. The domain
r ={w=x+iy:x+|y| >R} (3.6.8)

is mapped into itself by F. For any w € g, F*(w) — oc..

Proof If w=x+iy then 2|lw]®> — (x + |[y])> = (x — |y|)®. Therefore w € 2z
implies [w| > R/V2. Setting F(w) = x’ +iy’, we have

1
.x/_ X 1 < - F— < -
W=+ Dl =5 -yl =3
sox’ + |y > (x+ %) + (Jy| — %) > R. Moreover
ok k
Re F (w)zRew—i—E,
so Fo*(w) — oo. ]

The various inverse maps ¥ can be realized on the complement of the real interval
(—o0, 0] by taking
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yw) = ow ", w¢(—00,0] (3.6.9)
as w runs through the roots of 0" = —1/na.
For each choice of @ with " = —1/an, the map w — ¥ (w) = ow™/", taking

the principal branch of the n-th root, takes the domain 2 to one petal of a petal-
shaped region P = Py as shown in Figure 3.5. The angle of each petal at the origin is
7 /n. The arrows on the left indicate the direction of travel under F'. It is not difficult
to see that any orbit in £2x maps to a sequence in P that converges to 0 along a curve
that is tangent to the corresponding petal at the origin. More precisely:

Lemma 3.6.2. Suppose that wy € 2g. Let wi = F*(wo) and z; = a)wi/", " =

—1/an, Then
2 = ok V(1 4+ o(1)). (3.6.10)

Proof. Note that for any fixed m, (k +m)'/" = k'/" + O(m/k), so we may replace
Zo by any later point in the orbit and number from there. In particular, we may assume
that we have reached the region where | F (w)| > |w|. Moreover, given ¢ > 0, we may
assume that we have reached the region where

Fw) =w+14+nw), [nw)]=<e.
Then, renumbering the sequence from here,
Wi = wo+k+me,  ml < ke.
Therefore

—1/n
o = Wk—l/ﬂ — k—l/n |:l+_+_] — k—l/n[1+ 0(8)]

Since ¢ is arbitrary, this proves (3.6.10). O

Under various choices of the inverse map v given by (3.6.9), the petal P is mapped
by F to rotations of a scaled copy of P. The arrows on the right in Figure 3.5 indicate
the direction of travel under f. Similarly, the maps

1
w— ow V(@) = — (3.6.11)
2an

take P to rotations of a scaled copy of P. Reversing the arrows in Figure 3.5 shows
the direction of travel under G and g.

Putting all this together yields the Leau—Fatou flower, a covering of a neigh-
borhood of the parabolic fixed point by overlapping petals that alternate between
attraction and repulsion directions. The case n = 3 is indicated in Figure 3.5. The
arrows indicate the direction of travel of points under f.

It is clear from this that any z with the property that the orbit of z enters P;
approaches the fixed point 0, in the limit, from the direction w; of the axis of symmetry
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Fig. 3.5 Leau-Flatou flower, n = 3.

of Py. The set of such points is denoted A ;. Clearly, each A; belongs to the Fatou
set, as does the entire basin of attraction of 0.

Proposition 3.6.3. The boundary 0 A ;(0) of each basin of attraction A ;(0) belongs
to the Julia set.

Proof. Consider the orbit zg — z; — ... of a point zo € 0A; If the orbit reaches
0 in finitely many steps, then since 0 € J it follows that zop € J. Now z¢ is not in
any of the A;, so it does not converge to the fixed point 0. Therefore there is a
subsequence that is bounded away from 0. But f°¢ converges to 0 at each point
of A;, so {f °k} cannot be a normal family in any neighborhood of 0. Therefore
z0 € 1. O

It is easily seen, in light of this discussion, and taking account of Lemma 3.6.2,
that we have confirmed (3.6.2) and (3.6.3):

Proposition 3.6.4. (a) Suppose that a sequence {z;y = f° (20)}72 converges to 0
and no zx = 0. Then for some j,

lim k'"z, = w;.
k— o0

-1

(b) Suppose that a sequence {z, = g"k (20132, converges to 0, where g = f~, and

no z;, = 0. Then for some j ) U )
lim k'/"z, = W}
k—o00

All attraction and repulsion directions occur.

Remarks. 1. The flower grew through work of Leau [130], Julia [118], and Fatou
[69].

2. To this point we have been considering only the case of a parabolic fixed point
zo with multiplier 1. Suppose that the multiplier A # 1, A™ = 1. Then z; is a fixed
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point of f°" with multiplier 1. Similarly, any point in a parabolic periodic orbit is a
parabolic fixed point of some iterate of f, and therefore a fixed point with multiplier
1 of some further iterate. Recall that the Fatou and Julia sets are unchanged under
iteration.

3.7 Perspectives: classification and the Mandelbrot set

One long-time goal of the theory is to understand the connected components of the
Fatou set of a rational f of degree > 2. In principle there are three possibilities for
such a component U': it might be periodic: f°"(U) = U for some minimal m > 1, or
it might be pre-periodic: some f°K(U), k > 1 is periodic, or it might be wandering:
the images { f°"(U)} are all distinct. Much of the progress was made by Fatou and
Julia. The final pieces were supplied by Siegel, Sullivan, and Herman.

Sullivan [198] introduced methods of quasiconformal mapping to prove in 1985
that for rational f there are no wandering components. In 1984 Herman [105] pro-
duced a new type, now known as a Herman ring. By definition this is a periodic
component U of the Fatou set that is doubly connected and f°"|y is conjugate to
either a rotation on an annulus or a rotation followed by an inversion. Figure 3.6
shows the Julia set of a cubic rational map that contains a Herman ring.

Fig. 3.6 Julia set that contains a Herman ring. Figure reproduced from [141] with the permission
of Princeton University Press.

Theorem 3.7.1. (Classification Theorem) If U is a periodic component of the Fatou
set of a rational function f, then either

(a) U contains an attracting or super-attracting fixed point or periodic point;

(b) U is the basin of attraction of a parabolic fixed point with multiplier 1;

(c) U is a Siegel disk; or

(d) U is a Herman ring.
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For the proofs of Sullivan’s non-wandering theorem and the existence of Herman
rings, and for a thorough discussion of components of the Fatou set, see Chapter IV
of Carleson and Gamelin [42].

Finally, we discuss dependence on parameters and the Mandelbrot set. We saw in
Section 3.1 that even for quadratics f(z) = z> + c, the Julia set varies considerably
with c. In this case the critical points are 0 and oo, and the fixed points are the
solutions of z2 — z + ¢ = 0.

Proposition 3.7.2. If f(z) = f.(z) = 2% + ¢, then J(f) is connected if and only if
{f°"(0)} is bounded.

Proof. By the maximum principle, iterates of f are bounded on bounded components
of the Fatou set F, so the basin of attraction A of oo is connected. By Theorem
3.4.6 there is a conformal map ¢ defined in a neighborhood of oo such that ¢ (z) =
z4+0(1) and

¢(f@) =¢@)7*  loglp(f())| =2loglp()l.

By the remark following Theorem 3.4.6, the harmonic function G(z) = log |¢(z)|
can be extended to A. We may define U, = {z : G(z) > r}. Then f : U, — U,,.For
sufficiently large r, ¢ is defined on U,. We may extend ¢ further by

$@2) =[p(f@NI'?,  ze€Up,

so long as U,, does not contain the critical point 0 of f. This extension is injective
on U, ». The process can be continued as long as we do not reach 0.

Therefore if { f°"(0)} is bounded, i.e. 0 ¢ A(00), it follows that ¢ extends to all
of A, A is simply connected, and its boundary d A is connected. But by Proposition
344,0A=1.

Suppose that f°*(0) — oo. We shall show that J is totally disconnected. We know
that J is bounded. choose a disk U D J, and choose N so that f°"(0) is not in the
closure U forn > N.Given zo € J, thereisan N such that forn > N thereis abranch
gn of (f°)~!, holomorphic on U, with g,(f°"*(z0)) = zo. The functions {g,} are a
normal family. Any limit point of {g,(z)}, z € A(co0) N U belongs to J, so any limit
of a subsequence of the {g, } maps A(co) N U into J. Since J contains no open sets of
C, the limit is constant. Therefore the diameter of g,(U) tends to 0. Since g, (3U) is
disjoint from J, it follows that {zp} is a connected component of J. O

The set of ¢ such that z2 + ¢ has a connected Julia set,
M = {c:sup|f"(0)] < o0, fu(z) = 2> +c)

is called the Mandelbrot set, Figure 3.7. It was studied also by Brooks and Matelski
[33], but it was the computer images in Mandelbrot [ 139] that showed the complexity
of this set and made it famous as a “fractal.” The term ‘“Mandelbrot set” is due to
Douady and Hubbard [59]. Douady and Hubbard [58] proved that M is connected.
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Fig. 3.7 The Mandelbrot set.

Theorem 3.7.3. The Mandelbrot set is a closed, simply connected subset of the
closed disk D,(0), consisting of those c¢ such that

1£"0) <2, n=123,.... (3.7.1)

Moreover

MNR = [-2,1/4]. (3.7.2)

Proof. Suppose |c| > 2. Then | f.(0)| > Ic]? = |e| = |¢](|e] — 1) and by induction
£ = Jel(le] = D = oo,

soM C D;(0).
Supposem > 1 and f2>"(0)| =2+ 6 > 2.If [c| > 2,thenc ¢ M.If |c| < 2, then
fc"(’"“)(O) > 2 4 44, and inductively

| £2mO) > 24456 — oo,

so again ¢ ¢ M. This proves that ¢ € M satisfies (3.7.1), and this characterization
implies that M is closed. Then C \ M is open. For any n > 1, f,°"(0) is holomorphic
in ¢, so if (3.7.2) is true for ¢ in some open set, it is true on the boundary. Therefore
C \ M has no bounded components, so M is simply connected.

Any finite limit point z of £ (0) would be a fixed point of f.. For ¢ > 1/4, f,
is strictly increasing on [0, co) and has no real fixed points, so f(0) — oo and
c ¢ M. We know that ¢ ¢ M if ¢ < —2, so suppose that —2 < ¢ < 1/4. Let a be the
larger of the two real roots of f,.(z) = z,

1 1
a = E+EV1—4C.
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Note that a> + ¢ = a and that |c| = | £.(0)| < a. Inductively,
2O = P +el < la +el =a,

soc € M. O

The next result accounts for the large smooth blob that is the dominant part of M
and shows that the smaller pieces immediately next to the blob are tangent to it.

Theorem 3.7.4. M contains the cardioid

20 — A2
c:{ 1 :|/\|<1}. (3.7.3)

Moreover 0C C 0M.

Proof. . As noted before, a fixed point z. for f,. is z. = % + %«/1 — 4¢. The mul-

tiplier is therefore A = 2z, = 1 &£ /1 — 4c, so the parameter associated to a given
multiplier A is

21 — A2
c=cA) = R

Therefore f, has a (finite) attracting fixed point z. if and only if ¢ € C. If so, then by
Theorem 3.4.3, the immediate basin of attraction Ay(z.) contains the unique finite
critical point 0. Thus " (0) — z.,soc € M.

Let £2 be the component of the interior of M that contains C. Now f>"(0) is
a polynomial P,(c), and {P,} is a normal family on £2. On the interior of C the
P, converge to the fixed point z., so by analyticity this is true on §2. If ¢ ¢ C then
|| > 1, s0 P,(c) cannot converge to z. unless P,(c) = z. for sufficiently large z. But
foreachn, P,+1(c) = P,(c) has only finitely many solutions, so the set of such c is at
most countable. Therefore 2 = C. |

It is not difficult to account for the next most obvious feature on M, the disk-like
piece to the left of the main cardioid; see Exercise 20. This suggests a way to account
for further features of M as well.

For much more information about quadratic polynomial dynamics and the struc-
ture of M to see Chapter VIII of Carleson and Gamelin [42] and the references
there.

Exercises

1. Determine the Julia set for each of the cases f € Aut(S) discussed in the intro-
duction.
2. Verify that any quadratic can be put into a form (3.1.1).
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10.

11.

12.

14.

15.
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Show that (3.1.4) satisfies (3.1.2).

Verify (3.1.5).

Verify Proposition 3.1.1

Show that the points in the Cantor set associated with (3.1.6) are the points that

have the form
xz\/6+m\/6+nz\/6:|:..., e = *1,

for any choice of the signs 7.

Verify the assertions in Proposition 3.2.2 for the examples in (3.1.4).

Prove that the number of critical points of a rational function of degree d is
2d — 2.

Prove that if {U,} is a sequence of dense open sets in a complete metric space
X, then (N U, is dense in X.

Suppose that f is a rational map, deg f > 1, and suppose that z; is a fixed point
with the property that some subsequence of { f°"} converges to zo uniformly in
some neighborhood of zg. Prove that | f'(z¢)| < 1.

Suppose f is rational, degree > 2, with a fixed point at infinity. Determine the
multiplier A.

Show that for any n > 0, there is a ¢ such that f(z) = z% + ¢ has a parabolic
fixed point with multiplier A = exp(27i/n).

. Show that a fixed point z of a rational map has the Liapunov stability property—

that for any ¢ > 0, if z is sufficiently close to zp then | f°"(z) — z¢| < ¢ for all
n > 0—if and only if zy belongs to F(f).

Newton’s method for approximating the roots of a real polynomial P: given a
point x € R, go to the point (x, P(x)), and follow the tangent line to a the point
x’ where it meets the real axis.

(a) Show thatx’ = x — P(x)/P’'(x).

(b) Given a general complex polynomial P, let f be the rational function

o P(2)
f@ =z )

Show that the fixed points of f are oo, which is repelling, and the zeros of P,
which are attracting.
(c) Suppose that P is a quadratic with two distinct zeros. Show that J( f) consists
of a straight line and oo.
(d) Determine the Julia set of a quadratic with a double zero.
Given |a| < 0, the linear fractional transformation

Z—a

ba(z) =

1—az

takes the unit disk ID to itself. A Blaschke product is a product f = w ]_[T=1 by,
where |w| = 1.
(a) Show that J(f) is a subset of {z : |z] = 1}.
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16.

17.

18.

19.

(b) Suppose that one of the factors is by. Show that 0 and oo are attracting fixed
points and J(f) is the entire unit circle.

Suppose that z lies in the closure of the basin of attraction A of an attracting fixed
point or attracting periodic orbit of a rational function f. Prove thatif z € F(f),
then z € A.

Suppose that 8 € R is irrational. A result of Kronecker says that the powers of
o = e*™% are equidistributed in the unit circle 3. An equivalent formulation is
in terms of the fractional parts {2n76}. Here {x} is defined to be x — m, where
m is the integer such that m < x < m + 1. Then the theorem says that for any
subinterval [a, b) C [0, 1), as N — oo, the average number of values {2nm6},
|n| < N, (counting multiplicity) that lie in [a, b) approaches b — a. This asser-
tion has a number of equivalent formulations. First, let f be the characteristic
function of the interval [a, b): f(x) = lifx € [a, b), otherwise f(x) = 0. Then

1
lim
N—>oo 2N + 1

N b
Zf({Znn}) = / f(x)dx. (3.7.4)
—N a

Second, (3.7.4) is true for all such characteristic functions if and only if it is true
for all real linear combinations of such functions. Show that, in turn, (3.7.4) is true
for all such combinations if and only if (3.7.4) is true for all continuous functions
f:10,1) = R. Use the Weierstrass polynomial approximation theorem (see
the Remark after Corollary 5.1.8) to conclude that (3.7.4) is true for all such
continuous functions f if and only if it is true for each power function f,,(x) =
x",m =0, 1, 2,....Finally, prove Kronecker’s theorem by verifying that (3.7.4)
is indeed true for each power f,. (It is only at this last step that we use the
assumption that 6 is irrational.)

Suppose that {g; } is an increasing sequence of positive integers. Prove that (3.5.4)
implies (3.5.2).

Suppose that 6 is an algebraic irrational: i.e. 0 is a zero of a polynomial P with
integer coefficients, and the minimum degree of such a polynomial of degree
m > 2. Prove Liouville’s result that there is a constant ¢ > 0

-t

C
>
q - m

q

for every pair of integers p, g, g > 0. (Suppose that P(6) = 0, where P has
integer coefficients and has minimal degree m. Then P’(6) # 0 and

q"P (5) - P(9>‘
q

is a non-zero integer. By the Mean Value Theorem, this expression is

m * p
q"|P'(6")] ’——9'
q

for some 0* between 0 and p/q.)
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20. Let f.(z) = z> + c. Find the attracting fixed points of f. o f. that are not fixed
points of f,. Hint: the solutions of f,.(z) = z are solutions of f, o f.(z) = z, so
fe(z) — z divides f. o fo(z) —z

feo fo@) —z = [fe(2) — zllg(@)],

where g is a quadratic in z. Compute g, use g(z) = 0 to show that the multiplier
A = (fe o f.) satisfies [A| < 1ifand only if |c + 1] < 1/4. Adapt the argument
in Theorem 3.7.4 to show that the disk |c + 1| < 1/4 is contained in the Man-
delbrot set M, and that the boundary of the disk is contained in the boundary of
M.

Remarks and further reading

The second flourishing of complex dynamics in the 20th century was celebrated in
a number of expositions, including books by Beardon [23] and Steinmetz [197] and
a review article by Lyubich [138]. Our presentation here relied mainly on the sys-
tematic and thorough treatment by Carleson and Gamelin [42], and the discursive
and profusely illustrated notes of Milnor [141]. The book by Carleson and Gamelin
contains proofs of all major results, that by Milnor is particularly complete on histor-
ical detail and anecdote. Both treat topics beyond rational dynamics, such as entire
functions and dynamics on Riemann surfaces, as well as a more thorough treatment
of polynomial dynamics. Sullivan’s work and subsequent developments have made
use of quasiconformal mapping and methods of Teichmiiller theory; see the expo-
sition by Shishikura in one of the supplementary chapters in the second edition of
Ahlfors’s lectures [5].



Chapter 4 ®
Univalent functions and de Branges’s oo
theorem

The Riemann mapping theorem says that any simply connected domain £2 C C that
is not all of C can be mapped conformally onto . Moreover if we fix ¢ (0) € §2 and
require ¢'(0) > 0, then the conformal map ¢ : D — £2 is unique.

The study of univalent (injective) functions turns this around, by looking at injec-
tive holomorphic functions f : D — C. Here the usual normalization is f(0) = 0,
f/(0) = 1. This fixes the position, orientation, and scale of the image f(ID). Then
the series expansion of f at O has the form

f(@) = z4+@m+a 4+ + . (4.0.1)

In principle, the coefficients {a,} encode all the information about the conformal
image 2 = f (D). The set of such normalized conformal maps of I is denoted S.
(The S stands for the German schlicht, meaning “simple.” The functions in § are
often called ““schlicht functions.”)

A particularly important example comes about as follows. The linear fractional

transformation
14z
h(z) =

1 -z

maps D to the right half-plane {z : Re z > 0}. Therefore 2% maps ID to the complement
of the half-line {x : x < 0}. We can adjust this to get a function in S by a translation
and dilation. The result is the Koebe function

Z
(1-2)?
=742 437 +44+ ... (4.0.2)

1
K@) = ZWZ)Z — h(0)?] =

The image of I under K is the complement of the half-line {x : x < —1/4}; see
Exercise 1. More generally, given 6 € R, define the rotated Koebe function

[e.¢]
Ko(2) = e 'K ("2 = 2+ ) a,d", ay=ne" . (4.03)
n=2
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Then |a,| = n, and the complement of the image Ky(D) is a rotation around the
origin of the half-line {x : x < —1/4}.

Koebe proved that there is a § > 0 such that for each f € S, the image f (D)
necessarily contains the disk Ds(0). The example f = K shows that § < 1/4, and
Koebe conjectured that § = 1/4 is sharp, i.e. f € S implies f(ID) D D;,4(0). This
is correct. The result is referred to as “Koebe’s one-quarter theorem,” although it
was Bieberbach who proved it. Given that any such image must contain D /4(0) and
must be simply connected, we might consider the “largest” possible such domain to
be one whose complement is a ray running to oo from a point @ with |a| = 1/4—in
other words, the image of a Koebe function. As a result, we might suspect that for
any univalent function with expansion (4.0.1), the coefficients must satisfy |a,| < n,
with equality only for the Koebe functions.

Bieberbach [27] proved in 1916 that this is true forn = 2,1.e. |a;| < 2, with equal-
ity only for the Koebe functions. He went on to pose the full Bieberbach conjecture:
each coefficient in the expansion (4.0.1) of a normalized conformal map f of D into
C satisfies

la,| < n, (4.0.4)

with equality only for the Koebe functions.

Proving (or disproving) the Bieberbach conjecture was the outstanding challenge
of research on univalent functions for much of the 20th century. Aside from some spe-
cial cases, progress was mainly made on one coefficient at a time. The full conjecture
was finally proved by de Branges in 1984 [52].

In Section 4.1 we give Bieberbach’s proof of the result for n = 2 and derive some
of the important consequences for the general theory. These include the proof of the
one-quarter theorem, and proofs of the growth and distortion theorems of Koebe.

The rest of this chapter is devoted to the theory that leads up to the proof of the
full Bieberbach conjecture. Section 4.2 begins with an outline of progress before
1984, and its relation to the proof of the full conjecture. Section 4.3 introduces
slit mappings and gives Carathéodory’s proof that they are dense in S. To prove
Bieberbach’s conjecture it is enough to prove it for slit mappings. Section 4.4 treats
Loewner’s theory of slit mappings, which enabled him to prove the conjecture for
the third coefficient.

Section 4.5 introduces the conjectures of Robertson and of Milin. It is shown
that the Robertson conjecture implies the Bieberbach conjecture and that the Milin
conjecture implies the Robertson conjecture.

The achievement of de Branges was to prove the Bieberbach conjecture by proving
the Milin conjecture. In Section 4.7 we give an expanded version of Weinstein’s later,
very condensed, proof of the Milin conjecture [213].

Weinstein’s proof relies on some particular facts from the Loewner theory, on
the generating function representation of the Legendre polynomials, and on Leg-
endre’s addition formula. In the preparatory section, Section 4.6, we develop the
needed version of the Loewner theory. We also derive some general properties of
the Legendre polynomials from the generating function representation, and outline
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the relation to the addition theorem and to its its interpretation in connection with
surface harmonics.
Some further history is outlined in the section on remarks and further reading.

4.1 Bieberbach’s theorem and some consequences

As noted in the introduction to this chapter, the term univalent means injective, i.e.
not taking the same value twice. In complex function theory the term is primarily
used for holomorphic functions, also (especially in the older literature) called schlicht
functions.

If g : D — C is univalent, then there is a unique translation 4(z) = az + b such
that f = h o g satisfies the normalization conditions

fO) =0, f'(0) =1 4.1.1)

As we noted in the introduction, the set of univalent maps f that are defined on D
and satisfy (4.1.1) is denoted S.
If f belongs to S, then the function

g2 = ! =z [1 +az a4 ]71 lz] > 1 4.1.2)
OB , , 1.

is univalent and has a simple pole at co. Let us consider functions of this type. By a
translation we may get rid of the constant term in the expansion and have

hz) = z2+biz V4 bz 2 +bsz+..., |z]> 1. (4.1.3)

A key result due to Gronwall [93] is known as the Gronwall area theorem.

Theorem 4.1.1. (Area Theorem) If a function h given by the formula (4.1.3) is

univalent, then
o0

> alb* < 1. (4.1.4)

n=1

Proof: For r > 1, let E, be the complement of the image {h(z) : |z| > r}, and let
I ={h@: Iz| =r}.

Univalence implies that I, is a simple closed curve that encloses E,. By (1.2.10),
the area of E, is

1 _
A, = —./ h(z)h'(z) dz
2i T,
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1 o0 o0
= — z b1 = bpz ™| dz.
STl | [ »E Pt

n=0

On I, write 7 = re'? so that the integral becomes

1 2w 0 o0
5/ |:rei9 + anr”ei”9i| |:rei9 — Zmbmrmeim9i| do.
0 n=0

( m=1

The series converge uniformly, so we may take the product and integrate term-by-

term. Since
1 [ . if p=0,
- / dfdp = T NP (4.1.5)
2 Jo 0 ifp==41,£2,....

it follows that

[e ]
A = |:r2 — Zn|b,,|2r_2”i| .

n=1

Letting r decrease to 1, the limit of the left side is the outer measure m*(E) of the
complement E of the image of the map /. Therefore

0 <m*(E)=n [1 —Zn|bn|2:|. O

n=1

In particular, equality holds in (4.1.4) if and only if the complement of the image
of h has measure zero. If 7 = g has the form (4.1.2), where f belongs to S, then this
is equivalent to saying that the complement of the image of f has measure zero.

Corollary 4.1.2. If h given by (4.1.3) is univalent then for each n, |b,)* < 1/n.

The remaining ingredient in Bieberbach’s proof of his conjecture in the case n = 2
is the square root transformation. Suppose f belongs to S. Then

o0
@ =2 {1 +Zan+1z2"] 2l < 1.

n=1

By assumption, f is univalent, so the term in brackets is never 0. Therefore we may
choose a branch of the square root that is 1 at z = 0 and define

a
H@) = FEO? = z[l + fz%...], 2] < 1. (4.1.6)
The function f; is single-valued (Exercise 2) so it belongs to S.

Theorem 4.1.3. (Bieberbach) If f belongs to S and has the expansion (4.1.2), then
laz| < 2. The equality is strict unless f = Ky for some 0.
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Proof: Let

S D .
Hhljn  fa/ir =T of e 1.

gx) =

By Corollary 4.1.2, |a;| < 2. Equality implies that the remaining coefficients are

Zero, so
ei@

g@) =z——, (4.1.8)
Z

for some 6 € R. It follows that f = K. O

We are also in a position to prove Koebe’s conjecture.

Theorem 4.1.4. (One-quarter theorem) If f belongs to S, then the image f(D)
contains D1,4(0), the disk of radius 1/4 centered at the origin.

Proof: Suppose that f omits the value w. The function

gx) = W@
w— f(2)

is the composition / o f of a linear fractional transformation with f, so it is also
univalent and is easily seen to belong to S. The coefficient of z? in its expansion is

4 O 1
£gO _ .1
2 w

where a5 is the coefficient of x? in the expansion of f. Therefore

ol =[(=+3)
— =t )—a
w w

showing that no value in D;,4(0) can be omitted. m]

<4, (4.1.9)

In fact equality can happen in (4.1.9) only if |ay| = 2, so any function in S that is
not a Koebe function has a disk D, (0) larger than D;/4(0) in its image.

Bieberbach’s theorem has other consequences for the general theory of univalent
functions. The following simple lemmas are key.

Lemma 4.1.5. For f in S and g in Aut(D) the function

_ fog—fgO)

(4.1.10)
f(g(0)) g’(0)

belongs to S.

Proof: This function is the composition of f o g with an affine map, so it is univalent.
Clearly f(0) = 0, and the denominator is chosen so that 2’(0) = 1. |
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Lemma 4.1.6. For fin SandtinD,

"(t _
(11— |z|2)f @) —2i| < 4. (4.1.11)
f@®
Proof: In (4.1.10) we choose ¢ € D and take
Z+t
8 = 141z
Then
g0 =1, g0 =1-)f g0 ==2r(1—1t])
SO

o) = 0RO f(gONg 0 + (308" 0)
7'(8(0) g'(0) F(3(0)g'(0)
_ S0 gO O
O IO

But 2”(0) is twice the second coefficient in the expansion of &, so Bieberbach’s
theorem gives (4.1.11). O

Theorem 4.1.7. (Koebe’s distortion theorem) For f in S,

L0 P < 222

(1+4+p)3 ~ 1—p)3

p=lzl. (4.1.12)

Proof: Replacing ¢ by z in (4.1.11) and multiplying by |z|/(1 — p?) gives the estimate

") 207
flmy  1=p2| "

1—p?

Thus

2 2_4 " 2 2 4
T Re {Zf (Z)} e/ 4.1.13)

1—p? '@ 1—p2
Since f is univalent and f’(0) = 1, we may take the principal branch of log f'.
Writing z = pe'?, we have
z [
lz| f'(2)

8 /
% log f'(z) =
0

Multiplying by p = |z| and taking the real part gives

Zf”(z)}
'@ |

0 Re 1 ! =R
i e ) < v

From this and (4.1.13) we obtain
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2p—4 d ; 2p +4
5 < ——log|f'(pe”)| < .
1—p ap 1—p
Integrating from O to p gives
—-p / i0 I+p
log ———= =< log|f (pe”)| < log ———,
(1+p)? (I-p)?
and exponentiating yields (4.1.12). O
Theorem 4.1.8. (Growth theorem) For f in S,
P 4
— = |f@ £ ———. p=lzl (4.1.14)
(1+p)? (1—p)?

Proof: Let 7z = pe'® be fixed, 0 < p < 1. Since f(0) = 0,
p . .
f@) = / f(ee)edo.
0

By the distortion theorem, we have

P 140 0
o= .
(I-0)} (1-p)?

p .
@) < [0 | (0e®)ldo <

This gives the upper bound in (4.1.14).

To establish the lower bound, since p(1 4 p) ™2 < }‘ for0 < p <1, we only
need to consider the case | f(z)| < i. Then by the Koebe one-quarter theorem, the
straight line segment from O to w = f(z) lies entirely within f(ID). Let I" be the
pre-image of this segment. Then I is a simple arc from O to z, and

7@ = [ rwae.
r
But arg f'(¢)d¢ = argdw = constant along I". Therefore

@) = ’/ f’(;)d:’ _ / POz
r r

By the distortion theorem,

P l—0o P

lf@I = (1—{—0’)3d6: T

completing the proof. O

The bounds in (4.1.12) and (4.1.14) are sharp. They are attained by the Koebe
function; see Exercise 3.
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4.2 The Bieberbach conjecture: history and strategy

The attack on the Bieberbach conjecture is a case study in research work on a natural
and difficult problem.

One approach is to start with some subclass of S. The conjecture was proved in
1921, for f with range f (D) that is starlike with respect to 0, by Nevanlinna [154],
and in 1931-32, for f with real coefficients, independently by Rogosinski [180] and
Dieudonné [55].

Another approach is to look for the sharpest uniform upper bound that one can
find for all f in S. Successive results were

la,| <e-n Littlewood [134], 1925
lay,| < 3e-n Bazilevic [18], 1951
la,| < (%e +1.51)-n Baernstein [14], 1974
la,| < e -n Milin [140], 1965

la,| < 1.243 - n Fitzgerald [72], 1972
la,| < /7/6-n Horowitz [110], 1976

We mention also an asymptotic result of Hayman [97] in 1955:

. a
lim | n|

n—oo n

=a(f) = 1,

with equality if and only if f is a Koebe function.
Finally, one can attack one coefficient at a time

las| <3 Loewner [136], 1923

las] < 4 Garabedian and Schiffer [81], 1955
lag] < 6 Ozawa [161], Pederson [163], 1976
las] <5 Pedersen and Schiffer [164], 1980

The Koebe functions are examples of slit mappings: functions f € S with the
property that the complement of f(ID) is a Jordan path from some finite point in C
to the point at co. Carathédory [38] introduced a notion of convergence of domains
that allowed him to show that slit mappings are dense in S, in the sense of uniform
convergence on compact subsets of . Therefore attacks on the Bieberbach conjecture
can focus on slit mappings. Loewner used this fact, and a construction of a well-
chosen family of slit mappings, to prove his result for the third coefficient. Loewner’s
method came to play an important part in the proof of the full conjecture. (The
original paper [136] was written by Karl Lowner. After emigrating to the U.S, the
author became Charles Loewner.)
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4.3 The Carathéodory convergence theorem

A function f in S is called a slit mapping if the complement of f(ID) in C is a Jordan
path. An example is the Koebe function (4.0.2), where the complement of K (D) is a
half-line. Since f (ID) is simply connected, this curve must tend to infinity. The image
f(D) itself is termed a slit domain. As we shall see, slit mappings are dense in S. A
preliminary result is Carathéodory’s convergence theorem. This involves a particular
notion of convergence of a sequence of simply connected domains £2, C C.IfOis an
interior point of () £2,, then the kernel of {§2,} is the largest domain §2 that contains
0 and has the property that each compact subset of £2 lies in all but finitely many £2,.
(It is important to remember that a domain is, by definition, a connected set.) Any
domain that is the union of such domains has this property: see Exercise 9; therefore
there is a largest such domain. If 0 is not an internal point of (") §2,,, then the kernel
is taken to be {0}. In either case, {£2,} is said to converge to its kernel in the sense of
Carathéodory if every subsequence of {£2,,} has the same kernel.

This clearly needs some illustration. Let £2,, be the complement of the path con-
sisting of a half-line and a portion of the unit circle

I, =[1,00)U{e” : 0 <0 <2x(1—1/n)}.

It is easily checked that the kernel is D and that £2,, converges to D; see Figure 4.1.
This example also hints at how to accomplish an approximation by slit mappings.

Fig. 4.1 Slit domain approximation to a disk.

Theorem 4.3.1. (Carathéodory) Let {£2,,} be a sequence of simply connected plane
domains not equal to C, such that 0 is an interior point of () §2,. Suppose the kernel
2 of {82} is not all of C. Let f, : D — §2, be conformal, with f,(0) =0 and
f2(0) > 0. Then f,, — f uniformly on each compact subset of D if and only if {§2,}
converges to §2 in the sense of Carathéodory. In the case of convergence, 2 is simply
connected, and the inverse maps f,” U converge to f~ uniformly on each compact
subset of 2.

Proof: Suppose that f,, — f uniformly on compact subsets of ID. By Proposition
2.3.6, f is either constant or univalent. Some disk D = D,(0) belongs to all £2,.
Then the functions g, = f,"' : £, — D map 0 to 0 and g,(£2,) contains D, so by
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Schwarz’s lemma, |g;,(0)| < 1/p. Therefore f,(0) > p, so the limit f is univalent.
We need to show that (D) = §2, and that {£2,,} converges to £2 in the sense of
Carathéodory.

We first show that f(ID) C £2. Let E be a compact subset of f (D), and let I
be a smooth Jordan curve that encloses E. Let § > 0 be the distance from E to
I',and Il = f~1(I"). We will show that E C £2,, for all sufficiently large n. Fix
z0 € E.Then | f(z) — zo| = & for z € I'|. By the uniform convergence of { f,} on Iy,
| fu(z) — f(z)| < & for all z € I'| and sufficiently large n. In view of

(@) — fQ@] < |f@) =2l z€el,

Rouché’s theorem implies that f,(z) —z0 = f(z) — z0 + [f.(z) — f(2)] has the
same number of zeros inside I as f(z) — zg, namely, one. This shows that zg is
in £2,, for all n > n(, where ny depends on E but not on z¢. In other words, £ C £2,
for all n > ng. By the definition of the kernel §2, this means that f(D) C £2.

The inverse functions g, = fn’1 are defined on E for all n > ng, and |g,(w)| <
1. Therefore the g, are a normal family. Renumbering a convergent subsequence,
we get {g,} that converges uniformly on compact subsets of f(ID) to a function
g holomorphic on f (D) with g(0) =0 and g’(0) >. Indeed, restricting n to the
subsequence,

1 / /

10y nILHC}O 1) nlinolo 8,(0) = £(0).
Thus, g is univalent.

The next step is to show that g = f~!. Fix zo € D and let wy = f(z0). Choose
e > O0sothatthecircle I’ = {z : |z — zo| = ¢} liesin D, and let Iy = f(I").Let§ be
the distance of wy from I'. Then | f,,(z) — wo| > §forz € I',while | f,,(z) — f(2)| <
8 on I' for all large n. As above, it follows by Rouché’s theorem that for large n
there is precisely one z, inside I such that f,(z,) = wyp. Thus |z, — z0| < € and
Zn = &n(wo). Therefore, if n is so large that |g, (wg) — g(wp)| < &, then for g, in the
convergent subsequence

lg(wo) — zol < 1gWo)) — gn(Wo)| + |z, — 20| < 2e.

Since & > 0 is arbitrary, g(wg) = zo. Since zo € D is arbitrary, g = f~'.

We know now that any convergent subsequence of {g,} converges, uniformly on
compact subsets of f(ID), to f~!. A further application of Montel’s theorem shows
that the whole sequence {g,} converges to .

Now let £2 be the kernel of {£2,}, and let F be a compact subset of £2. All but
finitely many g, are defined on F'. Since f(D) C §2, Theorem 2.3.5 applies, so {g,}
converges (to f~!) uniformly on F. Since g,(F) C D, we have F C f(ID). This is
true for every such F, so we have proved that £2 = f(ID). The preceding argument
applies to any subsequence of the original {£2,}, showing that its kernel is f(ID).
Thus, all subsequences of {£2,} have the same kernel.

Suppose now that {£2,} converges in the sense of Caratheodory to a domain
2 # f(DD). Then the sequence { f, (0)} is bounded. Indeed, if | f,,(0)| > n for some
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(renumbered) subsequence, the Koebe one-quarter theorem shows that f, (D) con-
tains D = D, ;4(0), and it follows that the subsequence has kernel C. This contra-
diction shows that there exists ¢ € R such that f,(0) < ¢ for all n. By Theorem

4.1.8

) |z|
[fu(@)] < fn(o)ms zeD,

which shows that the sequence { f,,} is uniformly bounded on each compact subset,
hence is normal. Some subsequence converges to a holomorphic f, uniformly on
compact subsets of D. By the first part of this proof, f maps D onto £2. Again it
follows that the whole sequence { f,,} converges to f, uniformly on compact subsets
of D. O

We now reach the punch line.
Theorem 4.3.2. If f isin S, there is a sequence of slit mappings { f,,} in S such that

fn — f uniformly on compact subsets of D.

Proof: Suppose first that f extends holomorphically to a larger disk D;,5(0). Then
f(0D) is an analytic Jordan curve. Let

wo = f(1),  w, = f(FI-/m)

and let I, be the path that consists of an arc in the complement of f (D) running
from from oo to wy and the arc

'@ (-3)
w = f(), 0<6<2n(1-—-);

n

see Figure 4.2.

Wo

Wnp,

Fig. 4.2 Approximating a general univalent function by slit maps.

The complement £2, of I, is simply connected. Let g, be the conformal map
of D onto £2, with g,(0) =0, g, (0) > 1. It is geometrically clear that 0 = f(DD)
is the kernel of the family {£2,} and that £2, — Q in the sense of Carathéodory.
Therefore Theorem 4.3.1 implies that g, — f uniformly on compact subsets of
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D. By Cauchy’s formula for the derivative, this implies that g, (0) — f'(0) = 1.

Therefore the functions
8n(2)

£,(0)

hn(z) =

are slit mappings in § that converge to f uniformly on compact subsets of .

For a general f in S, let f,(z) = f(oz)/o, 0 <o < 1. Then f, extends to
Dy s, so it can be approximated by slit mappings. Aso — 1, f; — f,so f canbe
approximated by slit mappings. O

The importance of slit mappings for the main subject of this chapter is made clear
by the following.

Corollary 4.3.3. If Bieberbach’s conjecture is true for the subset Ss of S consisting
of slit mappings, then it is true for S.

The proof is left as Exercise 10.

4.4 Slit mappings and Loewner’s equation

In Section 4.3 we saw that slit mappings are dense in S. Given such a mapping f € S,
the associated slit I" is C \ f(ID), the set of values that are not attained by f.

Loewner [136] attacked the converse problem of determining such a mapping f
from knowledge of the slit I". After a suitable parametrization of the equation of the
slit, he was able to determine the associated map f € S from the limiting value of
the solution of a certain differential equation. In fact we shall see that

f@) = tl_i)lgoe’g(z,t),

where g(z,t) = g:(z)) is the solution of a first-order differential equation in ¢ with
initial condition g(0, z) = z for z € D.

The first steps in the argument are to shrink the map f to a family of maps { f; };>0
in S by shrinking the slit toward oo, and to choose a canonical parametrization.
Then fy = f and f; converges to the identity map as ¢+ — oo. The decisive step is
to examine g; = f,"! o f and show that g, satisfies a first-order differential equation
with respect to .

Suppose that f € S is a slit mapping. Let I" be the Jordan arc that is the comple-
ment of 2 = f (D), parametrized by a map

t - o), 0<t<b, lin%o(t) = 00.
t—

Let
I; ={o(s) :t<s<b}, £ =C\I,.

Thus £2) = £2, the domains £2; increase with ¢, and |_J £2, = C. Let f;,
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fi@) = B[z +bry()Z* + b3(1)2> + ... 1,

be the conformal map from D onto §2, with f/(0) = B(t) > 0. Then f; = f. Given
t € [0, b), the Carathéodory convergence theorem says that f; — f; uniformly on
compact subsets of D. It follows that the coefficients b, (¢) are continuous functions
of t.

Suppose that s < 7. Then the function f,~' o f; maps D to a proper subset of
itself and fixes z = 0. By Schwarz’s lemma, its derivative at z = 0, which is positive,
is < 1. Therefore B(¢) = f/(0) is strictly increasing with ¢. Since »(0) = 1, we
may choose the parametrization o () so that () = ¢'. This is called the standard
parametrization of I.

We claim that in the standard parametrization, b = oo. In fact

= — =
r

Z

fi(@)

N | =

for z € D. In particular, r < |f/(0)| = ¢’ for ¢ close to b. Since r is arbitrary, this
shows that ¢/ — oo ast — b, so b = co. Thus our parametrization is

[i(@) = elz+b ) +bs(H +...1, 0<t<o0.

The function g,(z) = f,' o f maps D conformally onto D minus the pre-image
of I, which is an arc that extends inward from the boundary. This function has an

expansion » ) ;
g =e'lz+a®)z"+az(®)z”+...1, 4.4.1)

where each a,(t) is a polynomial in b,(t),...b,(¢); Exercise 11. In particular,
ao(Z) =2

Next, following Duren [64], we prove convergence of g, to f and establish
Loewner’s differential equation, (4.4.3).

Theorem 4.4.1. Let f be a slit map, let o (t) be the standard representation of the
omitted path I', and let the functions f, and g, be defined as above. Then

lim e'g,(z) = f(z) (4.42)

uniformly on compact subsets of D. There is a continuous k : D — 0D such that g,
satisfies Loewner’s differential equation

1+ k(z) g:(2)

—_— 443
1 —k(z) g:(z) @49

0g; _
W(Z) = —g©)

Proof: Since g, = f, ! o f and f maps compact subset of ID to compact subsets of
f (D) = £2, to prove the first statement of the theorem it is enough to show that

lim e [ (w) = w
t— 00
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uniformly on compact sets in C. Theorem 4.1.8 gives

e'|z] e'lz]

A+1p? ~ = i@l = (1—1zD?

With z = f,"!(w), this leads to

[1— £ )] < [+ w1 (4.4.4)

ft1<w>‘ 3
w

Therefore | ft_l(w)| < 4lwe™'], so ft‘l — 0 uniformly on bounded sets. Hence
(4.4.4) implies

-1
M‘ — 1 4.4.5)
w
It follows that the functions
-1
h,(w):e’w, 0<t<oo
w

are a normal family. Any convergent subsequence has holomorphic limit & with
[h(w)| = 1 = h(0), so, by the strong maximal principle, 4 = 1. Therefore the #,
converge to 1 as T — oo, uniformly on compact sets. This proves (4.4.3).

Now for0 <s <t < 00, let

ha(x) = £7U(fAGR) = ¢ a4 022 +...].

This function maps D conformally onto D minus a Jordan arc Jy;, that extends inward
from a point A(z) = f[’1 (o (t)) on dD. Let By, be the portion of 0D that maps to Jj;.
By the Carathéodory extension theorem, Theorem 2.6.1, f,~! maps 9D onto the (two-
sided) slit I \ Iy, so A(s) = f,_'(o(s)) is an interior point of the arc By,. As s 1 ¢
ort | s, By shrinks to A(s) or to A(¢), respectively.

We claim that A is continuous. The function % can be continued by reflection
across the complement of By, in dD. The continuation maps the (full) complement
of By, onto the complement of the union of Jy; and its reflection J;. By Koebe’s
one-quarter theorem, J;; lies outside the disk D, (0), r = ¢*~' /4. Therefore J lies

in the disk s
{z : |z| < 4e'™%}.

Since z/ hy(z) — €' * as t — 0, the reflection satisfies

fim @ e,

—>00 Ve

By the maximum modulus theorem,

hsi (2)

<

< 4%, 7 ¢ By.
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Letting ¢ decrease to s, a normal families argument shows that &, (¢) converges to a
function that is holomorphic and bounded on the complement of A(s) with limit 1 at

A(s). Thus )
ltlfn hs(2) = z,

uniformly on compact sets not containing A(s).

Now given s > 0 and ¢ > 0, choose § > 0 such that if s <t < s + §, then the
circle C = {z : |z — X(0)|] < ¢} encloses By,. The image C of C under h(z,s,t)
encloses Jy, U JJ%, so in particular it encloses A (). Since h, (1) — z uniformly on C
ast — s, it follows that for ¢ sufficiently close to s, the diameter of C is < 3¢. Thus

forany zo € C,ast | s,

A1) — A@)| < A1) — 20l + |20 — hsi (zo)| + |hg (z0) — A(F)]
<g+¢e+3e.

This proves continuity from the right, and the same constructions prove continuity
from the left.

Finally, note that %, (z)/z has no zeros, and extends to have value ¢/~ at z = 0.
Therefore we may choose a branch of the logarithm so that

D) = D50 = log D @) =1—s.
Z

Now @ is holomorphic in D and continuous in the closure. The properties of A,
imply that

Re®(z) =0, for |z] =1, z¢ By; Red®(z) < 0, for z € By,. (44.6)

Therefore the extended Poisson integral formula of Theorem 5.1.6 gives

i6
< *2 . (4.4.7)
ety —

1 B .
d(7) = —/ Re @ (')
21 Jo
where ¢/® and e'? are the endpoints of By, with the positive orientation. Then
1 p .
s—t = ®0) = 2—/ Re @ (¢') do. (4.4.8)
n o

By definition, &y (g;(z)) = g:(z). Therefore if we replace z in (4.4.7) by g,(z) we
gt @ 1 [F ¢ + g,(2)
8 _ | Red (T8

= 4.4,
8s(2) 27 Jo eig_gt(z) o ¢ 2

Ast | s the interval shrinks. We may apply the mean value theorem to the real part
and the imaginary part of (4.4.9) separately in order to replace the variable e by
some intermediate values, divide by ¢ — s, and take advantage of (4.4.8) to conclude
that the derivative from the right is
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A ‘
iloggs(z) _ M +s@

—_—, (4.4.10)
ds A(s) — &5(2)

recalling that B, contracts to A(s). The same argument applies to the derivative from
the left, taking s 1 ¢. Setting k(¢) = 1/A(¢), we have obtained (4.4.3). m]

Let us look more closely at the family of functions f;.

Theorem 4.4.2. Let f;, 0 <t < 00, be the normalized conformal map of D onto
2, =C\ T,

fiz) = elz+ b +bs(D>+...], 0<t < oo. (4.4.11)

Then fo(z) = f(z), the normalized conformal map with f(D) = C\ I', and
G
im =

t—oo el 7

1, zeC, (4.4.12)

uniformly on compact subsets of D. Moreover

0 f; . o 1+k@)z _ L
E(Z) =zf®@ 1=k k() = YOk (4.4.13)
and
Re {M} > 0. (4.4.14)
zf{ (@)

Proof: It is clear that fy(z,0) = f(z), since Iy = I'". The assertion (4.4.12) follows
from (4.4.5) by taking w = f(z).

By definition,
Ji(gw)) = f(2).

Differentiating with respect to ¢ gives

a a
I (&) 5, (&) + gft(gt(w)) = 0. (4.4.15)

Using (4.4.3), and replacing g;(w) by z, converts (4.4.15) to (4.4.13). Then (4.4.14)
follows, since |k| = 1, |z| < 1 implies
1+ kz

R
el—kz

> 0. 0O

Remarks. An important modification of Loewner’s equation (4.4.3) is a stochastic
version proposed by Schramm [187], who designated it SLE for stochastic Loewner
evolution. It is now generally called the Schramm—Loewner evolution. Loewner’s
equation can be written in an equivalent form

g _ _ O+
dr ") —g
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where the “driving function” ¢ is a continuous mapping to d D. Schramm’s version
replaces the deterministic term ¢ by a scaled Brownian motion on d D. The resulting
equation, denoted SLE,, is

g JKBO +g
o S KB - g

(This is chordal SLE; there are other versions, including radial SLE.)
There are a number of deep mathematical and physical applications. See Lawler
and Limic [129] and Kemppainen [119].

4.5 The Robertson and Milin conjectures

Suppose that f belongs to S, with expansion
@) = z24+awmz®+---
Let & be the square root transform of f;i.e.
h(@) = [fFEN? = 2[l + br2® + baz* +--- 1.
Comparing coefficients of z" in the equation
az+ a3+ = z(bo+byz+bazt +---),  ai=by=1,
we find that
a, = bobyy + b3byy_r + - +byby, n=1,2,---.
By Schwarz’s inequality,

la, 1> < (Ibol* + [ba|* + - - - + b2 )2, 4.5.1)

The Robertson conjecture is that the Bieberbach conjecture is true because of this
inequality: i.e. that forn = 1,2,3, ...,

bo|> 4 |ba)* + - - - + |boa|* < 12, 4.5.2)
with equality for some 7 if and only if f is a Koebe function. Thus

Theorem 4.5.1. If Robertson’s conjecture is true, then Bieberbach’s conjecture is
true.

Robertson’s conjecture is itself a consequence of a conjecture of Milin. For this
we need first
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Lemma 4.5.2. (Lebedev—Milin) Let
P = pix+px’+--
be an element of the ring B3 of formal power series over C, and let
Q=EoP=qy+qx+qgx*+---, (4.5.3)

where E is the exponential series Z:O:O x"/n!. Thenforn =0,1,2,---,

lgol* + 1q11* + -+ - + lgn|*

[ 1
< (n+1)exp mZ(rz—i—l —k)|:k|pk|2—z:|}. “4.54)
k=1

Proof: Formal differentiation of (4.5.3) gives

g1+ 2gax + 3q3xt + ...
= (g0 + q1x + x> + - )(p1 4+ 2pax +3p3x + ).

A comparison of the coefficients yields

n—1

nqnzz(n_k)pnfk%c, n=1,2-.
k=0

By the Schwarz inequality,
n n—1
wlgn” < Y K Ip? Y lael (45.5)
k=1 k=0
Forn=1,2,.---,let
mo= Y Kipl’ ve= Y lal
k=1 k=0

Then (4.5.5) can be written as
1
Yo = ¥Yn—1 = r?nn)/n—b

Using 1 + x < e*, we obtain

- 1 n+1 n n b4
— T n—1 = n—
n? Vit n n+1 nn+1) Vit

n+1 1+ T, —n <n—i—1e T, —n
h—1 = ——€X e E—— n—1-
n nn+1) Vit n P nn+1) Vit

IA

Vn
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Repeated application of this inequality yields

‘ —k
Yn < (n+1)eXP{Z%}
f=1
n o n-ﬁ-l1
:(n—}-l)exp{zm—i-l—zz}.
k=1 k=1

Since 1 1 1
k+1 k k+1

it follows from summation by parts that

n n 1

Tk
;k(k—i—l):;m‘(E k+1> Z P
_ - 2 - 2 2
—;kw n+1;""”<"

Therefore

n k n+11
< 1 1— ——VkpeP+1-=) =
Yo < (n+ )exp{ 1< +1) |pel® + Zk}

k= k=1

1 < 1
<n+1)exp{n+ Z<n+1—k>[k|pk|2—2”,

k=1
thus proving (4.5.4). O
Now let /& be any odd function in S,

h(z) = 24+ b2 + by’ +- -+,

and let f(z) = [h(ﬁ)]z. Then f belongs to S: see Exercise 5. Using (4.5.4) we
convert Robertson’s inequality (4.5.3) into an inequality for the coefficients ¢; in

log & (Z) Z k. (4.5.6)

Clearly this has the form

2
@ _ g D)
4 <

log = 2log(l + byz + byz> +---).

Therefore =
L+byz+ by +- = exp{Echzk}.
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Using Lemma 4.5.2 with g; = by and py = ck, we obtain

2 2 _ - —
1+ 1bo + -+ [ba] §(n+l)exp{4( +1)Z(n+l k)[k|ck| ”

If the exponent is negative, then the above exponential is < 1. This, together with
Theorem 4.5.1 gives the following result.

Theorem 4.5.3. If, for each f in S, the coefficients cg defined by (4.5.6) satisfy
n ) 4
Z(n+1—k) klck| % <0, n=1273,..., 4.5.7)
k=1

then the Bieberbach conjecture is true.

Milin conjectured in 1971 that the inequality (4.5.7) actually holds.

4.6 Preparation for the proof of de Branges’s theorem

In this section we adapt the constructions in Section 4.4 to obtain the specific results

that are the basis from which Weinstein’s proof of de Branges’s theorem proceeds.

Here we start with a function that is not a slit mapping and approximate it by slit

mappings. For convenience we repeat some steps of the arguments in Section 4.4.
Suppose that f : D — C belongs to S, and

f@) =24+ and". (4.6.1)

n=2

Given 0 < r < 1, the function

_ f(rZ) _ % n—1 n
frle) = == = z+;(r a)7",

restricted to ID, belongs to S and has a holomorphic extension to D, (0). The coef-
ficients a, (r) = r"~'a, converge to a,, so for our purposes we may replace f by f,
and assume that f extends smoothly to dID.

Theorem 4.6.1. Suppose that f € S extends smoothly to the boundary 0D. Then
there is a family { f;};~o C S with the properties

(a) fo(z) = f(z);

(b) fi(z) = e'z+ 32, an(D)Z";

(c) log ff(Z) = Y2and,  alo) =
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(d) Re {M} > 0.

2f{ (2)

Proof. Let 2 = f (D). The boundary curve 052 = f(9ID) encloses D1,4(0) and meets
the half-line (—oo, 1/4]. Let

so = sup{s >0;, —s € f(OD)}.

We may choose a parametrization of o (7) of 3£2,0 < 7 < 59, with 0 (0) = o (s9) =
so. We then parametrize the curve

I' = 982 U[sg, 00] (4.6.2)
by
o(tr), 0=7 =<s0;
,  Sp<T <O00.
Now define a family of slit domains for s > 0 by

2, =C\I,, TIy=1{I'(@:t>s}

see Figure 4.3. Then 2, is simply connected, and the §2; converge to £29 = £2 in the
sense of Carathéodory as s — 0. Note that

2, C 824 ift <s,

and
2, = C\ (—o0, —s], if s > sp. (4.6.3)

Fig. 4.3 The approximating curve [, s close to 0.
Let f, be the conformal map of D onto £2, that satisfies ﬁ(O) =0, ft’ (0) > 0. For
t<s, ~ ~
fiD) = 2, C 2, = f(D),



100 4 Univalent functions and de Branges’s theorem

SO f;‘l ) f; : D — D is well defined. By Schwarz’s lemma, it follows that
S ONUD'©O) = (Y FONFO) < 1,

) ft’ 0) < j’:’(O). Thus ft’ (0) is strictly increasing. Moreover (4.6.3) implies that

4sz

ﬁ, for s > s0; (464)
—Z

fiz) =

see Exercise 15. Therefore f;/ (0) = 4s for s > sy. Note that fo = f,s0 f’(O) =1.
It follows from these considerations that we may reparametrize by taking

fi=fi t=1logfl(0), 0<t<oo. (4.6.5)

This produces an expansion in the form (b).

Since f; vanishes only at 0 € D, we may choose the branch of the logarithm so
that log(f;(z)/e'z) is holomorphic in D and equals O at the origin. Therefore f; has
an expansion of the form in (c). Let ¢ and s be related as in (4.6.5), and set t = ¢ if
s = 9. For t > 1 it follows from (4.6.4) that t = log4s and that

fiy 1

0z T Ao for t > 1.
Therefore .
log ]Zt(j) = —2log(l —z) = k; %zk, t > 1.
This proves part (c). Part (d) is contained in (4.4.14). m]

Another important ingredient involves the Legendre polynomials {P,}5°. These
can be defined by the generating function

G(x s)—iP(x)s” = ; lx] <1 (4.6.6)
o= C (1= 2xs + s ' o
Expanding the right side gives
o0
1-3.--Q2n—1) R
G(x,s) = — (x5 —s)". 4.6.7
(x,5) go o 2xs =87 (4.6.7)

Collecting coefficients of s” shows that P,(x) is a polynomial of degree n.
The representation (4.6.6) can be used to show that

a4 {(1 —xz)iPn(x)} = —(n+ DnP,(x): (4.6.8)
dx dx

see Exercise 18. In other words, the P, are eigenfunctions of the operator
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d s d
L=—0-x")—
dx dx
acting on functions in L3, I =(—1,1).

Beyond the representation (4.6.8), we need Legendre’s addition formula

P,(cos ¢ sinf sin®’ + cos 6 cos 6")) (4.6.9)
(n—k)!

= P,(cosO)P,(cosO’) +2 § Py cos(kp) P (cos ) PX(cos ).
n !
k=1

The functions P¥ that occurin (4.6.9) are known as the associated Legendre functions.
They are closely related to the derivatives of the Legendre polynomials:

Pi(x) = (=DF1 = xH2P® (x).

Here we give a brief outline of the discussion in [21], which contains the details of
the proof of the addition formula (4.6.9).
In spherical coordinates

(x,y,2) = (rcosgsinf, rsingsinf, r cosd) (4.6.10)

the Laplacian in R? is

a2 92 92
A= 42 L0
dx?2 + 9y?2 + 972
92 20 1 32 1 aJ . 0

= ——+-— — — sinf—.
ar? + ror + r2 sin? 6 3?2 * r2sin@ 96 30

With r = 1, the second and third terms constitute the Laplacian Lg on the unit
sphere in R* with respect to the coordinates ¢, 6. Solutions of Ls ¥ = 0 are known
as spherical harmonics. Separation of variables, i.e. looking for solutions having the
form Y (6, ¢) == ®(¢)@(0)), leads one to choose @ (p) = ¢'™¢, m € Z. Then the
equation for ® becomes

1 d i) m?
— = Lsing = n — 0 =0, 46.11
sin 6 do {Sm a6 }+ [(”Jr " sinze] @61D

Letting x = cos 8 converts (4.6.11) to the spherical harmonic equation

2

i(l_ 2)d_u+|:( +1 "™
ax ax T[T T =xp

i|u(x) = 0.
For m = 0 the solution is a multiple of P,, and in general the solution ®,,, is a

multiple of P
With suitable normalization constants {c,,,}, the resulting functions
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Yum = Came™ P"(cosO), |m|<n, n=0,1,2,...,

are an orthonormal basis for the L? space of the sphere, consisting of eigenfunctions
of Lg. In particular, the function on the left in (4.6.9) can be expanded with respect
to the {Y,,,}, and the right side of (4.6.9) is the expansion.

In the preceding discussion we used the notation of [21]. The version used (implic-
itly) by Weinstein [213] and expounded in the next section uses the version with 0
and ¢ interchanged, and also sets two of the variables equal. The result is the identity

P”‘(cos2 @ + sin® ¢ cos 6)

m)!

T )'cos(m(p)(P n(cosme))?  (4.6.12)

=P, (cos<p)2+22

4.7 Proof of de Branges’s Theorem

Letog = Bp = 0 and oy = % — k|ck(0)|2, B =k, k=1,2,.... The convolution

n
Vn = Zakﬁn—k
k=0

from the product
oo o0 o0
(D) () = Lo
k=1 k=1 n=2
suggests that the finite sum in the Milin conjecture is just the coefficient of z"*! in
the product of the two series
Y- - klck(0)|2> &Y k=
parl k=1 (-2
Indeed, we have

> {Z(% — klee @) ) — k + 1)} 7

n=1
> /4
T =22 _Zz)z > (; - kICk(O)Iz) z-. 4.7.1)
k=1

This is the first step in Weinstein’s argument. Let us denote the left-hand side of
4.7.1) by @(2):
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[e0] n 4
D) = {Z <§ - k|ck<0>|2> (n—k+ 1)} L @72

n=1 Lk=I1

The next step is to show that @ (z) can be expressed as

[0}

D)= ( f ) hn(t)dt> ", (4.7.3)
0

n=1

where h,(t) > Oforallt >0andn=1,2,---
In the following, we keep z fixed and define w = w;(z) by
z e'w

T a0 4.7.4)

so that wy(z) = z. Recall from Theorem 4.6.1 (c) that |c;(c0)| = 2/k. Hence

®d | (4 ~ 4
/(; dr |:Z <%_k|ck(f)|2> Wf:| dt = Z(E_klck(t)F) Wk
k=1

k=1

>[4 = (4
=2 (% - k|ck<oo>|2) wh = (g - k|ck(0)|2) Wt

k=1

o]

0

Since wo, < 00 and wy = z, the identities (4.7.1) and (4.7.2) imply that

Y N b S G
(P(z)—/o - a [k;‘(k klck(t)|>w:|dt. 4.7.5)

It follows from (4.7.4) that
dw 1—w

—_— = —w— 4.7.6)

dt 1+w

SO

1—-w21

[e¢] 3 l
®() = /0 S +W[Zk[ck(t>ck(r)]
+ 2(4 2 ler ()2 )w }d; 4.7.7)
k=1

Write z = re'?. From Theorem 4.6.1 (c), we have

dfi(z)/0t o Lk ikD
ARSI
2@ +;Ck(t)r e,

which is a Fourier expansion. By (4.1.5) the coefficients are given by
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, 1 27 3f.(2)/01
rkck(t) — Z/ &6

which in turn gives

el (1) = _/2” afi(z)/0t

Taking the limit r — 1 gives

t) = lim
Ck() 112]_[

and

kck(t)ck(t)—h - /

Similarly, we have

ker(t)ep(t) = 121 7

1 /2” af;(z)/0t

4 Univalent functions and de Branges’s theorem

_ik0d0
fi(@) ’

7% do.
@)

m af,(z)/at kd@

S (@)
afi(2)/0t, ——
f,(z) kci(t)zkd6.
k e (t)Z* do.

fi(@)

With these representations, equation (4.7.7) becomes

1+w

1—w

X ety
[0} =
(@) /0 r—

1+w 1
1
|: +z<r—>12n

1 +w 4w e 2 2 k
2 —— )+ ——+ D) —Flam Wk ar (4.7.8)
1—w 1
k=1
Denote the term inside the curly brackets in (4.7.8) by A. Then
1+w 1 (7 3fi(z))dt, ——
A = 1 d dy = lim ————— k() db.
1_W( +Z kW) lim — 5 ck()z
Simple calculation yields
oo
= 22(1+d1+ o dy) — di] wh
Similarly, we put
1+w . [T afi(»)/ot .
= 1+ ew e, = lim ————kci(t)z" dO,
1 —w ( Z ) r—1 Jo ft(Z

s 1
1 lim —
+k2—:1 <rin1 2 Jo

Afi)/9t, ——— ) &
/ 7@ ker(t)zkdo | w

kck(t)zkd0> wk:|

27 3fi(2)] ot
Jft (@)

J
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and

o0
B:1+Z[2(l+el+~~+ek)—ek]wk.
k=1

It follows From (4.7.8) that

B T af, () /0t
o) = /0 {1 +Z <H] 27 / /i@

X [2(1 4 - + ker (1)) — kck(r)zk]d9> wh

< (. 1 [T 3/
;(”12” o fi(@

x[2(1 + -+ + kep (1)25) — ker(1)z2*1d0) wh

o8]
24 ) Kl (t)|2wk} dt (4.7.9)
k=1
To proceed further, we differentiate the equation in Theorem 4.6.1 (c) with respect
to z, and obtain 9. (2)/d o
1\Z Z k
——— =14+ ) ka2,
f1(2) kX:I:

so that (4.7.9) can be written as
* ew |~ 1 [TTfi()/0r [ 3fi(z)/0z
= lim —
*@ /0 T—w? !;g}hfo [ fi@) /Z @) }

x (1 +> lcz(t)zl> 21 + - + kex()ZF) — ke (1K1 6w

=1
1 2 af:(z)/0t 0fi(z)/0z
+Zrﬁ1 27‘[/ |: ft(Z) /Z ft(z)

x (1 +> zc,(t)zl> [2(1 + - + kex(0)Z") — ke ()2 1dow*

=1

+> —kzlck(t)|2wk} dt. (4.7.10)

k=1

To simplify (4.7.10), we put

af;(z)/ot

Fen = roe

From Theorem 4.6.1 (b), we have
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U _ ey Zak(t)z

Then 0
e+ a,’c(t)zk’1
=2

0fi(2)/0z

F(z,t) =

Since df;(z,t)/0z is holomorphic and nonvanishing in the unit disk, the function
F(z, t) is holomorphic. Furthermore, since df;(z)/dz = ¢’ + - - -, wehave F (0, t) =
1. (This fact will be used later.) The first inner integral in (4.7.10) is equal to

1 2w 0
— | F@n|[1+) 1aq®d |20+ +kep(0)zF) — ke (1)z*1d0
2w Jo =

1 [ 1 1 -
7/ Fn) |1+ + ka0 — Ska@d + ke + Y 1@
27 Jo 2 2 I=k+1

X[2(1 + - - - + keg (1)2F) — keg (£)zK1d0

1 (27 1
- / F(z,0)=12(1 + - + kep (1)75) — kep (1)25 % d6
2 Jo 2

1 2 1 X T T
+—/ F(z,t)zkcp(t)z [2(1+~--+k6k(l)z ) — ke (t)z ]d9
21 Jo 2

]

1 2
tor [T FEn [ X amd | 2+ k) - ke 1ds.
2w Jo I=k+1

4.7.11)

There are now three terms on the right-hand side of equation (4.7.11). In the second
term, for m < k — 1, since z = re'? we have
2w r2m

F(z,0)7"7"do = — F(z,)7""" 'dz = 0
2 0 2mi lzl=r

by Cauchy’s theorem. Similarly, for m = k we have

1 2 2k F ot
_f F(z,1)7"z*do = I @ )dz =r*FQO,0) =r*
2 Jo 2wi Jig= 2

since, as noted above, F(0, ) = 1. Taking the limit » — 1 in (4.7.10) shows that the
second term on the right-hand side of (4.7.11) is %kz |ck () |?. Similarly the third term
in (4.7.11) is zero.

Summarizing, the first inner integral in (4.7.10) is equal to the sum of the first
term in (4.7.11) and the contribution %k2|ck ()]? from the second term. The second
inner integral in (4.7.10) is the complex conjugate of the first inner integral, so it
contributes %kz lcx ()% to (4.7.11). Summing with respect to k cancels the last series
in (4.7.10). Thus (4.7.10) becomes
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o0 t 0 21
®(2) =/ v hmi/ Re {sz(z) 'Bfl(z)}
0 0

1 —w? -l 2 ot 9z

X[2(1 4 - - - + kep(1)Z5) — k ep (1) 251> d6 wk dt. (4.7.12)

Denote the term being summed in (4.7.12) by A, (7). Then (4.7.12) becomes

X ely ad
d(7) = — A k) dz. 4713
@) /0 p— (; k(r)w> t (4.7.13)

By Theorem 4.6.1 (d), we have Re F > 0, from which it follows that
Ag(t) >0 for >0, k=1,2,---. 4.7.14)

If we show that okt

Z Al (4.7.15)

with A} (t) > 0 for¢ > 0, then we have proved the Milin conjecture (4.5.7). Indeed,
from (4.7.13) and (4.7.15), we have

D(z) = (/ ZAk(t)Ak(t)dt) (4.7.16)

The function &, (¢) in (4.7.3) is explicitly given by

ha(8) = ) A AL (). 4.7.17)

k=1

If A} (t) > 0, then it follows from (4.7.2) and (4.7.16) that

n

Z(%—kmmﬁ) n—k+1) = /Oohn(t)dt > 0.
0

k=1

To show that A} (¢) > 0 for t > 0, we first establish the equation

Z e'w =2 e'wht!
> = +2 ———cos6, (4.7.18)
1 —2z(cos? ¢ + sin” ¢ cos ) + 72 1 —w? —~1- w?

where sin¢ = ¢~/ and z/(1 — z)> = e'w/(1 — w)?. Note that the right-hand side
of this equation is a Fourier cosine series. Thus, we may write it as

z
1 — 2z(cos? ¢ + sin® ¢ cos 0) + z2

o0
= a_zo —l—;akcosk&

From (4.1.5) again, we see that the coefficient a; has the integral representation
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zcos kO
a = = = de. (4.7.19)
7 Jo 1—2z(cos?¢ + sin® ¢ cos0) + z2

We first consider the special case t = 0;i.e. whensin®>¢ = 1, cos’¢ = 0andw = z
(see (4.7.4)). In this case

2 T k6 2 k+1
2 f w cos v (4.7.20)
7 Jo 1—2wcosf + w? 1 —w?
see Exercise 19.
For the general case, we just need the identities
zcos kb B cos k6
1 —2z(cos? ¢ +sin® gpcos) + 22 (1 —z)2/z + 2sin ¢ (1 — cosO)
_ cos k0 . e'wcos k6
e '(1 —w)2/w+2e"(1 —cosf) 1 —2wcosh +w?’
Substituting this into (4.7.19), we obtain from (4.7.20)
2elw k+1
ar = —1 2
proving (4.7.18).
Inserting (4.7.15) into (4.7.18) gives
z
1- 21((:052 ¢ + sin® ¢ cos 9) + 72
= Z Al 42 Z Z A (6)z" ! cos kb, 4.7.21)

k=1 n=0
Here we use the generating function for the Legendre polynomials (4.6.6):

Z

[o.¢]
Z P,(cos® ¢ + sin® ¢ cos 0)z"
V1 =2z(cos? ¢ + sin® ¢ cos 0) + 22 —

4.7.22)
and the addition formula (4.6.12):
P,(cos® ¢ + sin® ¢ cos 9) =

k)!

= +k)'[P k(cos 0)1? cos k¢ (4.7.23)

= [P,(cos0)]* +2 Z
Applying (4.7.23) to (4.7.22) gives
Z
V1 =2z(cos? ¢ + sin® ¢ cos 0) + 22

(4.7.24)
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= Z [P,(cos® 0)]*Z" +22(Z " +k)' Pk(cos )1’ cosk6)z".
n=0

n=0 k=1

Since 2 cos kO = e*? + ¢~*Y we have

Z A\k\(t)eik(f = Ag(f)+2ZAZ(I)COSk9.

k=1

Therefore, equation (4.7.21) can be written as

1 o [
= A" iko n 472
1-27 (c0s2¢+sm ¢C059 §<k§oo ik (e )Z (4.7.25)
Similarly,
= kD g 2 ke
_Z i s
[P (cos )T +2Z [ K (cos ¢)]* cos k6,

(n +k)v

and (4.7.24) becomes

! _y Z 0 = IKDY pIK] (o g 2k
V1 =2z(cos? ¢ + sin? ¢ cos 0) + 72 o (n + |k|)! P
Squaring both sides of the last equation gives
1
1 — 2z(cos? ¢ + sin® ¢ cos ) + z2

= ZZ Z i (m —1jD! (n —m — |I])!
n=0 m=0 j=—m l=—n+m (Wl + |]|)' (l’l —m + |l|)'
x[PY(cos ) P[P (cos ¢)]2e! D 2

Ty Xn:niﬂ(m—ljl)!(n—m—lk—jl)!
n=0 k=—n j=—n m=|j| (m+|J|)'(n_m+|k_J|)'

x [P (cos ) P[P}, ] (cos )™ 2". (4.7.26)

Comparing (4.7.25) with (4.7.26) gives
Ap(@t) =0 for k>n,

since the summation on k in equation (4.7.25) ranges from —oo to 400 while the
same summation in (4.7.26) ranges from —n ton. Fork =0, 1, - - - , n, we have
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n  n—lk—j|

D —m =k — D _
A=Y Y I sy PR eos P

j=—n m=|j|

which is clearly non-negative.

To this point we have proved the inequality |b,| < n, n =2, 3, ... . If equality
holds for any n, then this argument shows that it holds for all n. In particular, it
holds for n = 2, so Bieberbach’s theorem implies that f is a Koebe function. This
completes Weinstein’s proof of Bieberbach’s conjecture.

Exercises
1. Prove that K (0D) = (—o0, —1/4], where K is the Koebe function.
2. Prove that the function f; of (4.1.6) is single-valued.

3. Use the Koebe function to prove that the bounds in (4.1.12) and (4.1.14) are
sharp.

4. (a) Prove thatif f belongs to S, then f’ has no zeros in .
(b) Is the converse true?

5. Suppose that 2 € S is an odd function of z. Show that h(z) = +/ f(z%) where f
belongs to S.

6. (a) Suppose f € S, and m is a positive integer. Show that, for a suitable choice
of the m-th root, the function

g(z) = f@E@mH'" 4.7.27)

belongs to S, and has the symmetry property g(e>*/"z) = g(z).
(b) Conversely, show that if g € S has the preceding symmetry property, then g
has the form (4.7.27) for some f € S.1Is f unique?

7. Prove the sharper version of the Koebe one-quarter theorem: if f € S omits the
value w; then [w| > 1/(2 + |az]).

8. Suppose f € S. Prove that for any compact set K € D and any ¢ > 0 there is
a polynomial p such that p!D e S and |p(z) — f(2)| < € for z € K. In other
words, polynomials are dense in S.

9. Let {£2,} be a sequence of domains, and consider the family of domains §2 with
the property that any compact subset of £2 is contained in all but finitely many
£2,,. Prove that any domain that is the union of domains with this property also
has this property.

10. Prove Corollary 4.3.3.

11. Prove the assertion about the form of the coefficients of g, in (4.4.1).

12. Suppose that the function k(¢) in Loewner’s equation (4.4.3) is identically —1.
Show that the function f generated by (4.4.3) is the Koebe function. In fact,
given z € D, let g(z) = g,(z). Write (4.4.3) in the form [log F]'(g) g’ = 1 fora
certain choice of the function F, so that
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F(g(t)) = ce'

where the constant of integration ¢ depends on z. The initial condition g(0) = z
determines c¢(z), and the asymptotic condition ¢’ g(¢) — f(z) determines f (z).

13. (a) Suppose that the function k(¢) in (4.4.3) generates f € S. Show that for any
real 0, the function ek () generates the function

fo@ = e f (7).

(b) Show that f, also belong to S and is a slit map.

14. Suppose that k(¢) in (4.4.3) is constant. What f is generated? (Remember that
f@) € oD.)

15. Prove (4.6.4).

16. Prove that P,(—1) = 1 and P,(1) = (—1)".

17. Differentiate both sides of (4.6.7) with respect to s and equate coefficients of s”
to prove the recursion relation

m+DP(x) = Cn+ DxP,y(x) —nPy(x).

18. Prove (4.6.8). Hint: use (4.6.8) to derive a partial differential equation for G (x, s),
and show that the right-hand side of (4.6.7) satisfies that equation.)

19. Prove (4.7.20). Hint: The integrand is even in 6, so convert the left side into
an integral from —7 to 77, use the identity 1 — 2w cos@ + w? = (1 — we'?)(1 —
we %) to write the integrand as the sum of two (two-sided) series in e’ o, integrate
term-by-term, and sum.)

Remarks and further reading

Standard references for univalent functions, pre-de Branges, are Duren [64] and
Pommerenke [170]. De Brange’s original manuscript ran to 385 typed pages and
made much use of ideas from the theory of operators in Hilbert space. As recounted in
[52],de Brange’s participation in a seminar in Leningrad that included Milin led to the
simplified proof in [52]. Though much shorter, this proof still gives some indication
of the operator-theoretic considerations that led to deBranges’s new approach to the
problem. Another short version is due to Fitzgerald and Pommerenke [73], and has
even made its way into textbooks, e.g. [47] and [102].

Some of the history surrounding de Branges’s proof is recounted in the sympo-
sium volume [14]. For a comprehensive current account of the theory, see Thomas,
Tuneski, and Vasudevarao [205]. For a somewhat different approach, see Rosenblum
and Rovnyak [181].

Weinstein’s proof of de Brange’s theorem, presented here, depends on a positivity
result involving Legendre polynomials P,. These are among the simplest cases of
Jacobi polynomials PP De Brange’s argument, and that of Fitzgerald and Pom-
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merenke, depended on a positivity result for certain sums of Jacobi polynomials
proved by Askey and Gasper [12]. To prove their result, Askey and Gasper estab-
lished positivity for a still more esoteric class of hypergeometric functions:

3F2(n—r,r+n+2,n+%:2+1,n+%:s)>0, 0<s <.

Wilf [216] has pointed out that Weinstein’s argument actually gives an independent
proof of the non-negativity of the Askey—Gasper polynomials.



Chapter 5 )
Harmonic and subharmonic functions; greckie
the Dirichlet problem

Harmonic and subharmonic functions play an important role in many developments
in complex analysis. As we noted in Section 1.9, a real harmonic function is, locally,
the real part of a holomorphic function and has some of the same properties.

The Dirichlet problem is the problem of finding a function that is harmonic on a
given domain U and has prescribed values on the boundary dU. An important special
case with U = D has an explicit solution given by Poisson’s integral formula. This
formula is derived in Section 5.1. A number of consequences, such as maximum
principles and the Harnack inequalities, are worked out in Sections 5.1 and 5.2.

Subharmonic functions and Perron’s principle provide a mechanism of attack
for the Dirichlet problem in a general domain. These are introduced in Section 5.3
and applied to the solution of the Dirichlet problem in Section 5.4. An alternative
approach to the Dirichlet problem is outlined in Section 5.5.

The results and techniques introduced in this chapter lead eventually to the uni-
formization theorem for Riemann surfaces, the subject of Chapters 6 and 7.

5.1 Harmonic functions and the Poisson integral formula

As noted above, the Dirichlet problem is the problem of finding a function that is
harmonic in a given domain and that has prescribed values on the boundary of the
domain. As we shall see, if the domain is a disk, the problem has a very explicit
solution.

Theorem 5.1.1. Suppose that D C Cisadiskand f is a continuous real function on
the boundary d D. Then there is a unique function u, harmonic in D and continuous
on the closure of D, such thatu = f on dD.
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Proof: In view of Corollary 1.9.3, it is enough to consider D = D, the unit disk. The
strategy of the proof is to assume we have a solution, derive an explicit formula that
it must satisfy, and then show that the formula does indeed provide the solution.

Suppose that u is a solution. By Proposition 1.9.1, there is a function holomorphic
g : D — C having real part u. We may assume that g(0) = u(0). The function g has
an expansion

g@) = ) o (5.1.1)
n=0

that converges uniformly on disks D, (0), r < 1. The real part u has the expansion

u(re'?y = Z r" Re (o, e™)

n=0
00 a,/2, n>0;
= Z ar™e?, a, = {Reay, n=0; (5.1.2)
n=—00 a,/2, n<O.

Given ¢ > 0, the dilated function g.(z) = g(z/(1 + ¢)) is holomorphic in D;.(0).
By assumption, the restriction of u, = Re g, to dID converges uniformly to f as
& — 0. Convergence of the sum shows that

i0 *

us(ew) — u<1€+8> _ Z a,1(1+8)7|”‘€m6-

n=—0o0

By assumption, this series converges uniformly, so we can identify the coefficients
a,(1 4+ &)~ by integrating term by term, using the identity

L7 gmogrim g = g1 = (5.1.3)
27 J_, 0if m#n.
This gives a, 1 /7, e
_—_— = — u e .
(14 &)l 2 ) e ¢
Convergence of u, to f on 9D gives
1 " 0y ,—ir
a, = — fEe " do. (5.1.4)
27 J_,
Note that 1 [ _
wl = 5 [ 17E1de.
27 J_,
Therefore the series -
> aprte (5.1.5)

n=—00
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converges uniformly for 0 <r < R < 1. Since a_,, = a,, the terms
aneiné + a_ne—inO
are real and harmonic, so (5.1.4) and (5.1.5) together define a function u that is real
and harmonic in .
We have shown that if u is a solution to the Dirichlet problem with boundary value
f, then it is necessarily given on ID by the formula

g

. 1 .
u(re’?y = T P60 —@)f(?dy, 0<r<l, (5.1.6)

-7

where P, is the Poisson kernel

o0

P.() = Z rirlein? — 1 4+ Z [(re®)" + (re~ ")

n=—00 1

14 re'? N re~?
h 1—rei? 1 —rei?

- L-r (5.1.7)
T 1—2rcosf +r2’ o

This proves uniqueness. We have also shown that the function « defined by (5.1.6)
is harmonic in .

To see that u is continuous up to the boundary 9D and equal to f on 9D, note that
P,, 0 <r < 1 has the properties

i) P> 0;
(ii) i/ﬂ P.(0)do = 1,
2w J_

o

1
(i) lim — / P.(6) = 0
r=>1 27 Jo<jo1<n

for each § > 0; Exercise 6. Using these properties and the continuity of f, it is not
difficult to prove that u(re’?) converges uniformly to f(#) asr — 1—. (See the proof
of Theorem 2.9.1.) m]

The formula (5.1.6) is known as the Poisson integral formula.

Corollary 5.1.2. (Weierstrass!approximation theorem) If f : 0D — C is continu-
ous, then for any ¢ > 0 there is a trigonometric polynomial, i.e. a function of the

form g0) = Y ae, (5.1.8)

lk|<m
such that |g(0) — f(e'%)| < &, all 6.

Proof. In view of the previous discussion, the functions
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. 1 [7 00 ‘
ugre’y = — | PO -9 fl@)dp = Y are™,
—00

-7

where the bounded sequence {a,} is defined by (5.1.4), converge to f uniformly as
r — l.Forany given0 < r < 1, the partial sums of the series on the right are trigono-
metric polynomials, and they converge uniformly to u(re'?). O

Remark. The other well-known Weierstrass approximation theorem, that a con-
tinuous function on a bounded closed interval can be approximated uniformly by
polynomials, is a consequence. In fact the interval can be rescaled to [0, 7], and
the function reflected about v so that f(27) = f(0) and f can be considered as an
element of C(0D). Then f can be approximated within /2 by a trigonometric poly-
nomial (5.1.8), and each a;e*? can be approximated within & /4m by a polynomial,
by taking enough terms of the series expansion of /<.

Corollary 5.1.3. (Mean value property) If u is harmonic in a neighborhood of a
point z € C, then for sufficiently small r > 0,

g

1 A
u@@) = — | u(z+re?as, (5.1.9)
27

-7

i.e. u(z) is the mean value of u over any sufficiently small circle centered at z.

Proof: After a translation and dilation, we may assume that z = 0 and r = 1. In this
case, the result follows from Theorem 5.1.1. m]

Corollary 5.1.4. (strict maximum principle) If u is harmonic in a bounded domain
U c Cand U has a local maximum at a point z € U, then U is constant.

Proof: The mean value property and the assumption that u has a local maximum at z
imply that # has this same value on each sufficiently small circle centered at z. Thus u
is constant, hence holomorphic, near z. If w is any other point of U we may find a curve
that joins z to w and a simply connected neighborhood V of the curve with V. .C U.
By uniqueness of analytic continuation,  is constantin V, so u(w) = u(z). m]

Let us pass to consideration of the Dirichlet problem for a Jordan domain: a
domain in C whose boundary is a curve with no self-intersections.

Theorem 5.1.5. Suppose that 2 C C is a Jordan domain with boundary T'. For any
continuous function f : T — C, the Dirichlet problem has a unique solution.

Proof. By the Riemann mapping theorem, there is a conformal map ® that maps D
onto 2. By Theorem 2.6.1, ® extends to a bijective continuous map from the closure
to the closure. Therefore ®~! and ® can be used to transfer the Dirichlet problem for
2 to the Dirichlet problem for D. The details are left as Exercise 4. O

More general domains are considered in later sections.
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We know that a real function u that is harmonic in D is the real part of a function ¢
that is holomorphic in D. Moreover, if we require that ¢ (0) be real, then ¢ is unique.
We may extend the Poisson integral formula to exhibit ¢ in the case when u = f on
0D. In fact for z € D, N )

1
Re & tz _ 1'— |z] .
elt —z |819 _Z|2

If 7 = re'?, then the last expression on the right is P.(# — ¢). Since the quotient
on the left is holomorphic in z, z € D, the proof of Theorem 5.1.1 also proves the
following extended Poisson formula:

Theorem 5.1.6. If f : 0D — R is continuous, then the function

e’ 4z

, do
et(') —z

()—i ’ ()
oz = 5 _ﬂfe

is holomorphic in D and the real part is continuous and equal to f at the boundary.

5.2 Harnack’s principle; removable singularities

We begin with a simple consequence of the Poisson formula.

Lemma 5.2.1. Suppose that u is harmonic and non-negative in D. Then for z € D

) R
l+ru _uz_l—r

u(0), =z (5.2.1)

Proof: Suppose first that u is continuous on the closure of . The Poisson kernel
(5.1.7) satisfies

1—r 1 —r? 1 —r2 1 —r2 1+r

= < < = .
147 14+7r2 — 1—=2rcos@+r2 = (1—r)? 1—r

Then the Poisson formula (5.1.6) gives (5.2.1). If u is not continuous on the closure,
we approximate u as in the proof of Theorem 5.1.1. O

The inequalities (5.2.1) are the simplest case of the Harnack inequalities for
solutions of elliptic equations.

Theorem 5.2.2. (Harnack’s principle) If {u,} is a sequence of harmonic functions
onadomain U, withu; <upy <uj..., then usx(p) = lim,_, o u,(p) is either har-
monic or identically infinite.
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Proof. Given p € U, let us rescale coordinates, for convenience, so that p = 0 and
D cC U. Let uso(0) = lim, u,,(0). If us(0) is finite, then inequalities (5.2.1) show
that lim,,_, o u, is finite in . Similarly, if u,(0) = oo, these inequalities show that
the limit is identically oo in ID. Since domains are, by assumption, connected, this
implies that the set where lim,,_, o 4, (p) = oo is either empty orall of U . m]

An important example of a harmonic function is log |z| in the punctured plane
C\ {0}. In fact log |z| = Re log z for any determination of log z, z # 0.

As in the case of holomorphic functions, there is a removable singularity theo-
rem for harmonic functions. The singularity of log |z| at the origin is obviously not
removable, but log |z| allows us to prove a type of one-sided singularity result that
will be useful later.

Lemma 5.2.3. Suppose that u is real-valued and harmonic in the punctured disk
D\ {0} and is continuous at the boundary of D. If u is bounded above, then u < v,
where v is the function harmonic on D, continuous on the closure, and equal to u on
the boundary.

Proof: We may subtract u from v and reduce to the case that u = 0 on the boundary
of . Then v = 0, and we want to show that u < 0. Let 2 > 0 be an upper bound for
u.Forany 0 <r < 1, let

Then u, is harmonic and u < u, on the boundary of the annulus {z : r < |z| < 1}, so
by the maximum principle # < u, on the annulus. As » — 0, u, — 0 pointwise on
the punctured disk, so # < 0 on the punctured disk. 0O

Corollary 5.2.4. If u is bounded and harmonic in a punctured neighborhood of a
point, then u extends to be harmonic in a full neighborhood of that point.

Proof. Apply Lemma 5.2.3 to # and to —u. O

5.3 Subharmonic functions and Perron’s principle

A real-valued function u defined on a domain U in C is said to be subharmonic if in
each coordinate disk D with closure in U, u < h, where h is the harmonic function
such that A = u on 0 D.

It may be helpful in the arguments that follow to think of the one-dimensional
analogue. A real-valued solution of u,, = 0 is a linear function u(x) = ax + 8. A
convex function v : (a, b)) — R is characterized by the property that for any subin-
terval (c,d), a < c < d < b, if u is linear, and if v < u at the endpoints ¢, d, then
v < u on all of (c, d); see the left part of Figure 5.1.

If u and v are subharmonic on a domain, then so is the maximum u V v,
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\
)

c d c d

Fig. 5.1 One-dimensional analogues of subharmonicity and of harmonic regularization.

[u vvI(p) = max{u(p),v(p)}.

If u is subharmonic in U and pg belongs to U, a harmonic regularization u of u at
Po 1s obtained by replacing u in a coordinate neighborhood D = {p : |p — po| < r}
centered at py by the harmonic function that agrees with u on d D. The new function
it is subharmonic and u < . For the analogous construction in the one-dimensional
case, see the right part of Figure 5.1.

The usefulness of subharmonic functions for attacking the Dirichlet problem and
proving the uniformization theorem was established by Perron [166]. A Perron family
is a non-empty family .% of subharmonic functions such that:

(a) if u and v belong to .# then so does u V v;

(b) if u belongs to .%, so does each harmonic regularization of u.

Theorem 5.3.1. (Perron’s principle) Suppose that 7 is a Perron family of functions
on adomain U. Then it = sup{u : u € F} is either harmonic or identically infinite.

Proof: Let V be a coordinate neighborhood in U. Suppose that p, g are two points of
V. We may choose a sequence in .% that converges to it (p) and another that converges
to u(q). Taking advantage of properties (a) and (b) of the definition, we may replace
these with a single sequence that is non-decreasing at p and at g and is harmonic in
V. By Theorem 5.2.2, u(p) is infinite if and only if u#(g) is infinite. Since p and g
were arbitrary, u is either infinite in all of V' or finite in all of V. The result follows
from connectedness of U. O

Suppose that U is a bounded domain with boundary aU, and that g : 0U — R
is continuous. Perron’s approach to the Dirichlet problem was to define the family
Z (g) to consist of all subharmonic functions u that are continuous on the closure U
and < g on the boundary. This is clearly a Perron family. Each u € .% (g) is bounded
by sup g, so the supremum u is harmonic. We shall refer to u as the Perron function
for the Dirichlet problem for the pair (U, g). The question is whether the Perron
solution is a solution, i.e. whether u = g on dU. This is not necessarily the case,
indeed there may not be a solution: see Exercise 11.
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5.4 Regular points and the solution of the Dirichlet problem

A boundary point pg of adomain U is said to have a barrier if there is a subharmonic
function v such that v is continuous on U, v < 0, and v = 0 only at py. A local barrier
can be converted to a barrier:

Lemma 5.4.1. If pg is aboundary point of U and there is a continuous, subharmonic
function u < 0 in the intersection of a neighborhood of py with U, then py has a
barrier.

Proof: Choose r > 0 so that u is defined on D, (pg) N U.Letc= sup{u(p) : |p —
pol =r}, and let v = max{u, ¢} on the domain of  and v = ¢ on the remainder
of U. O

A boundary point py of a domain is said to be regular if there exists a barrier
at po. The extreme example of a point that is not regular is an isolated point of the
boundary; see Exercise 12. See Figure 5.2.

Fig. 5.2 Two domains for which every boundary point is regular.

As we shall see, if u is the Perron function for the pair (U, g), then u — g at
each regular point of dU . This is not very useful unless we can identify at least some
class of regular points. How does one tell when a barrier, or local barrier, exists? The
perfect candidate for a local barrier would seem to be

1 _ logr
log(rei®) — (logr)? + 62

v(po +re’?) = Re (5.4.1)

This function is harmonic and negative for 0 < r < 1, but 62 is not single-valued.
However this suggests a way to remedy the situation.

Proposition 5.4.2. Suppose that pg is a boundary point of a bounded domain U and
suppose that for some 0 < R < 1 and some real 0y the line segment
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L= {p=po+reé®:0<r <R} 5.4.2)

is contained in the complement of U \ {po}. Then py is a regular point.

Proof: In this case there is a single-valued branch of log(p — pg)/R, holomorphic
on the complement of the segment (5.4.2) in Dg(py), so (5.4.1) is a local barrier and
Lemma5.4.1 applies. O

Remark. Itis clear that in place of a straight segment in the complement of U \ py,
it is enough to have any C! curve that has py as one endpoint and otherwise lies in
the complement of U.

Theorem 5.4.3. (Perron) If U is a bounded domain, g : 0U — R a continuous
function, and py a regular point of dU, then the Perron functionu for (U, g) converges
10 g(po) at po.

Proof: Let .% (U, g) be the Perron family. Given ¢ > 0, there is a § > 0 such that
lg(p) — 8(po)| < eif g(p) is defined and |p — py| < &. Let v be a barrier at py. Let
|lg|| = max |g|. For sufficiently large M,

Mv +2|lg]] < 0 ondU\ Ds(pop).

Letw = Mv+ g(po) — €. This flglction is subharmonic, continuous on dU, and
w(po) = g(po) —&.In Ds(po) N U,

w = Mv+g(po) —€¢<g(po)—¢& < g

by the choice of 8. By the choice of M, on the complement of U \ Ds(py) we have

w = Mv+2[lg|l + g(po) = 2|lgll — & < g(po) = 2|lgll — & < g.

Therefore w belongs to .% (U, g). Note that w(py) = g(po) — . We have shown
that the Perron function u satisfies

liminfu(p) > g(po) —e. 54.3)
P—>DPo

Let us apply this argument in the case of —g to produce w* € .% (u, —g) such that
w* > —g — &. Now let v be any element of Z (U, g). Then v 4+ w* is continuous on

U, harmonic in U, and < 0 on dU. Therefore v < —w* in U. Since v € % (U, g)
was arbitrary, u < —w?*. Therefore

limsupu(p) < —liminfw*(p) < —(—g(po) —&) = g(po) +e. (5.44)
P— Do P— Do

Since ¢ > 0 is arbitrary, (5.4.3) and (5.4.4) together show that u has limit g(pg) at
Do- |
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5.5 The L? approach to the Dirichlet problem

Given a bounded domain 2, consider the space C' () of real functions u such that
u and its first derivatives are continuous on the closure Q2. The associated Dirichlet
integral is

D(u) = // [uF +ulldxdy. (5.5.1)
Q

In physical problems, integrals like this occur as energy integrals, e.g. as the kinetic
energy of a vibrating surface. A natural problem is to try to minimize D(u) among
those functions on 2 that have a specified value f on the boundary €2. This is a
problem in the calculus of variations. Let .% be the family of C' functions that have
finite Dirichlet integral and equal to f on the boundary. If this family is not empty,
then there is a sequence {u,} C .% such that
lim D(u,) = inf D(u).
UES

n—o0o

The terms u,, can be viewed as elements of the Hilbert space H that has inner product
(u,v) = // [tyve +uyvyldxdy.
Q

(Note that (u, u) = 0 if and only if u is constant. Therefore elements of H are
determined only up to an additive constant. Of course fixing the value at the boundary
fixes the constant.) We might expect the sequence {u,} to converge to a unique
element u € H.

A standard argument from the calculus of variations puts a constraint on such an
element u. If w is any element of C'(R2) that vanishes on the boundary, then we
should have, for all ¢,

Du) < Du+cew) = (u+ew,u+ew) = D) +2¢e(u, w) + >D(w).

Differentiating the last expression with respect to € at e = 0, we see that the necessary
condition is that (u, v) = 0. Therefore, formally,

0 = (u,w) = // [uxwy +uyw,] = —// (Uxx + uyy)w, 5.5.2)
Q Q

where the (formal) integration by parts is (formally) justified by the assumption
that w = 0 on the boundary. Since (5.5.1) is supposed to hold for each such w, the
conclusion is that (in some sense) u is harmonic in € and is the solution of the
Dirichlet problem for the pair (€2, f).

To show that the sequence {u,} above does converge in H and that the limit u
is continuous on €2 and equal to f on the boundary requires some assumptions on
the nature of the boundary. If this is the case, though, one can show that u is indeed
harmonic in €2. In fact integration by parts in (5.5.2) can be done in the other direction:
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0= —// u Wy, +wyy), weCHR), w=0 on IQ.
Q

This says that u is a weak solution of Au = 0, and is therefore an actual solution of
Au = 0: see Theorem 2.9.4.

This approach to the Dirichlet problem has roots in the work of Gauss, Green,
Dirichlet, Riemann, Schwarz, and Hilbert, and was brought to fruition by Weyl [214].
(Weyl’s work can be thought of as the beginning of the theory of distributions.) Some
regularity of the boundary is needed. In fact Prym [174] gave an example of a pair
(U, g) such that for any f that is continuous on U and equal to g on dU, the formal
integral ( f, f) is infinite.

Exercises

1. Prove that the harmonic function u# and the function v of (1.9.2) satisfy the
Cauchy-Riemann equations.

2. Suppose that f : Q; — €25 is holomorphic and u : 2, — R is harmonic. Show
that u o f is harmonic.

3. Prove that if u is harmonic on the half-disk Dy = {z : |z| < 1,Im z > 0}, con-
tinuous on the closure of D, and vanishes on [—1, 1], then u can be continued
as a harmonic function to all of D, with u(2) = —u(z).

4. Fill in the details in the proof of Theorem 5.1.5.

5. Prove that the assumption in Theorem 1.7.2 that f is continuous up to / and
| f(z)] = 1 on I can be replaced by the weaker assumption that | f(z)| — l asz
approaches I. This is the Schwarz reflection principle, which plays a major role
in the study of conformal mapping.

6. Complete the proof of Theorem 5.1.1 by using the properties (i), (ii), (iii) of the
Poisson kernel to prove that u, (re’?) — f(e!) asr — 1.

7. Use the Cayley transform and its inverse to find a solution to the problem: u
harmonic in H, # = f on the boundary R, where f is a bounded continuous
function on R. What is the value of u at z = i?

8. Show that the boundedness condition in Lemma 5.2.3 can be weakened to
max{u(z), 0} = o(—log|z|) as |z] — O.

9. Show that the boundedness condition in Corollary 5.2.4 can be weakened to
lu(z)| = o(—log|z|) as |z]| — 0.

10. Suppose K C C is the union of finitely many disks. Show that the Dirichlet
problem is solvable for K.

11. Use Corollary 5.2.4 to show that the Dirichlet problem on the punctured disk
U = D\ {0} may not have a solution.

12. Suppose that pg is an isolated point of the boundary of a bounded domain. Show
that py is not a regular point.

13. (a) Suppose that 2 C Cisbounded and py € 2. Show (without using conformal
mapping) that there is a function u, harmonic in € \ {po}, such that
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u +log|z — pol
is harmonic near py.

(b) Show that if Q = C, then there is no such harmonic function. Hint: let .%
be the largest set of subharmonic functions in Q \ {po} that has the properties:
() ifu,v € & thenu v v € F; (ii) each harmonic regularization of an element
of .Z belongs to .7 (iii) if u € % then

u(z) +log|z — po| is bounded in a neighborhood of py.
(Here we take the branch of log |z — po| that is negative near py.)

(c) Prove (a) without the restriction on using conformal mapping.

Remarks and further reading

The Laplacian A = % + (,a—7 in R? has an obvious analogue in R”, and indeed in any
Riemannian manifold, and solutions of A = 0 are the associated harmonic functions.
For more on harmonic functions in R”, see Axler, Bourdon, and Ramey [13]. For
harmonic, subharmonic, and plurisubharmonic functions in one and several complex
variables, see Hayman and Kennedy [99], Hayman [98], and texts on several complex
variables, such as Krantz [125], Ohsawa [156], and Hormander [109].

Maximum principles for solutions of general partial differential equations are
treated by Protter and Weinberger [172] and Pucci and Serrin [173].



Chapter 6 ®)
General Riemann surfaces Creck for

In this chapter, we introduce the idea of an abstract Riemann surface S, construct a
simply connected covering surface for S, and derive some consequences.

An example is the Riemann sphere S = C U {00}, the one-point compactification
of C. The complex structure at oo is transferred from that of C by the inversion
z— 1/z.

Another example of a Riemann surface is any domain U in S: a two (real)-
dimensional manifold with a conformal structure. Recall that, by definition, a domain
U is connected. If U C C is also simply connected and omits at least two points, the
Riemann mapping theorem says that U can be mapped conformally to the unit disk.
If U omits only one point, then a linear fractional transformation with a pole at that
point maps U to C.

A third type of example is provided by the equation

Z4+w=1. (6.0.1)
This equation defines a complex curve C € C?:
C = {(z,w) eC?: 22+w?=1).

Note that as z — o0, the two choices for w are asymptotic to £iz. This suggests
considering an appropriate extension of C to a subset C C S x S. It can be shown
that C can be considered as a Riemann surface; it is equivalent to S.

Remark. The terminology here unfortunately conflicts with the common usage of
“curve” to refer to a map from a real interval into C, or into a Riemann surface, or to
the image of such a map. We rely on the context to make clear which use is intended.

As conceived originally by Riemann and Weierstrass, a Riemann surface was the
appropriate domain of definition of a possibly multiple-valued function f, extended
as far as possible by analytic continuation. This is connected to the third example,
with f(z) = «/z% — 1. The general intrinsic concept, due to Weyl [214], is treated
in Section 6.1.
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The remainder of the chapter leads part of the way to a general classification of
Riemann surfaces as quotients of S, C, or D by certain equivalence relations. The first
two steps are taken in Section 6.2. The first step is the construction of the universal
cover S” of a Riemann surface S. The second step is the identification of a group G
of automorphisms of S* that correspond to equivalence classes of curves in S that
have a fixed endpoint. Then § itself can be identified with the quotient '\ S* of S
by the equivalence relation induced by G.

In Section 6.3, we assume the uniformization theorem. This theorem, which is
proved in Chapter 7, says that any simply connected Riemann surface is equivalent
to one of D, C, or S. The relevance to the preceding discussion is that any universal
cover S* is simply connected. Therefore the group G can be taken to be a (certain
type of) group of linear fractional transformations. The possibilities when S* is C or
S are determined explicitly, and the much more variegated case S = D is discussed.

6.1 Abstract Riemann surfaces

An (abstract) Riemann surface is a set S provided with a conformal structure by a
collection of non-empty subsets U, such that S = | J U, and:

(a) for each index « there is a bijection ¢, mapping U, onto D;

(b) if U, N Ug is not empty, then Dog = ¢, (U, N Up) is an open subset of I and
¢g o ;! D,g — D is holomorphic;

(c) if p and g are two points of S, then there is a sequence Ue;, 1 < j <nsuch
that p € Uy,, q € Uy,, and Uy; N Uy,,, is notempty, 1 < j < n.

Assumptions (a) and (b) provide S with a topology: the open sets of S are the
subsets U with the property that each image ¢, (U N U,) is open in D. Assumption
(c) implies that S is pathwise connected: given points z, w of S, there is a continuous
curve that joins z to w. Note that a domain, i.e. a connected open subset U, of a
Riemann surface is a Riemann surface, using the intersections U N U,, that are not
empty to provide the complex structure.

Suppose that U C S is a domain. A function f : U — C is, by definition, holo-
morphic (resp. meromorphic) if each function f o ¢, ! is holomorphic (resp. mero-
morphic), where defined, on D. In particular, each coordinate mapping ¢, is holo-
morphic on U,. More generally, a map from U to a Riemann surface S’ is defined to
be holomorphic (resp. meromorphic) if g o f is holomorphic (resp. meromorphic)
on §’ for each g that is holomorphic on f(U) C §'.

The sets U,, are referred to as coordinate neighborhoods, and the mappings ¢,, as
coordinate charts or simply as coordinates. More generally, any holomorphic map
z that is defined on a simply connected open neighborhood U of p € § and maps U
injectively into C is said to be a coordinate at p, and U is said to be a coordinate
neighborhood.

j+1

As a first example, let us take the Riemann sphere S = C U {oo} = U, U Uy,
where



6.2 The universal cover 127
U =C, Uy = (C\{0})U{oo}.

with ¢1(2) = 2. $2(2) = 1/2. ~
As a second example, consider the curve C from the introduction to this chapter:

C ={zweCxC:z22+w? = 1}U{(00,00)} CSxS; 6.1.1)

see Exercise 1

The definitions, results, and proofs in Section 1.8 carry over immediately to Rie-
mann surfaces. In particular:

Theorem 6.1.1. If S is simply connected, f is holomorphic in some coordinate
neighborhood, and f can be continued along every curve in S, then f has a unique
single-valued extension to S.

Remark. With suitable modifications, we can define analytic continuation for mero-
morphic functions, and obtain an analogue of Theorem 6.1.1 for a meromorphic
function defined on a coordinate neighborhood. Note that the Riemann sphere S car-
ries no holomorphic functions, but carries many meromorphic functions: the rational
functions.

Two Riemann surfaces S and S’ are said to be equivalent if there is a holomorphic
bijection ¢ from S onto S’. As shown in Chapter 1 for the case of domains in C,
in local coordinates injectivity implies that the derivative of ¢ is non-zero and the
local inverse is holomorphic. Therefore the inverse map is also holomorphic, so this
is indeed an equivalence relation.

The uniformization theorem says that any simply connected Riemann surface
is equivalent to either the unit disk, the complex plane, or the Riemann sphere.
Note that these three surfaces are themselves inequivalent: see Exercise 2. This
theorem indicates the importance of the construction, for any S, of a simply connected
covering surface. The proof of this theorem is the subject of Section 6.2.

6.2 The universal cover

We begin with some remarks about curves in a Riemann surface S. Again a curve
in S is a continuous map y from a real interval I = [a, b] into S. The endpoints are
the ordered pair (y (a), y (b)). Two curves y; and y, are taken to be the same if they
differ only by parametrization: y; : I; — S and y», = y; o ¢, where ¢ is an injective
increasing map from /I, onto ;. Two curves y, and y; with the same domain / are
said to be homotopic if there is a continuous mapping y : I x [0, 1] — § such that

y(s.0) = »(@), vy D =n@k), sel.
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More generally, two curves are said to be homotopic if they are equivalent to a pair
of curves that are homotopic in this sense. In other words, two curves are homotopic
if one can be continuously deformed into the other. Canonical examples are curves
in the punctured plane S = C \ {0}:

@) = e »n®) =2 y0) =4+ 9 <.

Then y; and y» are homotopic in S, but neither is homotopic in S to y; — see Figure
6.1. We write y ~ ¥ if the curves y and ¥ are homotopic (in a specified domain),
and we write y = J otherwise.

Y2 M 73

Fig. 6.1 In C\ {0}, y» ~ yi1, but y» o y3.

In particular, any two constant curves, curves whose range is a single point, are
equivalent; this is a consequence of pathwise connectedness.

The equivalence classes of curves in a Riemann surface S can be given a group
structure. If y, starts at the (second) endpoint of y, then after a reparametrization, y;
followed by y; is a curve y; - y» from the first endpoint of y; to the second endpoint
of y,. If y is a curve, let y ~! denote the curve obtained by reversing the direction of
travel. Then y - y ! is homotopic to a constant curve; Exercise 4 It is easy to check
that (y1 - y2) - 3 ~ v1- (2 - v3) and thatif y; ~ p;, j = 1,2, thenyy - y2 ~ p1 - Y.
The equivalence classes form a (non-commutative) group, the fundamental group
H,(S); Exercise 5.

Suppose that S and S’ are Rieman surfaces. S’ is said to be a cover of S if there is
amapping 7 : ' — S with the property that 7 is holomorphic, and for each p € S,
there is an open neighborhood U of p such that 7 ~!(U) consists of disjoint open sets
each of which is mapped bijectively by 7 onto U. For example, Figure 1.2 shows a
portion of the domain of the logarithm as a cover of the punctured sphere C \ {0}.

By a lift of a curve y in S to a curve in a cover §’, we mean a curve y’ such that
7w oy’ =y om,as in the commutative diagram
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’

AN

1l

s L 8.

Lemma 6.2.1. Suppose that S’ is a cover of S and suppose that y is a curve in S
that begins at p. For each p' € = (p), there is a unique lift y' in S’ that starts at p'.

Proof: Suppose that y is parametrized by the interval [0, 1]. It is easily seen that for ¢
close to zero there is a unique such lift of the restriction of y to the interval [0, ¢]. Itis
also easily seen that the set of # such that y has a unique lift from [0, 7] to S is both open
and closedin [0, 1]. O

Lemma 6.2.2. If curves yy and y, in S are homotopic, and y;, y| are lifts to a cover
S’ that have the same starting point, then y; and y| are homotopic.

Proof: Let y;, 0 < s < 1 provide a continuous deformation from y; to y;. Then the
lifts y; to S’ provide a continuous deformation from y; to y; . ]

A universal cover of S is a cover §” that is simply connected. If S$* is a universal
cover of S, then it is a cover for any cover S’ of S. In particular, S* is unique up to
equivalence; see Exercise 6.

The notion of a universal cover, and the first constructions, go back to the work of
Schwarz, Klein, Poincaré, and others on understanding and classifying the Riemann
surfaces of algebraic functions. One line of attack is to build up from the original
surface by cutting and pasting. A first step is illustrated schematically in Figure 6.2.
Starting with a compact Riemann surface S of genus 2 (like the surface of a two-holed
doughnut), S is cut along one curve that is not homotopic to a constant. Two copies
of S are joined together along the two sides of the cut, to form a new surface S. Each
point of S, such as p in the figure, corresponds naturally to two points, such as p’
and p” in S. This can be done in such a way as to preserve conformal structures, so
that there is a two-to-one covering map 7 from S onto S. Similar constructions can
be carried out indefinitely, in such a way that the limiting manifold Sis no longer
compact, and such that curves like y that are are not homotopic to constant curves
in S become open curves in S. Thus, S is simply connected.

The more modern approach to the construction of a universal cover is simpler and
more conceptual.

Theorem 6.2.3. A Riemann surface S has a universal cover.

Proof: Fix a point pg in S. Consider the set S consisting of all pairs (p, y), where p
is a point of S and y is a curve from p, to p. We define an equivalence relation ~ in
the set {(p, y)} by
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Fig. 6.2 The construction of a two-fold cover.
(p, 1) ~ (p,y2) ifand only if y; is homotopic to y».

Let [p, y] denote the equivalence class of the pair (p, y). Let S* be the set of all
equivalence classes [p, y]. If p’ lies in a coordinate neighborhood U of p, any curve
from pg to p can be extended within U so as to reach p’. Extensions of two such
curves will be homotopic if and only if the original curves are homotopic. Therefore
we may sort the coordinate neighborhoods U of p into equivalence classes [U, y].
Each equivalence class [U, y] can be considered as a coordinate neighborhood U
of p, and any coordinate ¢ on U induces a coordinate on each [U, y]. This gives us
a covering of $* and a corresponding set of mappings ¢ that satisfy the properties
(a),(b),(c) stated at the beginning of Section 6.1; see Exercise 7. Therefore their union
S* is a Riemann surface. The map

w:lp,yl—>p, peS (6.2.1)

is a covering map.

Finally, we need to show that S* is simply connected. Let py be the equivalence
class of (po, o), where yy is the constant curve at pg. If y is a curve from pg to p,
denote by y’ the lift of  to S* that begins at py. Then ¥’ ends at [p, y]; Exercise
11. Suppose that y; is a closed curve in S* that begins and ends at [p, y]. It is the
lift to S, starting at [p, y] of the projection y; = 7 o y; in S. Moreover, | - Y’ is
the lift to S of y; - y. Since y{ - ¥’ and y’ have the same endpoint, it follows that
1 -y and y are homotopic. Therefore, y; -y - ¥~ and y - ¥ ~! are homotopic. The
former of these last two curves is homotopic to y; and the latter is homotopic to a
constant. Therefore the lift | is homotopic to a constant, and we have shown that
S* is simply connected. O

Suppose that S* is the universal cover of S as constructed. Choose a point pg of S.
We shall associate to each closed curve y starting at py a map of S* to itself. Given
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[p,yplin §¥, let
Ay(p,vpD) =[P, vp-v] (6.2.2)

Theorem 6.2.4. (a) m o A = 7.

(b) A, is an automorphism of S".

(c) If y is the constant curve at py, then A, is the identity map of S".
(d) A, = A,, ifand only if yi and y, are homotopic.

(e) A, has a fixed point if and only if A, is the identity map.

(f) Ay =ALA,.

Proof: (a), (c), and (f) are immediate from the definitions.

(b) Itfollows readily from the definition that A,, maps a a coordinate neighborhood
of [p, y, ] holomorphically to the corresponding coordinate neighborhood of [p, y,, -
71

(d) This follows from the fact that y; and y, are homotopic if and only if y; - y
and y, - y are homotopic.

(e) By (d) A,(p,yp]) =Ip,yp]if and only if y, and y, - y are homotopic,
which is the case if and only if y is homotopic to a constant, which implies that A, is
the identity map. Conversely, the identity map fixes every point of S“. O

The automorphisms A, are called cover transformations, or deck transformations
(from the German decken, to cover). A group G of automorphisms of a Riemann
surface S is said to be properly discontinuous if, given two compact subsets C;, C;
of S, the intersection g(Cy) N g(C»), g € G, is empty except for finitely many g.

Proposition 6.2.5. The group G of cover transformations of S* is properly discon-
tinuous.

Proof: Suppose that p; and p, are distinct points of S. Choose distinct connected
neighborhoods Uj, U,. Then U = (U ;) are disjoint open sets in S*, each of
which is invariant under G. The sets U ; themselves are unions of disjoint preimages
Ujq of U, and any element of G permutes these preimages. Therefore the intersection
under the action of an element of G on two such preimages is disjoint if they are
distinct, and is disjoint for all but the identity element if they coincide. The extension
to disjoint compact sets is immediate. O

As we shall see, Aut(S§") has a natural topology. A consequence of Proposition
6.2.5 is that no sequence of non-identity cover transformations can have the identity
transformation as limit:

Corollary 6.2.6. The group of cover transformations of S* is a discrete group.

The importance of the group G is that it allows S to be recovered from its universal
cover S*. In fact, G induces an equivalence relation in $*: two points are equivalent
if some element of G takes one to the other. The quotient space, often written as
G\ S, can be naturally identified with S: see Exercise 12.



132 6 General Riemann surfaces

6.3 Automorphism groups and cover transformations

We assume now the uniformization theorem of Chapter 7, so any simply connected
Riemann surface can be taken to be one of D = H, C, or S. As noted in Chapter 2,
in each case, the automorphism group is a subgroup of the group of linear fractional

transformations
az+b

cz+d

f@) = , ad — bc # 0. (6.3.1)

We may multiply numerator and denominator by 1/+/ad — bc and reduce to

az+b

———, ad —bc=1. (6.3.2)
cz+d

f@) =

This representation is still not unique: we can multiply both numerator and denomina-
tor by —1. In group theoretic terms, this means we are looking at SL(2, C)/{£1}, the
quotient of the group of 2 x 2 complex matrices divided by the subgroup consisting
of 1, where 1 is the identity matrix. This group is commonly written PSL(2, C).
It inherits a topology from C*.

Specifically, the results from Chapter 2 are the following.

Proposition 6.3.1. (a) The automorphism group Aut(C) consists of the affine map-
pings f(z) =az+b,a #0.

(b) The automorphism group Aut(S) consists of all linear fractional transformations
(6.3.1).

(c¢) The automorphism group Aut(H) consists of the transformations (6.3.2) with
real coefficients a, b, c, d and positive determinant.

In view of Theorem 6.2.4 and the remarks which precede it, we would like to
identify the candidates for cover transformations, as subgroups of the automorphism
group of I, C or S as the case may be.

Proposition 6.3.2. Ifthe universal cover S* of S is equivalent to the Riemann sphere,
then S* = S.

Proof: Any linear fractional transformation has at least one fixed pointin S. Therefore,
by Theorem 6.2.4, there are no non-identity cover transformations and therefore no
non-constant closed curves in S. Therefore the construction of S* simply gives a
bijection. O

Proposition 6.3.3. Suppose that the universal cover of S is equivalent to C. The
group of cover transformations, carried over to C, is generated by either one or two
translations z — z + b.
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Proof: Let G be the group of cover transformations. Every element of G is an affine
transformation f(z) = az + b. Such a transformation has a fixed point in C unless
a = 1. Thus, every non-identity cover transformation is a translation T,z = z + b,
b # 0. The group generated by a single translation is clearly discrete.

Suppose that @ has minimum modulus among the values b such that 7, is in G.
Let G, denote the subgroup generated by T,. Suppose that T}, is another element of
G. If b lies on the line through 0 and a, then some translate b’ = [T,]" (b) lies in the
interval from O to a. By the minimality assumption ' = 0 or b’ = a, so T} is in G,.

If G, # G, let b have minimum modulus among the ¢ such that 7 is in G \ G,
and let G, be the group generated by 7, and 7},. The image of O under G, , is the
lattice

AN = {ma+nb:m,n e} (6.3.3)

Translations of the parallelepiped
IM={ra+sb:0<r,s <1}

form a partition of C. Thus, given any point p of C, some combination of 7, and 7},
will move that point into IT, and further translation by (7, T;,)~' will move p into the
reflection —IT = {—z : z € I1}. In particular, any point ¢’ in the triangle with vertices
a, b, a + b maps to a point ¢” in the triangle with vertices —b, 0, —a; see Figure 6.3.

Suppose now that T, belongs to G. The preceding observations show that some
element of G, ;, will move c into a point ¢’ that lies either in the triangle with vertices
0, a, b, orin the triangle with vertices 0, —a, —b: Figure 6.3. The minimality assump-
tions on a and b imply that ¢’ or ¢ must be one of the vertices 0, ta, £b, so T, belongs
to Gy p- O

a+b

Fig. 6.3 Translation by —a — b.

Suppose, finally, that the covering manifold for S is the upper half-plane H. If
T is a linear fractional transformation with real coefficients, then the fixed points
come in complex conjugate pairs. Therefore the only candidates for non-identity
cover transformations are those whose fixed points are in R U {oco}. This is true of
the fixed points if and only if ¢ = 0 or (a + d)?> > 4; see Exercise 15. Beyond this, it
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is not easy to give a simple description of a covering group. Proposition 6.2.5 gives
a necessary condition. A subgroup of Aut(HH) is said to be Fuchsian if it is properly
discontinuous. Thus, any group of cover transformations is a Fuchsian group, with
the additional constraint that non-identity elements have no fixed points.

Conversely, it can be shown that any such group G is the group of covering
transformations of a Riemann surface S = G\H. The points of S are equivalence
classes of points of H, where two points z; € H are equivalent if and only if z, =
g(z;1) for some g € G, i.e. they belong to the same orbit of G. The proof is left as
Exercise 12.

Some standard examples of Fuchsian groups are Go = SL(2, Z), the group of
linear fractional transformations (2.1.1) having integer coefficients, and G, the sub-
group of G consisting of those transformations equal to the identity 1 modulo p, p
a prime, i.e.

b,c=0modp and a=d=1mod p or a =d = —1 mod p.

There are non-identity elements of G that have fixed points in H, but this is not the
case for the non-identity elements of G ,; see Exercise 17.

Exercises

1. Show that the curve (6.1.1) has a natural structure as a Riemann surface. Hint:

for each finite point (zg, wy), show that either ¢ (z, w) = e(z — zg) or p(z, w) =

&(w — wp) maps a neighborhood onto D; this leaves (0o, 00) to be considered.

Show that D, C, and S are inequivalent Riemann surfaces.

If y is a curve, show that y - ¥ ~! is homotopic to a constant curve.

If y1, y», y3 are curves, show that y; - (y2 - y3) ~ (Y1 - ¥2) - V3.

Fill in the details to prove that the equivalence classes of curves in a Riemann

surface S form a group.

Show that If $“ is a universal cover of S, then it is a cover for any cover S’ of S.

Show that §* is unique up to equivalence.

7. Show that the set of equivalence classes {[U, y]} introduced in the proof of
Theorem 6.2.3 has the properties (a), (b), (c) at the beginning of Section 6.1.

8. Show that the universal cover of the punctured plane C \ {0} can be taken to be
the upper half-plane H. Hint: start with the representation

Nk

o

(z:z=ré? r>0, 6cR}.

9. The universal cover constructed in Section 6.2 involves the choice of a point py.
Show that the choice of any other point as starting point gives rise to the same
equivalence classes and the same conformal structure.
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10.

11.

12.

14.

15.

16.

17.

18.
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(a) Suppose that S is a Riemann surface and f : § — C is a meromorphic
function. Show that f lifts to a meromorphic function fon the universal cover
S“ ie. fom :nof.

(b) Conversely, suppose g : S* — C is meromorphic. Under what condition is
g the lift fof a meromorphic function on S?

Prove that if y is a curve from pg to p, and y’ is the lift of y to S that begins
at po, then ¥’ ends at [p, y].

Suppose that G is the group of cover transformations of a Riemann surface S.
Show that the points of S are equivalence classes of points of S*, where such
points are equivalent if and only if they belong to the same orbit of G.

. Prove that for any fixed-point-free Fuchsian group G, the space G\H has a

complex structure such that the projection 7 taking z to its equivalence class [z],
is locally conformal.

Using Proposition 6.3.3, discuss the determination of the equivalence classes
of Riemann surfaces with universal cover C, where “equivalent” means being
related by a holomorphic bijection.

Verify that T € Aut(H) with real coefficients has no fixed point in H if and only
ifc=0o0r(a —d)?>2.

Verify that G ,, the subgroup of Aut(IH) consisting of transformations with integer
coefficients that are equal to 1 modulo the prime p, is a group.

Show that G, the subgroup of Aut(IH) consisting of transformations with integer
coefficients, has non-identity elements with fixed point in H, but G, does not.
Show that the group of conformal self-maps of a compact Riemann surface is
finite.

Remarks and further reading

The definitive formulation of the general concept of a Riemann surface, and the basic
theory of such surfaces, go back to Weyl [214]. There are many modern treatments,
e.g. Donaldson [56], Schlag [185]. Farkas and Kra [79] is particularly comprehensive.
Siegel [191], [192] has an efficient treatment of covering spaces and the basics of
automorphic function theory.



Chapter 7 ®)
The uniformization theorem Becit

This chapter is devoted to the proof of the uniformization theorem, and a discussion
of its consequences. The theorem says that a simply connected Riemann surface is
biholomorphically equivalent either to the unit disk D (or, equivalently, the upper
half-plane H), the complex plane C, or the Riemann sphere S. As shown in Chapter
6, every Riemann surface has a simply connected cover and is invariant under certain
automorphisms of the cover. Therefore the uniformization theorem opens the way to
a trove of information about general Riemann surfaces.

The first theorem of this type is the theorem known as the Riemann mapping
theorem: a simply connected domain U in C whose boundary consists of more than
one point is biholomorphically equivalent to the unit disk ). Riemann’s argument
assumed that U was a Jordan domain — a domain bounded by a simple closed curve
I' = 9D. On physical grounds, given a point py € U there should be a point poten-
tial g = g(p, po): a function harmonic in U \ {py} that vanishes on I" and has a
singularity like logr near py, where r(p) = |p — pol. Then g is the real part of a
function f that is holomorphic on U, and the function F = exp(— f) would map
U biholomorphically onto D. Riemann’s argument was not a proof; see Section 5.5.
However the idea can be made a proof by making more direct use of the solvability
of the Dirichlet problem: see Exercises 13 — 15.

The proof of the Riemann mapping theorem that is usually presented now looks for
F directly as the solution of a certain extremal problem. However one of the standard
approaches to the general problem goes directly back to constructing a harmonic
function u with a singularity — either like logr or like Re (1/z). The particular
version we follow in this chapter is known as the Perron method. In the case of a
singularity like log r, finding a harmonic conjugate v to # and exponentiating u + iv
leads to a conformal map onto . In the case of a singularity like 1/z, u + iv itself
leads to a conformal map onto C or S.

Sections 7.1 and 7.2 treat the hyperbolic case: §* = H, singularity like logr.
Sections 7.3 and 7.4 treat the remaining cases: parabolic ($* = C) and elliptic (§* =

S).
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7.1 Green’s functions and harmonic measure

In this section we deal with a simply connected open Riemann surface S. It is conve-
nient to introduce some terminology. If pg is a point of S, a coordinate map z defined
in a neighborhood U of py is said to be a standard coordinate at py if z(py) =0
and U contains the set {p : |z(p)| < 1} as a compact subset.. With z understood, we
let D, = D,(py),0 <r < 1,bethedisk {p : |z(p)| < r}. By a coordinate disk in S
we mean any such D,(pg) 0 < r < 1, always with the assumption that the closure
is compact in S.

A real-valued function u defined in an open subset U C S is said to be harmonic
if each point p € S has a neighborhood in which u is the real part of a holomorphic
function. This is equivalent to saying that for any coordinate disk D C U, there is a
real-valued function v such that # + iv is holomorphic in D. Any such function v is
called a harmonic conjugate of u.

As in the case S = C of Chapter 5, a real-valued function v defined in an open
set U C S is said to be subharmonic if for each coordinate disk D whose closure D
isin U, if u is harmonic in D and continuous on the closure, and v < u on 9 D, then
v <wuin D.

We are now in a position to carry over from Section 5.3 the concept of a Perron
family: a non-empty family .% of subharmonic functions such that

(a) if u and v belong to .# then so does the maximum u V v;

(b) if u belongs to .#, so does each harmonic regularization of u.

The first example that is of interest here is the following. Given pg € S, let the
family .% (po) consist of all non-negative functions «, subharmonic in the punctured
surface S" = S\ {po}, such that

(a) u(p) = 0if p is in the complement of some compact set K (that depends on
u);

(b) u(p) + log|z(p)| is bounded in a coordinate neighborhood centered at p.
It is easily seen that it if .% (py) is non-empty, then it is a Perron family. But we have

Lemma 7.1.1. For each py € S, the family .F (py) is non-empty.

Proof. Letzbeacoordinate centered at p, such that the closure of D (py) is compact
in S. Define

—loglz(p)|, if [z(p)| = 1;

u =
(p) 0, otherwise.

Then u belongs to .% (pg). O

Remark. The preceding concepts are conformally invariant: see Exercises 1 — 4.

If the supremum # of the Perron family .7 (py) is finite, then i is called a Green’s
Sfunction for S with pole at py, and is denoted g(p, po).
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Theorem 7.1.2. A Green’s function g(p, po) on S has the properties
(a) g(-, po) is harmonic on S\ {po};

(b) g(p, po) > 0.

(c) g(p, po) + log|z(p)| has a harmonic extension to a neighborhood of py, where
z is a standard coordinate at py;

(d) inf,{g(p, po)} = 0.

Proof. Property (a) is Perron’s principle, and property (b) follows from the fact that
u = 0 belongs to .7 (po), together with the strict maximum principle for —g(-, po).

(¢c) Let h denote the maximum value of g(p, pg) for |z(p)| = 1. Given p
with z(p) < 1, choose a sequence {u,} in .% (po) such that u, is nondecreasing
and u,(p) = g(p, po). Let v, be the harmonic function equal to u, + log|z| at
|z] = 1. By Lemma 5.2.3, u,, +log|z| <v, for 0 < |z| < 1. By Theorem 5.2.2,
the v, converge to a function v, harmonic for |z| < 1 and < g for |z| = 1. There-
fore v < v, where v is the harmonic function equal to g for |z| = 1. Moreover
v(p) = g(p, po) + log|z(p)|. Since p was arbitrary, g(-, po) + log |z] < v. Butalso
g(-, po) = v, s0 pg is a removable singularity.

(d) Let ¢ = inf, g(p, po) and suppose u € Z (po). By assumption, u <0 < g —
c outside some compact subset. Moreover u + log |z| is bounded in a neighborhood of
Ppo. We know that g 4 log |z] is also bounded near py. Therefore, foreache > 0, (1 —
€)u < g in a small enough neighborhood of py. Since g is harmonic and (1 — ¢)u is
subharmonic, this implies that (1 — ¢)u < u — c everywhere. Therefore (1 — ¢)g <
g — ceverywhere,soc = 0. |

If K is a non-empty subset of S having compact closure, let 57 (K) denote the
family of subharmonic functions u defined on S\ K such that 0 <u < 1, and u
vanishes outside some compact set. Letug = sup{u; u € 5 (K)}.Then0 < ug <1
onthe complement of K. If u ¢ is notidentically O or 1, then K is said to have harmonic
measure ug. Since ug cannot attain its supremum or infimum, it follows that in this
case 0 < ug < 1.

Lemma 7.1.3. If¥ # K| C K, and the closure of K, in S is compact, then
ug, |5\1<2 < ug,. (7.1.1)

Proof. Therestrictionto S \ K, of an element of 57 (K1) belongs to 77 (K>), which
implies (7.1.1). |

Lemma 7.1.4. If D, is a standard coordinate neighborhood of py and 0 < r < 1,
then up, is not identically zero, and has limit I as p — 9 D;,.

Proof. Choose r < s < 1 and define

log(s/|z(p)|
u(p) = log(s/r)
0’ p ¢ Da(pO)

, P € D,NDy;
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Then u belongs to (D) and u > 0 on Dy \ D,. Moreover, u(p) — las p — dD.
Butl > up, > u. O

The following is an easy consequence; see Exercise 5.

Corollary 7.1.5. If K has harmonic measure and K' C K has non-empty interior,
then K' has harmonic measure.

Proposition 7.1.6. Suppose that some coordinate disk D in S has harmonic mea-
sure. Then S has a Green’s function with pole in D.

Proof. Let D be D, (py) with respect to a local coordinate z. Choose 0 < r < s < 1
and let D, = D,(py), Dy = Dy(po). By Corollary 7.1.5, D, has harmonic measure
Uy.
Suppose that v belongs to the Perron family .% (pg). Let ¢ be the maximum value
forvonodD,. Thenv < ¢ = cu, on dD, and v = 0 at 0o, so
v < cu, onthe complement of D,. (7.1.2)
Now choose ¢ > 0 and consider

w = v+ (1+¢)log|z|] for |z] <s.

By assumption, v + log |z| is bounded as z — 0. Since ¢log|z| - —oo as z — 0,
it follows that the maximum of w is attained on d D,. Therefore, on 0 Dy,

c+ (1 +e)logr < cu,+ (1 +¢)logs,

SO

1
+e log z on d D;.

— Uy r

¢ =

Taking ¢ — 0 we get

-1
r‘nlax[v+10g|z|] < <1 —rnlaxu,) logi
zZ|=s z|=s r

on D;. It follows that sup v, v € {% (pg)} is finite for 0 < |z| < s, hence finite every-
where. ]

We shall want a partial converse.

Proposition 7.1.7. Suppose that S has a Green’s function g with pole at py and
suppose that D is a disk contained in the set

{z:0<e<|z(py| <7r < 1},

where z is a standard coordinate at py. Then D has harmonic measure.
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Proof. Each function v in  is bounded near d D, and on the complement of some
compact set, by the harmonic function g/m + ¢, where m is the minimum of g on
aD and ¢ > 0 is arbitrary. Therefore the supremum u is bounded by g/m + ¢. The
infimum ¢ of g/m is not attained, so there is some point p € S\ D where g/m is
< ¢&. Therefore each v is < 2¢ at p. It follows that the supremum u is < 2¢ at p and
therefore not identically 1. O

Theorem 7.1.8. Suppose that S has a Green’s function at a point py. Then S has a
Green’s function at every point of S.

Proof. 1t follows from Proposition 7.1.7 and Proposition 7.1.6 that every point in a
standard coordinate neighborhood of py is the pole of a Green’s function. Therefore
the set of points that can serve as poles of Green’s functions is both open and closed,
hence is all of the connected set S. i

Remark. The reason for the terminology “Green’s function” here is that if L is a
linear differential operator, a Green’s function for L is a function G such that

u(x) = / /Q G(x. Vo(y) dy

is a solution of Lu = ¢ (subject to some conditions at the boundary of the domain
of definition £2). In particular, for L = A, the Laplacian in R?, the Green’s function
is

—log|x —y]|

. X,y e R
2 ¥

Gx,y) =

7.2 Uniformization: the hyperbolic case

A Riemann surface that carries a Green’s function is said to be hyperbolic.

Theorem 7.2.1. (Uniformization, part I). If S is a simply connected hyperbolic
Riemann surface, then there is a conformal map of S onto the disk D.

Proof. Let g = g(-, po) be the Green’s function with pole at py, and let z be a
standard coordinate at py. By Theorem 7.1.2 (¢), g + log |z| is harmonic near z = 0.
Let hp, be a harmonic conjugate defined in Dy, with 4, (0) = 0. Define f,, for
|z| < 1by

Jro = zexp(=g —loglz| —ihy,).

This function is bounded near py and the exponential factor has a non-zero limit at
Po-

Given p # po, choose a standard coordinate at p, with py ¢ D(p). Let h be a
harmonic conjugate for g in D;. Note that /4 is unique up to an additive constant,
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so exp(g + ih) is unique up to a multiplicative constant of modulus 1. If two such
neighborhoods overlap, the second constant (say) can be adjusted so thatexp(g + i /)
is holomorphic on the union of the two neighborhoods. Similarly, if D;(p) and
D (po) overlap, then the modulus of the quotient f,,/f, is

zexp(=g —loglz| —ihy)| _
exp(—g —ih,) ’
so the quotient is a constant of modulus 1.
It follows that f},, can be continued along each curve in §. Since § is assumed to
be simply connected, the continuation is a single-valued holomorphic map f(p, po)
of S into . The next step is to show that f(p, po) is injective. Suppose that p; # po

and p # po. Set

f(p, po) — f(p1, po)

F(p) = T(f(p,po) = —
P Jp-po 1 — f(p1, po)

The linear fractional transformation 7 maps ID to itself, so F is holomorphic on S. Let
z be a standard coordinate at p;. Since F(p;) = 0, it follows that log F (p) ~ log |z|
near p;. Suppose now that v belongs to the Perron family . (p;) that defines g(p, p1).
Take ¢ > 0 and consider the subharmonic function

v+ (1+¢)log |F(p)l. (7.2.1)

Near p; this is similar to ¢ log |z|, so it has limit —co. But by assumption v vanishes
near 0o, so by the maximum principle

v+ (I+e)log|F(p)| < 0.
Taking the supremum over v € .% (p;) and letting ¢ — 0, we have

g(p, p1) +log|F(p)| = 0. (7.2.2)

Exponentiating,
[F(p)l < 1g(p, pD)I = |f(p, pDI.

But F(po) = —f(p1, po), so
|f(p1. POl = 1f(po, P
Since pg and p, are interchangeable in this argument,
Lf (po. pOI = 1f (P1. Po)I-

Then (7.2.2) gives
8(po, p1) +1og |F(po)| = 0.
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The left-hand side is a harmonic function of py, so by the strict maximum principle
it is constant, hence identically zero:

g(p, p1) tlog|F(p)| = 0. (7.2.3)

Now F(p) = 0when f(p, po) = f(p1, po), and (7.2.3) shows that this implies that
p = p1. Thus f(p, po) is single-valued.

‘We have now shown that f(p) = f(p, po) is a conformal map from S to a (nec-
essarily simply connected) subset of D. By the Riemann mapping theorem, there is a
conformal map from the image f (S) onto D. O

It follows from Theorem 7.2.1 that a simply connected open Riemann surface that
is hyperbolic, i.e. carries a Green’s function, also carries a non-constant bounded
harmonic function. In the next section we will have use for the converse.

Proposition 7.2.2. If S carries a non-constant real-valued bounded harmonic func-
tion, then S has a Green’s function.

Proof. Take u to be a harmonic function with supu = 1, inf u = 0, and use the proof
of Proposition 7.1.7 with u in place of g/m. O

7.3 An analogue of the Green’s function

We assume throughout this section that S is a simply connected Riemann surface
that is not hyperbolic, i.e. § has no Green’s function. Such a surface is said to be
parabolic if it is open, i.e. not compact. It is said to be elliptic if it is compact. As in
the case of conic sections, these can be thought of as limiting cases of the hyperbolic
case; see Exercise 12.

Proposition 7.3.1. If S is parabolic then:

(a) no coordinate disk in S has harmonic measure;

(b) S carries no non-constant bounded harmonic functions;

(c) for any non-empty compact subset K, the maximum principle holds in S \ K, in
the sense that if u is bounded above and harmonic in S \ K, then

supu(z) = limsupu(p).
p—dK

Proof. Parts (a) and (b) follow from Proposition 7.1.6 and Proposition 7.2.2. For (c),
as before we let 57 (K') be the Perron family consisting of subharmonic functions v on
S\ K,suchthat 0 <v < 1, visnotidentically 0, and v vanishes outside some com-
pact set. Suppose that u is harmonicin § \ K,0 < u < l,andlimsup,_, ;¢ u(p) = 0.
Then

lim sup[u(p) +v(p)] < 1, lim sup[u(p) + v(p)] < 1.
p—>90K p—00
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Therefore u + v < 1.1If K does not have harmonic measure, then v can be chosen to be
arbitrarily close to 1. Therefore u < 0, and we have proved the maximum principle for
S\ K. O

In place of a Green’s function — a harmonic function with a pole like log (1/r) in
some coordinate neighborhood of a point py — we look for a harmonic function on
S with a pole like Re (1/z).

We could take a corresponding Perron family to be the family of functions v
that are subharmonic on S \ {po}, vanish outside some compact set, and such that
v — Re (1/z) is bounded, where z is a standard coordinate at po. However it is far
from obvious that there are any such functions. Instead, the basic idea of the proof
is to construct a harmonic function with a singularity at a point py by working with
a family of functions defined outside successively smaller coordinate disks centered
at po.

Lemma 7.3.2. Let z be a standard coordinate at py € S. Given 0 < p < 1, there is
a unique bounded harmonic functionu, on S \ D, that is equal to Re (1/z) on 0D,

Proof. Inthe compact case, u,, is simply the solution of the corresponding Dirichlet
problem. If S is not compact, we let ¢4 be the family of subharmonic functions on
S\ D, that are continuous, bounded above by Re (1/z) at the boundary, and van-
ish outside some compact set. The supremum u, is harmonic and bounded above
by Re (1/z). On the other hand, ¢ contains the function v obtained by solving the
Dirichlet problem with value Re (1/z) on 9D, and 0 on 9D, extended to be zero
outside 0 Dy, so u, is continuous and has the correct boundary value on d D,,. Bound-
edness and uniqueness follow from the maximum principle for S \ D_,], applied to u
and to —u. O

The next sequence of lemmas aims to estimate the behavior of u, as p — 0,
starting with the oscillation on the circle |z| =r, p <r < I:

M(uy) = maxu, = minu,

Lemma 7.3.3. Let v be the solution to the Dirichlet problem on D with boundary

values
. 1 .
v(re"’) _ , 0<6 <m;
-1, m <0 < 2m.
Then
lv(r,0)| < c(r), whereco(r) < landco(r) = O(r)as r — 0. (7.3.1)

Proof. Since v(—z) + v(z) = 0 and v is positive for Re z > 0, it is enough to bound
v(z) for Re z > 0. The Poisson integral formula 5.1.6 here becomes
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N T 1—r2 1 —r? J
Vire )_E,/O. {1—2rcos(9—<p)+r2_1—2rc0s(9+g0)+r2} v
L (1 —r%)4rsinf sing J
_E/O (1—2rcos(@ —g) + (1 —2rcos@ + ) +r2 -

The integrand is bounded by 4(1 + r)r (1 — r)~> sin @ sin ¢. We also know from the
maximum principle that v(z) < 1 for Re z > 0, so integrating gives (7.3.1) with

(7.3.2)

co(r) = min{l,W}

(I—r)?
O

Lemma 7.3.4. Suppose that u is harmonic for ro < |z| < 1, continuous for ro <
|z| < 1, and constant for |z| = ry. Let

M, (u) = max u(z) — min uz), ro=r=<1L
Then
M,(u) <c@r)M(u), (7.3.3)

where c(r) = mcy(r), with ¢y given by (7.3.2).

Proof. Up to a rotation and multiplication by a constant, we may assume that
Mi(u) =1 and, for a given value of r, that the maximum and minimum values
of u(z) for |z| = r occur at complex conjugate points zy and z, respectively. The
function #(z) = u(z) — u(z) is harmonic in the intersection U of the annulus with
the upper half-plane, continuous on the closure of U, equal to zero on the lower
boundary and is < 1 on the upper boundary. See Figure 7.1.

Let v be the function of Lemma 7.3.3. Then v > 0 on the lower boundary of U,
so ¥ <vonU and (7.3.1) applies. O

20 e

e
<
—_

Fig. 7.1 The domain U.
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The next several lemmas are aimed at estimating the mean value and the oscilla-
tion, and therefore the size, of u, — Re (1/z). The goal is to show convergence of
u, —Re (1/z), as p — 0, to a harmonic function with the desired singularity at py.

We begin with Green’s identity for functions u, v that are smooth on the closure
of bounded domain U C § having smooth boundary:

d ad
/[vAu —uAvldm = / v—u —u—v ds, (7.3.4)
U U an n

where dm is the area measure, d/dn is the outer normal derivative, and ds is arc-
length measure on dU. If u and v are harmonic, this becomes

ou av
/ v— —u—|ds = 0. (7.3.5)
U an an

In particular, suppose that u is harmonic and v = 1, and U is an annulus, in a standard
coordinate, bounded by the circles |z| = r; < r; and |z| = r;. Then (7.3.5) implies

2 ou ) 2 ou )
f —(redo = / — (e do. (7.3.6)
0 ar 0 or
Lemma 7.3.5. The function u, of Lemma 7.3.2 satisfies
2
0 .
/ S ey do = o. (1.3.7)
0 Br

Proof. Suppose that D; C K, where K has compact closure and smooth boundary.
Then each point of 9K is regular, so D, has harmonic measure v in K, namely
the solution of the Dirichlet problem that is 1 on dD, and 0 on dK. Then (7.3.5)
specializes to

) ) & )
/ e, =/ y e g (138
aD, 8n al’l K L 3” an

By the maximum principle, u, < 1/p. Therefore (7.3.8) leads to

du, 1 av 1 av
—ds| < — —ds|+ — —ds
aD, on P |Jap, on o |Jakx on

We know that d D, does not have harmonic measure, so as we take larger sets K O K
the harmonic measures vk for d D, on K’ increase to 1 uniformly on K. Replacing

v by vk we find that 5
/ o ds = 0.
aD, on

For the standard coordinate z, thisis (7.3.7) atr = p.By (7.3.6), the integral in (7.3.7)
is independent of 7. O

A

. (7.3.9)
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Lemma 7.3.6. The mean value of u, over any circle {z: |z| =7r},0 <r <1, is
zero.

Proof. By (7.3.7),itis enoughto prove thisatr = p.OndD,,u, = Re (1/z), which
has mean value zero. O

Lemma 7.3.7. As p — 0, u, tends to a function u that is harmonic on S \ {po}, and
bounded on the complement of each neighborhood of po. Moreover in a standard

coordinate at py, .
lim |:u —Re —] = 0.
z—0 Z

Proof. By Lemma 7.3.4 applied to u — Re (1/z), the oscillation satisfies
1 1
M, (u —Re —) <c(r)yM,; <u —Re —) . (7.3.10)
b4 b4

Now M, (Re (1/r)) =2/r, and the maximum principle implies that M;(u,) <
M, (u,). Therefore

2 2
Mi(u,)— - <M, |u, —Re—
r Z

2
<c(r)M, <up — Re —)
z
<c@r) [Mi(u,) +2].
Choose r; so that c(r;) < 1. Then

Mi(u,) < 2C(:11—Jcr(il/)rl = Cy, (7.3.11)

independent of p < r;. Returning to Lemma 7.3.4, we see that by the scaling z —
z/r1 we obtain a standard coordinate at py, and a corresponding version of (7.3.3)
with ¢;(r) = ¢(r/r;) as the multiplier. Therefore for p < r < 1,

1 r r
M, \u,—Re-) <c|— )M {u,—Re—
Z rt Z

2r

<ca)|Ci+ —

r

= Cyci(r). (7.3.12)

By Lemma 7.3.6, the mean value of u, — Re (1/z) over a circle is zero. It follows

that | |
min (up —Re—) <0 < max (u,, —Re—).
|z|=r Z lz|=r Z
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Therefore (7.3.12) implies that

1
max u, —Re—| < Cre(r), (7.3.13)
7|=r z
and so
max |u, —uy| < Caci(r), p,p <r<r. (7.3.14)

lzl=r

By the maximum principle, (7.3.14) is also valid outside D,,. It follows that u,
has limit u as p — 0, uniformly on the complement of any neighborhood of p.
Moreover (7.3.13) and (7.3.14) imply that as r — 0,

max

|zl=r

1
u—Re—‘ = o(r), I‘nlax|up —u| = o(r). O
Z z|l=r

We are now in a position to complete the proof of the uniformization theorem.

7.4 Proof of the uniformization theorem, completed

We continue to assume that S is either parabolic or elliptic. We have established
that for each point py of S and each standard coordinate z at py, there is a function
u, harmonic in S \ {po}, bounded outside any neighborhood of py, such that u —
Re (1/z) has limit O at pg and liminf,_, ., u(p) = 0. For each point of S\ {po}
and standard neighborhood D; C S\ {po}, we may choose a harmonic conjugate
v, unique up to an additive constant, such that f = u + iv is holomorphic in D;.
The same is true in D (py), modulo the pole at py: choose w a harmonic conjugate
to u —Re (1/z) with v(0) =0, and let v=w + Im (1/z), so that f =u +iv is
meromorphic near py with expansion

1
f(p) = Shart. (7.4.1)

This function may be continued along any curve in S by adjusting the additive
constant along an overlapping chain of coordinate neighborhoods that cover the
curve. As in the hyperbolic case, simple connectedness tells us that, starting from
Di(po), f has a unique analytic continuation to all of S.

In the previous standard neighborhood of py we can take 7 = —iz as our standard
coordinate and construct the analogous function f, with an expansion

f(p)=;—+5z+.... (1.4.2)

We know that u = Re f is bounded outside each neigborhood of py. We do not yet
know that this is true of v = Im f and, therefore of f itself. The following proposition
settles this point.
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Proposition 7.4.1. Let f and f~ be the functions constructed above with expansions
(7.4.1) and (7.4.2). Then f — if is constant.

Proof. Near py we work in a standard coordinate chart. Since f and feach have
a simple pole at 0, it follows that if p is small enough, and p; € D,, then f takes
the value f(p;) exactly once in D,, and the same is true for f It will be useful to
choose p; so that we also have f(p) # f(pi) for p in the complement of D,,.

To accomplish this, choose M so that

Re f(p)l = M, [Ref(p)l < M, peS\D,,
and choose p; = z; = (1 +i)/e, where ¢ > 0 is small enough that
Re f(p)| > M, [Ref(p)l > M.

Therefore we also have f(p) # f(p1) and f(p) # f(p1)if p is in the complement
of D,. It follows that the functions

F(p) = (7.4.3)

Re f(p) — M

are holomorphic except for simple poles at p;, and vanish at 0. Therefore near p,
they have expansions

A ~ A ~
F(p) = ——+B+0(z—z1)), F(p)=——+B+0—z).
Z—21 -z
~ ~ (7.4.4)

Then G = AF — AF is holomorphic on S. On the complement of D,
C C

+ ~ ’
p1) =M  ReF(p)—-M

IG(p)| = CAF(PI+IF(PD) = ReF(

so G is a bounded holomorphic function on S, hence is a constant C;. Therefore
ALf(p) = F(pD]1 = ALF(p) = f(p) = CiLf(p) — fF(pOILF(p) — F(pD].

Since the left-hand side has at most a simgle pole at py, it follows that C; = 0. The
expansions (7.4.1) and (7.4.2) show that A = —i A, so

f(p) = if(p)+Lf(p1) —if(p)].

But the expansions (7.4.1) and (7.4.2) show that the term in brackets is zero. m]

Let us denote the function f with pole at pg by f(p; po) and the corresponding
function with pole at the point p; of Proposition 7.4.1 by f(p; p1)-

Proposition 7.4.2. The function f(p; po) is injective.
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Proof. Let F be the function of (7.4.3). Then F and f(p; p;) are both meromor-
phic in S with a simple pole at p; and bounded outside any neighborhood of p;.
Therefore F(p) = af (p; p1) + b, where a and b are constants. Since F is a linear
fractional transformation of f(p; po), it follows that f(p; p1) is a linear fractional
transformation of f(p; po). This is true for any p; in D,. Continuing this argument
along an overlapping chain of neighborhoods, we find that each f(p; ¢) is a linear
fractional transformation T = T, of f(p; po).

Suppose now that f(pi1; po) = f(p2; po). Choose T so that f(p; p2) =
Tf(p; po)- Then

S(p1ip2) = Tf(p1; po) = Tf(p2; po) = f(p2, p2) = o0.

But the only pole of f(p; p»)isat p2,so p; = p». O

Theorem 7.4.3. (Uniformization: the parabolic and elliptic cases) A simply con-
nected parabolic or elliptic Riemann surface is biholomorphically equivalent to C
or'S, respectively.

Proof. The function f(p; po) is an injective holomorphic map to an open subset U
of S. In the elliptic case the image must be compact, hence all of S. Otherwise, if f
omitted more than one point, then the Riemann mapping theorem would provide an
equivalence with the disk and, therefore, a bounded holomorphic function. Therefore
in the parabolic case f omits a single point @ € C. Then f(p) — a reaches every
z7€C,z#0,s0

1
g(p) = ,
f(p)—a
which vanishes at py, is an equivalence of S and C. O

Exercises

In the following exercises, S is a Riemann surface, U is a non-empty open subset of
S, and @ is a conformal map of S onto itself.

1. Suppose thatu : U — R is harmonic. Show that u o @~ is harmonic on @ (U).

2. Suppose that v : U — R is subharmonic. Show that v o @~ is subharmonic on
@ U).

3. Suppose that .% is a Perron family on U, Show that

uo®@ ' :ueF

is a Perron family on @ (U).
4. Given pg € S, show that

(uod™' 1 ueF(py) = F(@(py)).

5. Prove Corollary 7.1.5.
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Show that D has a Green’s function with pole at 0.

Show that H has a Green’s function with pole at i.

Given R > 0, show that there is a subharmonic function u# : C — R such that
u + log |z| is bounded for O < |z| < R and u is harmonic and positive for 0 <
|z] < R,u =0 for |z] > R.

Show that C does not have a Green’s function with pole at 0.

Show that C does not have any Green’s function.

Show that S does not have any Green’s function.

Show how elliptic and parabolic simply connected Riemann surfaces can be
treated as limiting cases of hyperbolic simply connected Riemann surfaces.

. Suppose that §2 is a Jordan domain in C with a barrier at each point of the

boundary I',and zy € £2.Letu : 2 — Rbe the solution of the Dirichlet problem
withu = —log|z — zp| on I".

(a) Show that the harmonic conjugate u* is single-valued in £2. Hint: §2 is simply
connected. Choose u™* with u*(z9) = 0.

(b) Show that f = exp(u + iu*)(z — zp) is a conformal map of £2 to D and
|f(z)] = las|z] —> 052.

(c) Show that f : £2 — D is conformal. Hint: f has a unique zero in £2.

(a) Suppose that £2 C C is an arbitrary Jordan domain. Show that for each n =
1,2, ... thereis a domain £2, C §2 whose boundary I, is a polygon contained
in a 1/n neighborhood of I" = 952.

(b) Show that there is a conformal map from 2 onto D.

Suppose that £2 C C is a domain whose boundary contains at least two points.
Use the results of the preceding exercises to show that there is a conformal map
of £2 onto D. (Note that we may assume that £2 is bounded: see the first step in
the proof of Theorem 2.4.1.)

. Exercises 12 — 13 of Chapter 8 show that any domain §2 € C whose complement

has two connected pieces, one bounded and one unbounded, can be mapped
conformaly to a unique open annulus A(1,7) = {z : 1 < |z] < r}. The purpose
of this and the following exercises are to prove a mapping theorem applicable to
plane domains with any connectivity.

Suppose that the complement of £2 C C consists of m disjoint connected sets,
21, ..., 82,, $2,, unbounded and the others bounded.

Continuing, using inversions, show that we may assume inductively that each
I'; = 9£2; is an analytic curve, and that I'| is a circle enclosing £2, with the usual
orientation.

Let zo be a point of §2 and let # be the harmonic function that is the solution of
the Dirichlet problem with value —Re (1/(z — zo) on 952.

(a) Show that u has a harmonic extension to a neighborhood of 9£2. Hint: use
analyticity of the I';.

(b) Let u* be a harmonic conjugate of u. Note that it may not be single-valued:
it may have period a; on I}, i.e. a gain a; as it is continued around [} in the
positive direction. Show that locally
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1
(z — z0)

u+int +

is holomorphic in £2 \ {z¢}, with a simple pole at z(, extends locally to be holo-
morphic in a neighborhood of 952, and has real part zero on 952.

With §2 as in Exercise 16, letu;, 1 < j < m be the harmonic function on £2 that
is the solution of the Dirichlet problem with value 1 on I'; and O on the other
TI'. As in Exercise 16 (a), each u; has a harmonic extension to a neighborhood
of 2.

(a) Let aji be the period of u; on I'. Prove that the homogeneous system

m

> hjajp =0, k=1.2,....m

Jj=1

has only the trivial solution all A; = 0. Hint: consider the real and imaginary
parts separately.
(b) Show that there is a linear combination of u™* above and the u; such that

m
WY Ajuj
j=1

has period zero on each [7.
(c) Show that

m 1

f:u+iu*+2kjuj+

j=1

Z—20

is single-valued and meromorphic in a neighborhood of £2.

Show that the function f of Exercise 18 is a conformal map of §2 onto the
complement of a set of disjoint horizontal slits {z : b; < Rez < ¢;,Imz = d;},
j=1,...,m.

Remarks and further reading

The formulation and proof of the uniformization theorem involved many of the
leading analysts of the late 19th and early 20th centuries, including Schwarz, Klein,
Poincaré and Koebe. This history is summarized, and an alternative proof is sketched,
in Abikoff’s Monthly article [2]; see also the discussion in §20 of Weyl [214]. Gray
[92] has a detailed history of the proof, with discussion of the work of the previously
mentioned authors as well as Osgood, Carathéodory, Bieberbach, and others. The
theorem is covered in most texts on Riemann surfaces; see the references at the end
of Chapter 6. Our presentation here mainly follows Ahlfors [7].



Chapter 8 ®)
Quasiconformal mapping Gzt

Conformal equivalence is a basic concept in complex analysis. In connection with
simply connected proper domains in C, it is very flexible, as shown by the Riemann
mapping theorem. But, for domains that are not simply connected, it is much more
rigid. As we shall see, twoannuli A; = {z : 1 < |z] < R;}, j = 1, 2, are conformally
equivalent if and only if Ry = R,. A more flexible, and very useful, concept is that of
quasiconformal equivalence. This chapter covers the basic theory of quasiconformal
mapping.

Section 8.1 introduces a general notion of a quadrilateral and the fundamental
concept of the module of a quadrilateral. This provides the basis for the definition of
a quasiconformal map in Section 8.2. Regular, i.e. C!, conformal maps are charac-
terized in Section 8.3.

Section 8.4 introduces ring domains, i.e. domains quasiconformally equivalent
to annuli. The importance of ring domains comes from their separation property —
separating the region surrounded by the ring from the region external to the ring.
Of particular importance are extremal ring domains, the subject of Section 8.5. An
extremal ring domain is one that has maximal module among all ring domains that
have a specified separation property. As shown in Section 8.6, results on such domains
are powerful tools for establishing such properties as Holder continuity of quasicon-
formal mappings.

The question of the relation of a quasiconformal map of the closed upper half-
plane to its restriction to the real line is treated in Section 8.7. Quasisymmetry,
quasi-isometry, and the Beurling—Ahlfors extension of a map of R — R to a quasi-
conformal map H — H are covered.

Section 8.8 deals with the existence of quasiconformal maps with given dilatation
via the Beltrami equation. The existence theory uses a special case of the Calder6n-
Zygmund inequality, which is proved in Section 8.9.

A principal motivation for the development of this theory was its use in the prob-
lem of finding a space of moduli to characterize Riemann surfaces — the subject of
Chapter 9.
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8.1 Quadrilaterals

By a quadrilateral in C, we mean a Jordan domain Q with four distinguished points
P1, P2, P3, P4 on the boundary, numbered in the positive direction and referred to
as the vertices of Q. The boundary arcs between p; and p, and between p3 and p4
are referred to as the “a sides” of Q, and the other two arcs as the “b sides.” As
a first example, consider the unit disk D with four such points designated on the
boundary. There is a unique conformal map in f € Aut(ID) that maps the ordered
triple (p1, p1, p3) to (—1, —i, 1). Then f(p4) is uniquely determined; see Exercise
1. This shows that the conformal class of such a quadrilateral can be parametrized
by a single real variable, e.g. Re f(p4). A second natural example is a rectangle,
with the usual vertices numbered in the positive direction from some choice of initial
vertex. Here, as we shall see, a natural parametrization of the conformal class is the
ratio of the a side lengths to the b side lengths.

We shall immediately broaden the definition to allow what can be thought of as
Jordan domains in the Riemann sphere. The principal example is H, with boundary
R U {00}, and vertices numbered in the positive direction. Usually, we shall take
these vertices to be (—1/k, —1, 1, 1/k), where 0 < k < 1. Given any quadrilateral
O(p1, p2, p3, P4a), there is a unique choice of k such that

O(pi1, p2, p3, pa) is conformally equivalent to H(—1/k, —1,1,1/k); (8.1.1)

see Exercise 2. The quadrilateral H(—1/k, —1, 1, k) can be mapped to a rectangle
with vertices —K, K, K + iK', —K + iK', for suitable K, K’ > 0, by the function

d¢

F = ; 8.1.2
N foJ(l—;Z)(l—kZ;Z) *1

see Exercise 3. In view of this, it is easily seen that any quadrilateral is conformally
equivalent to a rectangle, as illustrated in Figure 8.1.

a a

Fig. 8.1 A quadrilateral and a conformally equivalent rectangle.
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Remark. Because we have assumed a quadrilateral to be a Jordan domain, such a
conformal map to a rectangle extends to a homeomorphism (i.e. a continuous map
with continuous inverse) from the closure of Q to the closure of R. This is really
the necessary feature, so we may build it into the definition of a quadrilateral and of
maps between quadrilaterals.

Two rectangles with specified a and b sides are conformally equivalent if and only
if they are similar; see Exercise 5.

Proposition 8.1.1. Two quadrilaterals Q, Q' in C are conformally equivalent if and
only if the canonical images R, R are similar: a/b = a'/b'.

We have shown, in effect, that any quadrilateral Q has a canonical image with
vertices 0, a, a + bi, bi for some choice of a, b. We will also refer to a canonical
image of Q as a model of Q9 With Proposition 8.1.1 in mind, and abusing notation a
bit, we note that for a rectangle whose a-sides have length a and whose b-sides have
length b, the similarity class is determined by the ratio a/b. In general, the module
m(Q) of a quadrilateral Q is defined to be a/b, where a and b are the appropriate
side lengths of a model of Q. The module is, by definition, a conformal invariant.

By changing the numbering of the vertices of Q, we can convert to a quadrilateral
Q™ whose a-sides are the b-sides of Q. Clearly,

1
m(Q*) = ——. (8.1.3)
m(Q)
It is useful to have a second characterization of m(Q).
Proposition 8.1.2. For any quadrilateral Q,

L(p)?
m(Q) = su , (8.1.4)

" Ao)

where p runs through the non-zero functions that are non-negative on Q and have
finite integral

A(p) = f/ p(x +iy)dxdy,
[

and L(p) is the infimum of
Ly,(p) = / p(2)dz]|
¥

over rectifiable curves y that join the two b-sides of Q.

Proof: It is enough to pass to a model R with side lengths a, . Then

L(p) < /p(xHy)dx,



156 8 Quasiconformal mapping

bL(p) < //pdxdy,
R

and the Cauchy—Schwarz inequality gives

SO

b L(p)* < //ppzdxdy // dxdy = A(p)ab. (8.1.5)
R R

Thus, the expression on the right-hand side of (8.1.4) is < a/b = m(Q). Conversely,
returning to R with p = 1, it is clear that we obtain equality in (8.1.4). O

Remarks. The quotient on the right in (8.1.4) is unchanged if p is multiplied by a
positive constant. Moreover, equality occurs in (8.1.5) if and only if p is a constant
multiple of 1. Thus, the choice p = 1 is essentially the only choice that gives equality
in (8.1.4). As we shall see, this has important consequences.

It will be useful to check what happens if we split a quadrilateral into “vertical”
or “horizontal” strips.

Proposition 8.1.3. Suppose that the quadrilateral Q is divided into quadrilaterals
01, Q> by a curve k that joins the two a sides of Q. Then

m(Q) = m(Q1) +m(Q2). (8.1.6)

Equality holds if and only if the image of k in any model R of Q is a vertical line
segment.

Proof: It is enough, once again, to work directly with a model with side lengths a, b.
By the remark, we may work with p = 1. Let /; be the minimal distance from « to
the left side of R and /; the minimal distance to the right side of R. Then the area
Aj = A(Q;) is > [;b, with equality if and only if « is a vertical segment. Then

2 2 2 2
l l I +1 a
S T Rt BT B B
m(Q1) +m(Q2) A, + 5=t =
with equality if and only if « is a vertical segment. O

The assumptions of the following useful lemma are illustrated in Figure 8.2.
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o

-~ >

(0}

Fig. 8.2 Estimating the module of Q from below.

Lemma 8.1.4. Suppose that the quadrilateral Q is contained in a horizontal strip
of width B and the b sides of Q are separated by a vertical strip of width «. Then the
module of Q is > a/p.

Proof: Define p on Q to be 1 between the vertical strips and zero elsewhere. Then
L(p) > a and A(p) < af,som(Q) > o /ap. o

We say that a sequence of quadrilaterals {Q,} converges uniformly to a bounded
quadrilateral Q if for each ¢ > 0, n > n(e) implies that each a side of Q, lies in
an ¢ neighborhood of the corresponding a side of Q, and the same for the b sides.
Consequently, O, lies in an ¢ neighborhood of Q and conversely.

Theorem 8.1.5. [f the sequence of quadrilaterals Q, C Q converges uniformly to
the bounded quadrilateral Q, then

lim m(Q,) = m(Q).

Proof: Replace Q by a model and use Lemma 8.1.4 to estimate m(Q,,). ]

8.2 Quasiconformal mappings

We can now define the subject of this chapter. A homeomorphism f from a domain
2 ¢ Ctoadomain 2’ C Cis K-quasiconformal, K < oo, if for each quadrilateral
Q C £2 whose boundary in contained in §2,

m(f(Q)) < Km(Q).

In view of (8.1.3), this implies that also 1/m(f(Q)) <1/m(Q), so f is K-
quasiconformal if and only if for each such quadrilateral Q C £2,

1
% MQ) = m(f(Q)) = Km(Q). (8.2.1)
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Proposition 8.2.1. (a) If f is K-quasiconformal, so is its inverse.

(b) If f; is Kj-quasiconformal, j = 1,2, then fi o f> is K-quasiconformal, with
K < K|K,.

(c) If f is K-quasiconformal, then K > 1.

(d) f is 1-quasiconformal if and only if it is conformal.

Proof: (a) and (c) follow from (8.2.1), while (b) is obvious. The first part of (d) is
clear, since a conformal map preserves modules.

Conversely, suppose that f is 1-quasiconformal. It is enough to show that it is
conformal on each quadrilateral Q to f(Q), and by composing with conformal maps,
we may reduce to the case of a 1-quasiconformal map g that maps a model R to a
model R’. Since R and R’ have the same module, we may take R’ = R and assume
that the lower side of R is the interval [0, a]. Given 0 < x < a, let y be the vertical
segment from a to a + ib and let k = g(y). An application of Proposition 8.1.3
shows that « must also be a vertical segment — in fact the same vertical segment. Thus,
Re g(x +iy) = x. The same argument applied to horizontal segments implies that
Im g(x 4+ iy) = y. Thus, f, composed with certain conformal maps, is the identity.
It follows that f is conformal. O

We now pass to some consequences of the approximation in Lemma 8.1.4 and
Proposition 8.1.3.

Theorem 8.2.2. Suppose that the quadrilateral Q is mapped to a quadrilateral Q'
by a continuous map f that is K-quasiconformal on the interior of Q. Then f is
K -quasiconformal on Q.

Proof: Because of conformal invariance, we may replace Q and Q' by models R,
R’ with sides a, b and a’, b’. Let Rbea rectangle whose closure is contained in the
interior of R, with sides @, b. By continuity, we may assume that the image R’ is
contained in a vertical strip in R’ of width > a’ — ¢. By Lemma 8.1.4, the module

a —

b/

& ~
< m(R) < Km(R).
As R increases to R, this shows that a'/b' < K -a/b. O

Theorem 8.2.3. Suppose that a map f is continuous on a domain §2 and K-
quasiconformal on S2 \ v, where y is an analytic arc. Then f is K -quasiconformal
on S2.

Proof: From conformal invariance and the proof of Theorem 8.2.2, we may replace
any quadrilateral in £2 by a smaller quadrilateral. The smaller quadrilateral intersects
y in a finite set of disjoint analytic arcs. Thus, we may reduce the problem to two
rectangles R and R’, and we may reverse the viewpoint and take y’ in R’ to be analytic.
It is enough to remove subarcs of ¥’ N R’ one at a time. If such a subarc is contained
in a vertical line, then Proposition 8.1.3 allows us to remove that line and reduce
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the problem to consideration of each of the two resulting rectangles. Continuing this
process, we may remove all such arcs and assume that ' N R’ can be decomposed
into arcs that intersect each vertical line at most once. Passing vertical lines through
each endpoint of such an arc allow us to invoke Proposition 8.1.3 again, and reduce
to the case that y’ runs from one vertical side of R’ to the other.

Under this assumption, divide R’ into vertical strips R, which are divided into
parts Q’jl, Q’j2 by y. These are the images of Q i, Q> in R, with moduli m ;, m j>.
From Proposition 8.1.2

b? b?
A > I A > 2 (8.2.2)
mji Aji m;a Aj
where A;;, A, are the areas and b;y, b, are the shortest distances from y to the
horizontal sides of R. If the strips Q' are narrow enough, b3, + b3, > (b — €)%,
where a, b are the horizontal and vertical side lengths for R. Then (8.1.6) gives
2 2
L + L > & + bj2
mjp - mjp T Ay Ap

But also
1 1 1 1 < 1 1 )
-z —F—+—F === —+—,
m; m', mi, K \mj mjo
) A A
m. < K j1+Ajp
J (b _ 8)2
Therefore At A b
m' = m,» < K L /2 < K a s
which, in the limit, gives m’ < Km. O

As we shall see, quasiconformality, like continuity, is a local concept. We take
the maximal dilatation of a quasiconformal map f : 2 — £2’to be

K/ (2) = K(2) = sup m(f(Q) (8.2.3)
oce m(Q)
The maximal dilatation of f at a point p € £2 is
K¢(p) = inf{K(U) : U aneighborhood of p}. (8.2.4)

Both these concepts are conformal invariants.
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Proposition 8.2.4. If f : 2 — Q' is a K -quasiconformal map, then the maximal
dilatation satisfies

K(£2) = sup K(p). (8.2.5)
pES

Proof: Clearly, K ¢(p) < K¢(Q). To prove the converse, it is enough to consider the
case of a square §2. We want to show that there is a point p € £2 such that K ;(p) >
K (Q). Now £2 is the union of four disjoint subsquares and some line segments. In
view of Theorem 8.2.3, at least one of these subsquares £2; has K (£2) = K ;(£2).
Continuing, we get a nested sequence of squares §2, whose sides decrease by 1/2 at
each stage. The intersection (1) £2, is a single point p with K r(p) = K (£2). O

One more analogy of quasiconformal maps with conformal maps concerns con-
vergence.

Theorem 8.2.5. If{f,} is a sequence of K -quasiconformal maps from §2 to 2’ that
converges uniformly on each compact subset of 2, then the limit f is a homeomor-
phism, and is also K -quasiconformal.

Proof: Given a quadrilateral Q contained in a compact subset of £2, we may construct
a sequence of quadrilaterals Q, that converges uniformly to Q in the sense used in
Theorem 8.1.5. For large enough &, f;(Q,) is contained in f(Q). Passing to a
subsequence of {f,} and renumbering, we can obtain f,,(Q,) C f(Q). Since f is
uniformly continuous on Q, the f,(Q,) converge uniformly to f(Q). Therefore
Theorem 8.1.5 gives m(f,(Q,)) — m(f(Q)), and the inequalities

1
Em(fn(Qn)) = m(Qn) = Km(f,(Qn))

carry over to f. O

8.3 Regular quasiconformal maps

We say that a map f : 2 — 2’ is regular if it is an orientation-preserving home-
omorphism that is of class C 1 j.e. the coordinate functions have continuous first
partial derivatives. It will be useful to put this in terms of the complex derivatives of
(1.2.3) and (1.2.4). Suppose that

fx+iy) = ulx,y) +iv(x,y)

where u and v are real-valued and have continuous first partial derivatives. Let

i _ l(%_i%) g =2 _ l(%ﬂ%)

P=% =2 0z~ 2\ax "oy

Then some calculation shows that
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uy =Re(p+q), u, = Im(qg—p),
ve =Im(p+¢q), v, = Re(p—q). (8.3.1)

Some further calculation shows that the Jacobian of the map f,

Uy Uy

J =
f Ve Vy

= |pI* —lqI*. (8.3.2)

Since we are assuming that f preserves orientation, we have that |¢| < |p| at each
point of £2. Let us consider a uniform condition

a a
lg| = —]_C <kl|pl =k o in £2, (8.3.3)
0z 0z
where k is a constant, 0 < k < 1. We want to relate this condition to quasiconfor-
mality.
For this purpose we consider directional derivatives
of .. of » )
0y f = cosa— +isina— = e '“p+e'%g. (8.3.4)
ax ay

The dilatation quotient of the map f at a point z of §2 is defined to be

sup, |9a f (2)]

BTG

(8.3.5)

Let us compute the numerator and denominator, assuming p(z)g(z) # 0. Let 6 be
the argument of ¢/ p. Then (8.3.4) shows that

10 f ()| = |p +e*ql.

It follows easily that

_pl+lgl  1+1ql/Ipl

D, = = .
1@ = e T 1=l

(8.3.6)

Theorem 8.3.1. Suppose that f : 2 — 2’ is a regular map.. Then f is K-quasi-
conformal if and only if the dilatation coefficient D(z) is bounded. If so, then

K (2) = sup D; (). (8.3.7)

Proof: We show first that K < sup D(z). The dilatation quotient is a conformal
invariant, so we may consider a model rectangle R with side lengths m, 1 mapped by
g onto a model rectangle R’ with side lengths m’, 1, where g has dilatation quotient
< K at each point. By (8.3.2),



162 8 Quasiconformal mapping

1 1
J, = — > — 2 > — X 2'
¢ = (pl+1gDUpl—lg) = K(|p|+lq|) > Klg |

Therefore for the area of R’ we have

1 1 m
m = // Jodxdy > —/ </ |gx|2dx> dy. (8.3.8)
R K Jo \Jo

On the other hand m
w < / lge(x + i)l dx
0

since the integral is the length of a curve joining the b sides of R’, so

1 m 2 m
m' < — (/ g (x +iy)|dX) = / g (x +iy) | dx. (8.3.9)
0 0

The inequalities (8.3.8) and (8.3.9) imply that m’ < Km.

Conversely, by Proposition 8.2.4, to show that sup Df(z) < K, it is enough to
show that D;(z) < K;(z). Given z, let d, and dg be the directional derivatives
where

dof = Ipl+lql. dgf = Ipl—lql.

A calculation shows that these directions are at right angles. As before, we may
reduce to the case z = 0, and g(0) = 0, where g is the transplanted map, and we may
take d, = d,dg = d,. Then for sufficiently small ¢ > 0, ¢ R will lie in the domain
of the transplanted map g. For any z = x 4+ iy € ¢R,

g(x +iy) = g:(0)x + £,(0)(iy) + O(&?).
By assumption, g,(0) and g, (0) are positive, so for some constant ¢ the strip
cezgx(O) <x <g(0)e— ce?
separates the sides of g(¢ R), while
—ce? <Img(eR) < g,(0)e + ce’.

It follows from Proposition 8.1.4 that

g:(0)e —2ce?  |p|+1|q| — 2ce

eR)) > =
m(g(eR) = 8y(0)e + 2ce? Ipl — lg| + 2ce

= D,(0) + O(e)

Therefore D¢(z) < K ¢(2). .

Corollary 8.3.2. If f : 2 — $2' is a regular map with bounded maximal dilatation
K(£2), then
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1+k ()
K(Q2) = —— = .
) I e

8.3.10
T—% ( )

The following result could be deduced from Theorem 8.3.1 and earlier results,
but a direct proof is simpler.

Proposition 8.3.3. The dilatation quotient D ¢ (z) of a regular map f is the same as
the dilatation quotient of the inverse map at f(z).

Proof: Denote f(z) by ¢. The identity d¢ = pdz + qdz and its complex conjugate
can be solved for dz to obtain
pdl — qd¢
dz = P4 (83.11)
IpI* =14l

which implies the stated result. O

Remark. The inequality D (z) < K holds if we simply assume that the K-quasi-
conformal map f is differentiable at the point z. The proof is the same as in the proof
of Theorem 8.3.1, with o(¢) in place of &2 in the remainder terms.

8.4 Ring domains

By a ring domain we mean a bounded domain B, the complement of whose closure
consists of one (non-empty) bounded component and one unbounded component.
For a suitable choice of ry, r, there is a conformal map of B onto an annulus

A= A(r,rn) ={z:0<r <|zl <r <ool; (8.4.1)

see Exercises 12 — 14. The annulus A is called a canonical image of B. The annulus
A itself is, up to the segment [, 1], the bijective image under the exponential map
of the rectangle

R = R(ri,rn) = {(x+i0) : 0 <6 <2m, logr; <x <logr}. (8.4.2)

Note that we are considering the segments with fixed  to be joining the a sides of
this rectangle, so the identity in Proposition 8.4.1 below takes the opposite form from
Proposition 8.1.2.

The rectangle has module m(R) = log(r,/r;)/2mw. We follow custom and nor-
malize by setting

m(B) = log 2. (8.4.3)
r

Note that if A = A(ry, rp) is the canonical image of B, then

" rdr 1 dxdy
B) = — = — —_—. 8.4.4
B / 72 T ox //A 22 @49
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We have the following analogue of Proposition 8.1.2:

Proposition 8.4.1. The module of a ring domain B is

A(p)

m(B) = ;lpf Tor

(8.4.5)

where p runs through the non-zero functions that are non-negative on B and have
finite integral

A(p) = f/ p(x +iy)dxdy,
B

and L(p) is the infimum of
Ly(p) = f p(2)ldz|
¥

over closed rectifiable curves y in B that separate the two components of the com-
plement of B.

Proof: 1t follows from the remarks above that there is a conformal map g from a
rectangle (8.4.2) onto B, minus an analytic arc.

If y is a curve as above, then ¥ = y o g is a curve that joins the b sides of
R, and conversely. With the convention that for { = u 4+ iv € R we have g(¢) =
z=x+1iy e B, then|dz| = |g'(¢)||d¢| and dx dy = |g'(¢)|>du dv. Thus, if we set
5(0) = p(f(©))]g'(@)], then

/ﬁ(;ﬂdu _ /p<z>|dz| ff P dudy = // (@) dx dy.
8

Therefore (8.4.5) follows from (8.1.4) applied to R. O

Remark. In the notation of the previous proof, equality holds in (8.1.4) only if 7 is
constant. Thus, for equality we need p(z) = 1/|g'(@)|. If f : 2 — A(ry, rp) is the
canonical map, then g is the inverse of log f, so 1/|g'| = |f'|/1f].

The next result gives another upper bound for the module of a ring domain.

Proposition 8.4.2. If B is a ring domain that encloses the origin, then

dxd
m(B) < Z// r;zy. (8.4.6)

Equality holds if and only if B is an annulus centered at the origin.

Proof: We use the notation of the proof of Proposition 8.4.1. Thus, g : R — B and

dxdy Igl2
// 2 fR|g|2 4.7
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Now for fixed u, the integral of g’/g is the change in the argument of g(u, -), so

27/
f CACTRDIN (8.4.8)
o &u,v)
Therefore
/ —dudv = 27 log — = 2m m(B). (8.4.9)

But also, by Cauchy—Schwarz,

g 2
‘/ =dudv
R 8

Combining (8.4.7), (8.4.9), and (8.4.10), we obtain the inequality (8.4.6).

Suppose equality holds in (8.4.6). Then equality holds in (8.4.10). This implies
that g’/g is constant. In view of (8.4.8), the constant is 1. Therefore g(¢) = ¢ + c.
Recall that g is the inverse of log f, where f : B — R. Therefore

g’
< =2 _dudv-2mm(B).. (8.4.10)

r 1817

C 2

f(@) = exp(z —¢c) = e ‘€,

so B is the image under dilation by ¢~ of the annulus R. O

Corollary 8.4.3. If B is a ring domain that encloses 0 and {B,} is a sequence of
disjoint ring domains contained in B that enclose 0, then

> m(B,) < m(B).

Moreover, if B is an annulus centered at the origin, then equality holds only if the
B, are also annuli centered at the origin, and their union is dense in B.

In particular, the module of ring domains that enclose the origin is strictly increas-
ing with respect to set inclusion.

Let us look at the connection with quasiconformal mapping.

Proposition 8.4.4. If f is a homeomorphism from a domain $2 onto a domain 2,
then f is K-quasiconformal if and only if for each ring domain B C £2,

%m(B) < m(B) < Km(B), B = f(B). (8.4.11)

Proof: Suppose that f is K -quasiconformal and B C £2 is aring domain with image
B’. We may pass to the canonical image and assume that B is an annulus A =
A(ry, r2). Removing the segment (r1, r;) from A leaves two quadrilaterals Ay, Aj.
Taking the logarithm gives rectangles with modulus 27 /m(B). The images B; =
f(A;) are disjoint quadrilaterals in B’, so
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B A m(BY < K[m(A) +m(A)] = K-
m(B,)—m )+ m(By) < K[m(A) +m(Az)] = m(B)

so m(B)/K < m(B’). The other inequality in (8.4.11) follows, since f~! is also
K -quasiconformal.

The converse may be proved by reverse engineering: given a quadrilateral Q,
divide Q (minus an analatic arc) into two quadrilateral Q; with half the module, and
use the canonical images to map conformally to a ring domain. Then use (8.4.11) to
prove that

%m(Q) < m(Q) = Km(Q). o (8.4.12)

8.5 Extremal ring domains

We consider now a question studied by Grétzsch [94]: what is the maximum module
of a ring domain that separates a Jordan curve y from two distinct points that lie on
one component of the complement of y. By a conformal map of the component that
contains the two points, we may assume that y is the boundary of the unit disk D and
that the two points are 0, 7, 0 < r < 1. Grotzsch showed that the maximal modulus
is attained by Grotzsch’s extremal domain: the complement in the unit disk of the
segment [0, r].

As we shall see, questions of this type are important for the understanding of the
possible behaviour of a quasiconformal map. Questions about the extend to which a
K -quasiconformal map can change the distance between two points can be attacked
by looking at separation problems of this type, and using the maximum modulus of
a separating ring in order to calculate an upper bound to the distortion or to a Holder
continuity norm.

Fig. 8.3 Grotzsh’s extremal domain.

In order to consider the domain in Figure 8.3 as a ring domain, we need to extend
the definition to allow the complement of the domain to consist of sets that may
have empty interior. Specifically, we allow any domain By, that is the union of an
increasing sequence of ring domains {B,}, and take m(Bo) = lim,_, oo m(B,).
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The following result is known as Gréotzsch’s module theorem:

Theorem 8.5.1. The domain B indicated in Figure 8.3 has the greatest module of
any ring domain that separates the points 0 and r, 0 < r < 1, from the unit circle
aD.

Proof: Consider Q, the upper half of B, as a quadrilateral with vertices (0, r, 1, —1).
Given R > 1, consider the upper half of the annulus A(1, R) to be a quadrilateral
Qg with vertices (1, R, —R, —1). There is a unique conformal map f of B onto
Qr that takes the ordered triple (0,7, 1) to (1, R, —R). If we choose R so that
m(Qg) = m(Q), then the map takes —1 to itself, and thus is a conformal map from
QO to Qp as quadrilaterals. Extend f to D by reflection across the real axis. This
conformal image has the same modulus, so R = e*, u = u(B). Now suppose that
y is any curve that separate O and r from the unit circle. Then the portions of y in
the upper and lower halves of the disk must meet both intervals (—1, 0) and (r, 1),
so the length of f(y) is at least 27r. The result follows from Proposition 8.4.1 and
the remark that follows it. O

The module of Grotzsch’s domain B = B(r) is commonly denoted by . (r).

We turn next to three similar problems, in the formulation given by Ahlfors [5].
Consider a ring domain A in the plane whose complement consists of a bounded
region C; and an unbounded region C,. What is the maximum modulus of A in the
three cases?

L (Grotzsch) C; =D, C, = {R}, R > 1.

In this case inversion z — 1/z sends the problem into the one in Theorem 8.5.1 with
r = 1/R and extremal domain

By = {z : |zl > 1, z ¢ [R, 00)}.

Therefore the module m;(R) = u(1/R).
II. (Teichmiiller) C contains —1 and 0; C, contains a point P > 0.

III. (Mori) C; ND contains two points z;,z, with 2> |z — 22| = A > 0, C,
contains the origin.
In case III there is an automorphism of the closed disk that moves {z;, z»} to a pair of
points {w, w} with Rew < 0 and |w — w| = A; see Exercise 17. Therefore we may
assume this configuration.

Extremal domains for these three cases are shown in Figure 8.4.

Theorem 8.5.2. (Teichmiiller) The extremal domain for Question Il is By in Figure
8.4. The module is

m(P) = 2m, («/P+ 1) - 2u< (8.5.1)

)
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By By

1 R =1 0 P

+
+
>
—
E

Fig. 8.4 Extremal domains of Grotzsch, Teichmiiller and Mori.

Proof: Consider the circle I" with center —1 and radius p > 1. Reflection through
this circle maps 0 to p? — 1. Therefore if we choose p = /P + 1, I' separates the
plane into two components, each of which is conformally equivalent to Grotzsch’s
domain in Figure 8.3, with r = 1/p. Map one of these components conformally
onto an annulus centered at the origin. Reflection maps the other component onto
an annulus centered at the origin, so altogether B;; is mapped conformally to the
union of these two annuli, together with the circle that separates them. By Corollary
8.4.3, the module of the union is the sum of the moduli, which is 2u(1/+/P + 1).
This proves the statement about the module m; (P).

To show that Bj; is extremal, suppose that A is a ring domain that separates {0, 1}
from P > 0.Let f be the conformal map of B;; onto the annulus that was constructed
in the previous paragraph. As in the proof of Theorem 8.5.1, we conclude that the
module of A is at most m;(P). m]

Teichmiiller considered the general problem of a ring domain that separates two
distinct points of the sphere S from two other distinct points. We may normalize
and consider the case of separating {0, z;} from {z2, co}. The proof depends on two
results from Chapter 4.

Theorem 8.5.3. If the ring domain A separates 0 and z, from z, and oo, then

|z1]
A 2 e e 8.5.2
mA) = M(Jilmlﬂzzl) 8>-2)

Proof: Let C; be the component of the complement of A that contains {z,, oo} and let
¢ be the conformal map from the complement £2 of C;, onto D, for which ¢(0) = 0
and ¢(z1) = ¢ > 0. Then the function

4|z2le(2)

8@ =~ 0p

maps §2 conformally onto the plane, slit along the real axis from |z;| to co. The
domain A is mapped onto a ring domain A’ that separates |z;| and oo from 0 and

g(z1),
4|221¢1

g(z1) = “a-o)2
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By Theorem 8.5.2,

/ —48(21)
A) = A = — 2= ). 8.5.3
m(4) = m(A") “(*/—g(z1>+|zZ|> (8.5.3)

Now p is a decreasing function, so we want to show that —g(z;) > |z;|. Applying
-1

the Koebe distortion theorem, Theorem 4.1.7, to ¢ ™", we get
—1y/
= -1 < w 8.5.4
al = o7l s S (8.5.4)
By Koebe’s one-quarter theorem, Theorem 4.1.4,
@™ (O)] < 4lzl. (8.5.5)
The inequalities (8.5.4), (8.5.5) give the desired inequality —g(z1) > |z;]. m]

We turn now to Mori’s problem.

Theorem 8.5.4. (Mori) The extremal domain for Question Il is By in Figure 8.4.
The module is

1 2 4 /4 —22)?2 442X 4 =2
min () = Smi (Hk—z)> = m;(*/ + I*/ ) (8.5.6)

Proof: Let A be aring domain that separates {z, zo} from 0. The idea of the proof is
to convert this to case (II).

There are two single-valued branches of the square root, +./z, defined in the
complement of the unbounded component C,. The pre-image in the { plane of
C, separates the two components of the pre-image of C;. We choose square roots
{1 = 4/z1 and &, = /Z,. Let ¢ be the linear fractional transformation

{+8 a+o
(=0 -8

) =

and letu = (1 + £2)/(52 — ¢1). Then
e(=¢) =0, (=) = =1, @) =00, @) = —u’.

A simple calculation shows that 1 is imaginary, so —u> > 0. Also

@+ atnt200
u = = .
(=g 21— 22

(8.5.7)

Since
122+ 2117 = 2(2l* + 1211 — 2o —z1)* < 427, (8.5.8)
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it follows from (8.5.7) that
2+ 44— 22

lul <
A

Therefore the ¢ plane corresponds to case II, with

2
(2+«/4—x2)
P =—u>< — (8.5.9)

Equality holds in (8.5.8) if and only if |z1| = |z2| = 1 and |z — 21| = A. Note
that in this case the £=¢; all lie on the unit circle, so their images under ¢ lie on R.
Therefore ¢ maps the circle to R. For equality to hold in (8.5.9) we need

241z + 22l =24+ V4= 22 = (G + o)
=zl + |22l + 8152 + ¢80

This is only possible if z; + z» and the term ¢, &> and its conjugate all lie on the same
line, which must be R. This, in turn, implies that z; = Z, and that each of the other
terms is +1, according to the sign of z; + z». If A = By;; and we take ¢} = —2»,
then all these conditions are fulfilled, equality holds in (8.5.9), and the image of A
is By;. Therefore m; is extremal for Mori’s problem and

1
mp(A) = zmu(P);

Q2+ VA-)? (VA+ 2+ VA =207
- 22 - 22 -

P 1.

In view of (8.5.1), this proves (8.5.6). O

One standard notation for the modules of these domains is used in Kiinzi [127].
With our normalization of ring modules, it is

m(B;) = log ®(R); (8.5.10)
m(By;) = logW (P); (8.5.11)
m(Byr) = log X (). (8.5.12)

The module calculations above can be translated into relations for these functions:
w(P) = [@(VP+D];  [@R] = ¥(R*—1) (8.5.13)

and

21 VETR 4P
X =vyvy|{— ], vP) =X . 8.5.14
*) ( . ) (P) (m) (8.5.14)
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Another such relation is obtained by noting that
1 1y 1 1 1\’
vo =5 (+1)-3 =30 %)

is a conformal map of the complement of the Grotzsch domain B; onto the Teich-
miiller domain B;; with P = %(\/E -1/ V'R)%. Therefore

_ 2
DdR) = V¥ (M) (8.5.15)
Together with (8.5.13), (8.5.15) implies
2
d(R) = |:<15 (? + ﬁ)] . (8.5.16)

This last identity can be converted to a functional equation for Grotzsch’s module

function pu:
2JF
1+ r> '

u(r) = 2,u< (8.5.17)

This can be written in an equivalent form by solving r; = 2./r/(1 + r) for r:

1 (1 —+1-r2)2
r
Estimates of w(r) are important.
Proposition 8.5.5. For0 <r <1,
14+ +1—1r2)? 4
log LEVEZTT ) < log 2 (8.5.19)
r r

Proof: The function ¢(z) = (k —z)/(kz — 1) is an automorphism of ID that takes
[0,r]to [k, k]ifk=(1—+1—=r2)/r. Thenk ' = (1 + /1 —=7r2)/r,s0 Y (2) =
k~'¢(z) maps B, conformally onto B’, the complement of [—1, 1] in the disk D (0),

where
1++/1—7r2

r

R =k"'=

The function x (z) = (z +z~')/2 maps the annulus A = A(1, p) conformally onto
the ellipse E, with semi-axes (p + p~1/2, slit along [—1, 1]; see Exercise 19. This
ellipse contains B'if p — p~! > 2R, whichistrueif p = 4/r. The ellipse is contained
in B"if p + p~! < 2R, and since 1/(2R — r) < r, this is true if
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(A4 V1T =722

p =2R—r
,
Since w(r) = m(B’), these considerations give us (8.5.19). m]
Corollary 8.5.6. The module u satisfies
4
ur) ~log— asr—0. (8.5.20)
r

We conclude this section with an exact formula for (7).

Proposition 8.5.7. For0 <k <1, let

1 dé-
K(k) = . 8.5.21
= | = (®320
Then
 r KW1—r?)

Proof: As in the proof of Theorem 8.5.1, we begin with the map f from Q, the
upper half of D, to the upper half of the annulus A(1, /), where u = u(r), that
takes (0,7, 1, —1) to (1,e*, —e ™). Let g = e ™ f, so g maps Q to the annulus
A(e™, 1). Then g can be continued across the upper boundary of Q, giving a map
of H onto the annulus A = A(e™", e*); see Figure 8.5.

Q

o r 1 en 1l e
Fig. 8.5 Mapping the upper half plane to A(e™*, e/).

Thus, A is the image of H considered as a quadrilateral R(0, r, 1/r, 00). The
image A has module 2u(r) /7, so

u(r) = %m(go. (8.5.23)

For z € Hi, let

G(o) = fz dt
/A=A =r 1)
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As in the discussion in Exercise 3, G maps Q; to the rectangle
RO,G(r),G(r)+iG(/r),iG(/r)). (8.5.24)
The function ¢(z) = (1 4+ r~!)z(z + 1)~ is an automorphism of H that maps Q,
to 0> = R(0,1,1/r, 00). As in Exercise 3 again, for 0 < k < 1, the function

ro = [
Do JA—E)(1 - kE?)

maps Q- to the rectangle

03 =R, F(1), F(1) + i F(1/k);
=(0,K,K+iK',iK"), (8.5.25)

where K is defined by (8.5.21) and

1/k d%-
K’ .
1 VET=D(A - k%)

The change of variables x — +/1 — k2x2/+/1 — k2 shows that

K'(k)y = KKk, kK = v1—k. (8.5.26)

Therefore the rectangles (8.5.24) and (8.5.25) will coincide if we take k' = r, so
k = +/1 —r%. Then

KW=

m(Q) = m(Q2) = m(Qy) = —p

)

so (8.5.23) gives (8.5.22). O

Corollary 8.5.8. For 0 <r <1, u(r) is a continuous decreasing function of r.

Combining (8.5.21) with (8.5.18), taking = 1/+/2, we find that

<i) =z (8.5.27)
m 5) =7 5.

The formula (8.5.22) gives an alternative way to derive the functional equation
(8.5.17) and asymptotics like (8.5.19). For the functional equation, see Exercise 20;
for asymptotics, see Exercises 21 —23.
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8.6 Distortion properties and Holder continuity

Our first application of the results in Section 8.5 is to circular distortion.

Theorem 8.6.1. Suppose that f is a K -quasiconformal homeomorphism of C, and
f(0) = 0. Then there is a constant c(K) such that for eachr > 0,

sup, | f(re’?)|

AT c(K). (8.6.1)

Proof: For a given r, let z; and z, be the points on the circle of radius » centered
at 0 at which f attains its minimum and maximum values, respectively. Let A’ be
the annulus A(|z1], |z2]), and let A = f~'(A’). Then the annulus A separates the
set {0, z;} from {z,, oo}. Theorem 8.5.2, the monotonicity of the function u, and
(8.5.27) imply

m(A) < 2M<LZ2|) < 2u (L) —
- 2(lz1l +1z2D) /) V2
Therefore m(B’) < K, and we may take c(K) = X" in (8.6.1). m]

In the remainder of this section we investigate properties of K-quasiconformal
maps from D to D. The culminating result is that such a map has a strong uniform
continuity property.

Proposition 8.6.2. Suppose that f is a K-quasiconformal map from D into itself,
such that f(0) = 0. Then for z € D,

1f(@)] < ex(zl), where px(r) = ™' (u(r)/K). (8.6.2)
Proof: Slit the disk along the segment from O to z. The slit disk has module 1(|z]),

and its image under f has module < u(|f(z)|). Therefore

n(z) < K u(f(@D,

which is (8.6.2). o

It can be shown that equality in (8.6.2) can be attained if f(ID) = D); see Exercise
24,
The next step is to estimate the distortion function ¢k .

Proposition 8.6.3. The distortion function ¢k satisfies

px(r) < 417VE UK (8.6.3)
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Proof: Suppose 0 < r < r’ < 1. The Grétzsch domain B, contains the annulus A =
A(r/r’, 1) and the ring domain

R = {z : |zl <r/r'}\[0,r].
Since dilation by r’/r maps R onto B,, it follows that
r
m(A) +m(R) = log (=) +u() = uir),

or
log(1/r) — pu(r) < log(1/r") — pu(r').

But (8.5.19) shows that log(4/r) — u(r) is positive for 0 < r < 1, so

1 4 4 /
— |:10g (—) — ,u(r)} < log (—) — u(r). (8.6.4)
K r r’

Letr’ = @g(r). Then u(r)/K = u(r'), so (8.6.4) becomes (8.6.3). O

Proposition 8.6.4. If f : D — D is K -quasiconformal, then for any z1, z; € D,

f(z2) — f(z1) < 901(( 2 ) (8.6.5)
L= f(z) f(z2) -7z
Proof: The disk automorphisms
Z—21 w— f(z1)
Z —_—, w - ——
1 -7z L= f(zow

map z; to 0 and f(z;) to zero, respectively, so the result follows from Proposition
8.6.3. O

The inequality (8.6.5) can be rephrased in terms of the hyperbolic metric on D,
(2.2.10):

1-z2 + |z12 4 lz1—z2
o2 20) = —logl _1C2| |z122] _ tanh 1|_1_2|.
2 1 —Zz18| — |z122] |Z1 — 22|

Thus, we may restate Proposition 8.6.4:

Proposition 8.6.5. If f : D — D is K-quasiconformal, then for any z,, zo € D, the
hyperbolic distances satisfy

p(f(z1), f(z2)) < C(K) p(z1, 22), (8.6.6)

for a suitable constant C(K).
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Combining Propositions 8.6.3 and 8.6.4 with a local change of scale, we get an
important regularity result for quasiconformal maps.

Theorem 8.6.6. If f : 2 — 2’ is K-quasiconformal, then f is locally Hélder con-
tinous with exponent 1/ K, i.e. for each z in §2 there are constants § > 0 and C such
thatif |z; — zol <6, j = 1,2, then

|f(z1) — f(z2)] < Clz1 — 2]V, (8.6.7)

The next step is a more precise but more specialized result on Holder continuity.

Theorem 8.6.7. Suppose that f is a quasiconformal map of D onto itself with max-
imal dilatation K, and f(0) = 0. Then f satisfies a Holder continuity condition: if
21,22 € D, then

|f(@) = f)] < 161z — 2 /¥, (8.6.8)

Proof: The inequality (8.6.8) is automatic if |z; — z2| > 1/8, so we assume that
|z1 — z2| < 1/8. Suppose first that |z; + z2| < 1. Then

Hzizal = @+ 222+ @ — 2% < la+alP+la -2 < 2,

S0 |z122] < 1/2], and |1 — z122] > 1/2. Also |1 — f(z1) f(z2)| < 2. The estimates
(8.6.5) and (8.6.3) imply that

|f(z1) = f(z2)] <2¢kQlz1 —z2) < 8Q2lz1 — z22])"/E.

Now suppose that |z; + z2| > 1, and, for the moment, assume that f extends to
the boundary of ID. Then we may extend f to C by reflection across the unit circle.

The annulus :
A = Z
{ : - 2}

has module m(A) = log(1/|z; — z»|). Since |z; + z2| > 1, both 0 and oo are in the
unbounded component of the complement of A. The points z ; belong to the closure
A, so A= f(A) separates f(z;) and f(zz) from 0 = f(0) and co = f(c0). Let
A =|f(z1) — f(z2)|. By Theorem 8.5.4, we have

m(A) < m; (“/4+2A+“/4_2A> <my (f). (8.6.9)

1 —22
2

‘ z1tz+2
<lg-—

A A

Nogv\ m;(R) = u(1/R), so Proposition 8.5.5 implies that the estimate (8.6.9) gives
m(A) < log(16/|f(z1) — f(z2)]). Thus,

16

1 ~
1 _— = A A log———MMM
°g<|z1—z2|)> miA) = m(Ad) =log e S o)
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which is (8.6.8).

To complete the proof, we must drop the assumption that the map f continues
to the boundary. Let f.(z) = f(rz), 0 < r < 1. The image f,(D) may be mapped
conformally onto D by a unique map g, that satisfies g,(0) = 0, g/.(0) > 0. The g,
are a family of holomorphic functions to D whose domains increase to fill D. Some
subsequence converges uniformly on compact subsets of ID to an automorphism of
D. The conditions on g, imply that this automorphism is the identity. Therefore the
g- themselves converge to the identity.

It follows from Theorem 8.6.6 that the boundary of f,. (D) is a Jordan curve, so g,
is continuous to the boundary by Theorem 2.6.1. Therefore each K -quasiconformal
map g, o f, is continuous to the boundary and satisfies estimates (2.8.1). The f,
converges pointwise to f; it follows from this and the convergence of g, that f itself
satisfies (2.8.1). O

The Holder exponent « = 1/K cannot be improved, in general; see Exercise 27.

Remark. The estimate (2.8.1) shows that f is uniformly continuous in D. It
follows that it extends continuously to the boundary. In other words, once we have
assumed that it extends, then we have the means to prove that it does. Note also that
f~!is also K-quasiconformal and extends to the boundary, so the extensions are
bijective from D to itself.

Corollary 8.6.8. A surjective K -quasiconformal map f : D — D extends to a K -
quasiconformal map of C onto C.

Proof: Extend f by

fl@) = —

1
:_:rofor(z), |Z|>1,
f(=1/2)
where r is the composition of the linear fractional transformation z — 1/z with the
orientation-reversing map z — Z. Therefore f is K-quasiconformal on the exterior
region. It agrees with the original f on the unit circle. By Theorem 8.2.3, f is
K -quasiconformal on C. O

Corollary 8.6.9. The family of K-quasiconformal maps f of D onto D such that
f(0) = 0is a complete normal family.

8.7 Quasisymmetry and quasi-isometry

We know now that a quasiconformal homeomorphism of the disk extends to the
boundary. In this section, we consider the properties of the boundary homeomor-
phism, and the relation between the boundary map and the map of the interior.
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Suppose that fp is a K -quasiconformal map of D onto D. Up to composing with a
rotation, we may normalize by setting f(1) = 1.Itis convenient now to compose with
the Cayley transform C : H — D and its inverse and examine f = C~' o fpo C.
Then f is a K-quasiconformal map of H onto H that extends by continuity to
h : R — R. Then £ is a strictly increasing function from R onto R. The goal here
is to characterize the functions of this type that arise as boundary values of K-
quasiconformal maps of H onto H.

A strictly increasing function 2 from R onto R is said to be quasisymmetric if
there is a constant M such that for every x € Rand ¢ > 0,

1 - hix +1) — h(x) - M

M = h(x)—h(x—1) — @.7.1)

We shall see that this condition characterizes the boundary values in question. The
first half of this characterization is:

Theorem 8.7.1. If f is a K-quasiconformal map of H — H that fixes oo, then the
boundary value h : R — R is quasisymmetric.

Proof: Suppose that x; < x, < x3 are three points on R, with images 35] = h(x;).
Consider the quadrilaterals

Q = H(oo, x1,x2,x3), QO = H(oo,%1,%2, %) = f(Q)

By assumption on f, m(Q)/K < m(Q) < Km(Q).
The linear fractional transformation ¢ (z) = (z — x1)/(x2 — x1) maps (x1, X2, 00)
to (0, 1, oo) and takes x3 to 1/k, where

X2 — X1

k = .
X3 — X1

As we know from earlier calculations, the module

2
m (HO, 1,1/k,00) = = (k).

Therefore
2 ~ 2~ ~ X — X
m(Q) = —uk);, m(Q) = —uk), k= _——=.
T T X3 — X1

We now specialize tothe case x; = x —t < xp =x < x +1t = x3,sothatk = 1/2.
Using the inequality (8.5.19), which implies log(1/r) < u(r) < log(4/r), together
with 1 5

fm(Q) = m(Q) = p u(l/2) < Km(Q),

we find that
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1 1 h(x+1)—h(x—1)
Zera/K o L 1 < eKnll/D), 8.7.2
4° =% hoo —hG—n =€ ®72

Since ha+n—hx) _ 1

h(x)—h(x—1) &k

the estimate (8.7.2) implies an estimate of the form (8.7.1), where M depends only
on K. O

We take H (M) to be the set of quasisymmetric functions /4 that satisfy the nor-

malization conditions
h(0) = 0, h(l) = 1.

Beurling and Ahlfors [26] showed that each 4 in H (M) is the boundary value of a
K -quasiconformal map of H onto H. We follow the (much simpler) argument given
in [132] and [131].

Lemma 8.7.2. The family H(M) is a complete normal family on R.

Proof: The left-hand inequality in (8.7.1) implies that

hQ"
h@' ™) —h Q") > (M), n=012,...

Therefore

hQ2™) < M ) (8.7.3)
M+1

Ifo<x < 2_", then
0 < h( ) - h( ) < [ ( 1) - ( )] ( M )n
a—+x a h(a =+ h(a —1 .

Thus, form <a <m + 1,

ha+1) —h@) < M™h(@+ 1 —m) — hia —m)]
< M™h(2) < M™(M +1).

Thus, (8.7.3) implies equicontinuity. Therefore H (M) is a normal family. If {A,} is
a sequence that converges uniformly on each bounded interval, then clearly the limit
f satisfies (8.7.1). m]

Lemma 8.7.3. For any bounded interval [a, b] C R and any e > 0, thereisaé > 0
such that if h € H(1 + §), then x € [a, b] implies |h(x) — x| < e.

Proof: Suppose that for some ¢ > 0 there is a sequence of functions i,, € H(1 + 1/n)
and a sequence of points x, € [a, b] such that |h, (x,) — x,| > ¢. By Lemma 8.7.2,
H (2) is a normal family, so there is a subsequence of {4, } that converges uniformly
on [a, b]. The limit is in H (1), so it is the identity. O
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The following important construction is the Beurling—Ahlfors extension.

Theorem 8.7.4. If h belongs to H(M), then there is a K -quasiconformal map of
H onto H whose extension to the boundary is h, where K depends only on M, and
K — 1 as M — 1. The map extends to a quasiconformal map of C onto C.

Proof: Define

1 . 1
fx+iy) = %/0 [h(x-l—ty)—!—h(x—ty)]dt—}—%/(; [A(x +ty) — h(x —ty)]dt.

(8.7.4)
Then f|g = h. Note that if % is the identity map on R, the extension is the identity
map on C.
For y # 0, let
1 1 x+y
atroy) = [ hekmdr = < [ nede
0 Y Jx
1 1 X
paey) = [ ne—mar = 5 [ neae.
0 Y Jx—y
Then

fx+iy) = ulx,y)+iv(x,y) = J@+pB)+3il@—p), y#0.

Clearly, @ and B are C! on C \ R. Moreover, a(x, —y) = B(x, y), from which it
follows that -

f@ = f@. (8.7.5)

Since 4 is strictly increasing, f maps the upper half plane H into itself, and the lower
half-plane into itself. We concentrate for now on H: y > 0.

Note that o and 8 represent the mean value of £ over the intervals [x, x 4+ y] and
[x — v, x], respectively. Since 4 is strictly increasing, this implies that

a>pB; o > B >0 o > -8, >0 (8.7.6)

We know that f is single-valued from R to R. It is also single-valued on C \ R.
It is enough to prove this in H. Suppose that z; = x; +iy; € H, j =1, 2, with
a(x1, y1) = a(xz, ¥2). Assume x; < xp. From the equality of the two mean values,
we see that y; > y,. Turning to 8, we see that this implies that x; > x;. Thus, x; = x;
which implies that y; = y;.

The inequalities (8.7.2) imply that the Jacobian of f in H,

|:ux uy} _ 1 [ax+ﬂx Oty+ﬂy} _ wh—aby 8.7.7)

Vy Vy Z Oy — ,Bx oy — ,By 2

Therefore f preserves orientation. It follows also that if a sequence {z,} C H con-
verges to a point z € U, then f(H) contains a neighborhood of f(z). Therefore
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the boundary of f(H) consists only of R, so f : H — H is bijective. By (8.7.5),
f : C — Cis bijective.

To this point, we have not used the assumption of quasisymmetry, or of the nor-
malization f € H(M); f could be any increasing homeomorphism of R. As we
know, the Jacobian of f can be expressed as | f.|?> — | f:|>. The inequality (8.7.7)
shows that f is quasiconformal on each compact subset of C \ R.

We now invoke the assumption f € H (M). Note that for any affine maps A ;(z) =
ajz+b;witha; > 0and b; € R, fi = A| o f o A, is the Beurling—Ahlfors exten-
sion of h; = A o h o A;. Given any point zo € H, we may choose A; and A, in
such a way that &, is normalized and f(zo) = fi1(i).

Suppose that f is not quasiconformal. Then there is a sequence of points {z,,} in H
such that the dilatation D (z,) — oo. As just noted, we may normalize and obtain a
sequence { f,, } of normalized maps such that f,, (i) = f(z,).Passing to a subsequence
and renumbering, we may assume that {h, = f,|r} converges uniformly on bounded
intervals in R. This implies that the Jacobians of the Beurling—Ahlfors extensions
converge uniformly in a neighborhood of i. Therefore the limit has finite dilatation
at 7, contradicting the assumption.

Finally, suppose that the last assertion in the statement of the theorem is not
true. Then there is a sequence h, € M (1/n) such that the maximal dilatation K 5, >
1+ ¢ > 1, where f, is the extension of /,. Once again we may renormalize so that
Dy (i) = ¢, pass to a subsequence and assume uniform convergence on bounded
intervals. The extension f of the limit function f has Df(i) > 1 + . However, by
Lemma 8.7.3, the limit function 4 is the identity, so the extension f is the identity,
and D;(i) = 1. O

Note that the Beurling—Ahlfors extension can be transferred to D by means of the
Cayley transform. A different extension from the boundary of I to ID, with better
invariance properties, is due to Douady and Earle [57].

An important property of the extension is its relation to the hyperbolic metric.
A homeomorphism f : H — H is said to be a quasi-isometry if there is a constant
C > 0 such that

Lldzl _ ldf@L a2l
CImz = Imf(z) = Imz

(8.7.8)

Theorem 8.7.5. The Beurling—Ahlfors extension f of a quasisymmetric function h
on R is a quasi-isometry.

Proof: The map f is K-quasiconformal for some K. Given z € H,

'dlf;(j)' < swp 0 f )] < VET, @),

where J is the Jacobian. Therefore the right side of (8.7.8) will follow from

K J;(z)(Imz)? < C*(Im f(2))*>, zeH. (8.7.9)
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Once again we assume that (8.7.9) is false, and choose a sequence of normalized
k-quasisymmetric functions %, that converge uniformly on compact sets to a k-
quasisymmetric function /, such that the Beurling—Ahlfors extensions f;, satisfy

Jy, (@)

— 8.7.10
am f0)° (6710

But the Beurling—Ahlfors extension f of & satisfies J, (i) — J¢(i) and Im f, (i) —
S f (i), contradicting (8.7.10). The same kind of argument proves the other half of
(8.7.8). O

8.8 Complex dilatation; the Beltrami equation

Throughout this section, we denote by Cy' the space of functions g : C — C such
that g belongs to C™ and g has compact support, i.e. g vanishes outside some bounded
set.

In Section 8.1, we considered maps f that satisfy

fz(2)
f2(2)

<k, (8.8.1)

where k < 1is a constant. The argument in Section 8.1 shows that at any point where
the derivative of f exists and satisfies (8.8.1), the dilatation of f atthatpointis K (z) <
(1 +k)/(1 — k). Therefore, if f : 2 — £’ is a C' homeomorphism that satisfies
(8.8.1) at each point, then f is K-quasiconformal, with K < (1 +k)/(1 — k).

Let us rewrite (8.8.1) in the form of a differential equation, of a type known as a
Beltrami equation:

Lo w0l wol k<l (88.2)

In this section, we discuss the existence of a solution to (8.8.2), given some conditions
on the function pu.

Remark. The function u here is not to be confused with the Grotzsch module function
of Section 8.5 and Section 8.6. (In both cases we are following standard usage.)

The strategy is to convert the Beltrami equation into a system
=g f.=Tg (8.8.3)
so that (8.8.2) becomes the 2-step process:

f=PrPg, g=uTg.
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The first step is then to solve f; = g for some reasonably large class of functions g.
This is accomplished by the (two-dimensional) Cauchy transform P:

[ () e
27” /f g(W)(
=5 f/(cg(z +w) (; - H—W> dw A dw. (8.8.5)

As we shall see, for appropriate g, f = Pg is a solution to f; = g. Moreover,
f: = Tg,where T is the Hilbert transform (in the plane),

Pg(z2)

) dw A dw (8.8.4)

gw)
T = —— lim ————dxd
g(Z) T 8%0\/‘/5‘<|w z|<1/e (W _Z)z T
= / / 8 v, (8.8.6)
27” 8%0 e<lw—z|<l/e w—2)

Transforming to polar coordinates centered at w shows that 7' vanishes on constant
functions. Therefore, if g belongs to C(l) and R is large enough,

gz+w)—g@

5 dw A dw.

1
Tg(z) = T(g(z) —g(0) = i /

|w|<2R w
Moreover, in this case, T'g is easily seen to be continuous.

Lemma 8.8.1. Suppose that g belongs to C. Then Pg is a C' function and

(Pg): =8 (Pg), = Tg. (8.8.7)

Proof: Differentiate under the integral sign to obtain

(Pg)zzi.//‘MdW/\dﬁ/
2mi

_ // gw(W) w A di
2m
d

_ / / g(W) A dw

i

Let 2, = {w:|w| > ¢}. Applying Stokes’s theorem, we obtain
1
(Pg): = — lim —/ d [M} d

e=~02mi Jo w

= L‘lim/ de = g(2).
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A similar calculation shows that

1 — 1 -
(Pg)z_l1m|: / Mdﬂ/—i——,/ de/\dﬁ/}
o| 27 e W 210 Jip=e W2

=Tg(2).

Lemma 8.8.2. Suppose that g belongs to Cé. Then

P(g)(z) = Tg(z) —Tg(0). (8.8.8)

Proof: Following the procedure in the proof of Lemma 8.8.1, we may write

T // gw(w )(———) dxdy
)dxdy

- / Lgx(w) — ig,(w)] (

The last line gives two integrals. One can be integrated by parts in x so long as y # 0,
and the other can be integrated by parts in y if x # 0. Integration over C does not
see the exceptional lines, so integration by parts leads immediately to (8.8.8). O

P(g.)(2)

Lemma 8.8.3. Suppose g belongs to CS. Then Tg is a C' function and
/ ITg(2)|*dxdy = / lg(2)*dx dy. (8.8.9)
C C

Proof: Apply Lemmas 8.8.1 and 8.8.2 to g, to find that

(Tg): = (Pg)z = (Pg): = &

(Tg); = (Pg): =T(g) = P(g:)(2) +T(g)(0).
The assumption implies that g, belongs to Cé. Therefore both 7' (g); and T'(g),
are continuous. Thus, Tg is in C!. The assumption that g has compact support

implies that Tg(z) = O(|z|72) as z — oo. Therefore both sides of (8.8.9) are finite.
Moreover, the following integrations-by-parts are justified:

/ / TgTg = / / (Pg). (P9 = — / / Pg(Pg)..
C C C
=—//Pg§z = //gé-
C C

Since Cé is dense in L2(C), we have
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Corollary 8.8.4. T extends to an isometry of L*>(C).

On the other hand, as we shall see, the integral defining Pg is only guaranteed
to converge if g belongs to L?(C) for 2 < p < oo. However, this difficulty can be
overcome. The key is the Calderon—Zygmund inequality:

Theorem 8.8.5. The operator T extends to a bijective map from L? to LP, 1 < p <

oo, and
Tgll, < Cpligllp, (8.8.10)

where1 < C, <oocandC, — lasp — 2.
A proof is given in the next section. Let us turn to the operator P.

Theorem 8.8.6. For f € L?, 2 < p < 0o, Pf vanishes at z = 0 and satisfies a
Holder continuity condition

|Pg(z1) — Pg(z2)| < K,llgll,lz1 — 22 %P. (8.8.11)

Proof: Given z € C, the function ,(w) = |(Ww —z2) "' —w™ | = |z|]|(w — 2)w| ! is
O(Iw|™" + |w — z|™") near the singularities and is O (Jw|~%) as w — oo. Therefore
itbelongsto LY for 1 < g < 2. By Holder’s inequality, the integral Pg(z) converges
solongas g € L(C),2 < p < oo. In fact

1 1
[P =< llgllpllh:llg, —+—=1 p>2,
P q

ie.qg =p/(p—1). Writingw = x +iy = [z|¢ = [z[(§ + in), we have

1
q q _
1112 = |z] //C'(W_Z)W)'q dx dy
1
— |7|?>4 _ Jd&d
o [ e

= |27 (K",
where K, is constant. Since (2 — q)/q = 1 — 2/p, we have

|Pg()| < 121" *"K,llgll,, p>2, q=p/(p—1. (8.8.12)

1 1 1
Pg(z2) — Pg(z1) = ——// g(w)( —— —Zl> dx dy
:——//8(W+Z1)( l>dxdy
(ZZ_Z]) w

=Pg(za—z1), 8@ =g+z).

Then

Now [[g1l, = gl so (8.8.12) gives (8.8.11). m|
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We know now that for g € C3, (Pg): = g, (Pg), = Tg, and Pg is Holder con-
tinuous. These results can be carried over, in a certain sense, for g € L”: the “weak”
sense, or the sense of distribution theory, as in Section 2.9.

Proposition 8.8.7. If g € L? for some 1 < p < oo, then [ = Pg satisfies the
Holder condition (8.8.11) and is a weak solution of equations (8.8.3).

Proof: We know that these equations are true in the usual (“strong”) sense if g is
in C}. The space C} is dense in L”; Theorems 8.8.5 and 8.8.6 allow passage to the
limit. O

We are now prepared to solve the Beltrami equation, in several steps. Throughout,
w will be a measurable function with |u(z)| < k < 1, all z € C. Since (8.8.2) can
only specify f up to an additive constant and a multiplicative constant, we shall
normalize by requiring f(0) = 0 and f(1) = 1.

Given k < 1, we fix p = p(k) > 2 with k C, < 1, where C,, is the constant in
Theorem 8.8.5.

Theorem 8.8.8. If i has compact support, then (8.8.2) has a unique normalized
solution f such that f, — 1 belongs to LP. Moreover f is Holder continuous:

K
1f @) = Fe)l £ —2—llullplzr — 27 + |21 — zal. (8.8.13)
1—kC,

Proof: Suppose first that f is a solution of (8.8.2). Then

fr=uf; = u(f—D+u

belongs to L?. The function F = f — P(f3) is a weak solution of F; = 0. By The-
orem 2.9.3, F is an entire function. But

F'—1=(f;=D+T(f)el”
so F'(z) = z + c. The normalization implies that the constant ¢ = 0, so we must have
f@Q =P +z = Puf)+z fo=Tqf)+1 (8.8.14)
If g is another solution, then f, — g, = (f, — 1) — (g, — 1) belongs to L? and

||fz_gz||p = ||T(M(fz_gz))||p = ka||fz_gz||p~

Therefore g, — f, = 0 a.e. Then the Beltrami equation implies (f — g); = 0 a.e.,
and all this is true of (f — g) as well, so f — g and f — g are analytic. Therefore
f — g is constant, and the normalization gives f = g.

We have proved uniqueness, but the argument tells us how to prove existence.
According to (8.8.14), we want
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fi=1=Tu(f;—1))+Tpu.

The operator Sg = T (ug) has a norm less than 1 as an operator in L”. Therefore for
h € L?, the series

T+ S(Tw) + S*Tw) +-+ (T + ... (8.8.15)

converges in norm to the unique solution 2 € L? of h = Sh 4+ Tu =T (u(h + 1))
(apply I — S to the series). Since w has compact support, w(h + 1) is also in L?,
and the construction shows that

1
h+1 < . 8.8.16
luh + DIl < l_kaH/‘L”p ( )
Thus, we may define
f = Puh+1)+z. (8.8.17)
Then
fi=pnh+1), fi=Tph+))+1 =h+1 (8.8.18)

Therefore f, — 1 = h is in L? and f is a (distribution) solution of (8.8.2). The
estimate (8.8.13) follows from (8.8.16), (8.8.17), and (8.8.11). m]

The solution f just constructed is termed the normal solution of the Beltrami
equation. We want to show that the normal solution is a K-quasiconformal map,
K = ({1 +k)/(1 —k). We begin by showing that if u above has some regularity,
then fis C'.

Lemma 8.8.9. Suppose that i in Theorem 8.8.8 has a distribution derivative p, €
L?, p > 2. Then the normal solution f is a C' function.

Proof: Consider the system f, = A, f; = Au. By Theorem 2.9.5, this system has a
C! solution f if A has a weak derivative A: € L?, Au has a weak derivative (Au),

in L?, and
h: = (WA = A+ Ap. (8.8.19)

Dividing by X, we want
(log2); = p(logh); + u..

We can solve g = T (ug) + T (u;) forg € L?. Let
o = P(ug+p) +c,
where the constant ¢ is chosen so that lim,_, o, 0 (z) = 0. Then o is continuous and
07 = §q + [z o, = ¢.

Therefore A = ¢ satisfies (8.8.19), and f, = A, f = Au has a C' solution. O
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Lemma 8.8.10. Suppose that the normal solution f in Theorem 8.8.8 is a C' func-
tion. Then f is K-quasiconformal, K = (k +1)/(k — 1).

Proof: We know from (8.3.11) that f is locally invertible and that the local inverse
satisfies

z

-1y _ Jz —1___&
e =5 ==

~

’

~

where we have written { = f(z) and J; is the Jacobian of f: J; = | f.|* — | fz]*.
Therefore f~!is a (local) solution of the Beltrami equation with coefficient

AG)

ni@g) = Aok

Then, writing { = s + it and using Holder’s inequality, we obtain

// @)1 dsdy = //CIM(ZI”IJf(Z)Idxdy
C

=//(CIMI”(|fz|2—|fz|2)dxdy

S//CIMI”Ilezdxdy _ //c P2 £ dx dy
(p=2)/p 2/p
< (/ mv’dxdy) (// Ile") .
C C

R, < (1 =kCp™2P||ullp.

Therefore

It follows that the normal solution to the Beltrami equation with coefficient it satisfies
21 =22 = Kp(1=kCp) ™I f () = f@)I'T2 + | f (@) = fz2)l.

Therefore f is globally invertible, hence a K-quasiconformal map. O

We now remove the assumption that the normal solution is a C' function.

Theorem 8.8.11. The normal solution of the Beltrami equation is K -quasiconfor-
mal.

Proof: Let {u,} be a sequence of functions with distribution derivatives u, € L?,
supported in some compact subset of C, uniformly bounded by k, and such that
[l4n — ullp — 0. Let {f,} and f be the corresponding normal solutions of the Bel-
trami equation. Then ||(f,); — f:I|, — 0. Consider the associated functions 4, and
h constructed in the proof of Theorem 8.8.8: (I — S)h, = T u,. Then the series
solution shows that
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[/ — Ry

A

< T G = 1y +k CHlIT (s — w1y + Gk Cp)*NT (tn = 1011 + - .-

. I I 0
———||pn — — 0.
1—kc, Hn i

Therefore (8.8.17) and Theorem 8.8.6 imply uniform convergence on bounded sets.
By Theorem 8.2.5, f is K-quasiconformal. O.

We would like to drop the requirement that x has compact support. Let us start
with an observation about composition of regular quasiconformal maps. Suppose
that f and g are such maps, with Beltrami coefficients . and . Write ¢ for f(z).
Then

(go )= (g0 f)f+ (g0 f)fs
(go f):=(gcof) f+ (g0 f)f

This system can be solved for g o f:

é. MHgof — My

. . (8.8.20)
fo 1= Rypbgor

ugo f =

Theorem 8.8.12. For any measurable function u with |u(z)| < k < 1 a.e., there is
a unique K -quasiconformal map f : C — C, K = (1 +k)/(1 — k) such that f is
a weak solution of the Beltrami equation (8.8.2), and n(0) =0, u(1) = 1.

Proof: We assume here that various coefficients p are sufficiently regular that the
solutions are C'. The general result follows by an approximation argument.

If i has compact support, we need only divide the normal solution f by f(1).
Suppose that u = @1 + o, where 1 has compact support and (4, is = 0 in a neigh-

borhood of 0. Let
1\ z2
V(@) = |- ) =
z)z

Then v has compact support, so there is a corresponding normalized solution f. A
computation shows that

) =

i/’

The next step is to assume that there is a solution f* and see how it can be written
as a composition

f* = f’\of"z.

The preceding computation for composite functions shows that the coefficient A

should be
o = | L BTk |
fzﬂz 1 - %) fzﬂz 1 - %)
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Then A has compact support, so f#* is well-determined. O

It is important for later use to consider quasiconformal maps of H to itself. Such
a map can be extended to C by setting « = 0 on the lower half-plane. By Theorem
8.2.3, the extension is quasiconformal on C.

Theorem 8.8.13. Given u : H — C with ||t]|eo < 1, there is a u-quasiconformal
map f* of H onto itself with 0, 1, oo as fixed points.

Proof: Extend p to the lower half-plane by setting ;1(z) = (z) if Imz < 0. Then,
by uniqueness, f*(Z) = f#(z). Therefore f* maps R onto R. Starting with u € C{,
sothat f(z) ~ zas z — 0o, and proceeding by approximations, we see that f** must
map H onto itself. O

The following result uses the same kind of construction to decompose a quasi-
conformal map.

Theorem 8.8.14. Given 0 <t < 1, the map f = f" can be decomposed as
f = fiiofi, with Ky = KK~
Proof: Let L be the length of the hyperbolic geodesic in D from O to u. Let u, be

the point on that geodesic at hyperbolic distance ¢ L from p and let f; = f*. Define
Wi—, and f_, similarly. Then

1+ |l
1 —fu

t

1

t

=‘1+|u|
1=l

Ky = ‘

and similarly for f;_,. O

Any quasiconformal homeomorphism of C to C can be shown to be differen-
tiable at a.e. point of C, so that the quotient u = f3/f; is defined and < 1 almost
everywhere. In fact, the converse of Theorem 8.8.12 is true.

Theorem 8.8.15. Suppose that f :C — C is a K-quasiconformal homeomor-
phism, normalized so that f(0) =0, f(1) = 1. Then f = f" for a unique p in
L=(C), with ||l < 1.

For the proof, see [5] or [132].

8.9 The Calder6n—-Zygmund inequality

We know by Lemma 8.8.3 that T extends to an isometry of L2. We only need (8.8.10)
in the range 2 < p < oo, but a duality argument, using the adjoint 7*, shows that
the result extends to the remainder of the range 1 < p < oo.

The inequality (8.8.10) is a special case of a very general theory. However, the
complex-variable context here allows some special arguments, as in Vekua [210].
The idea is that
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e—0

Tf(z) = ——llm// ——~dxdy = —lef(z),
lw|>e

where T) is bounded from L?” to L?, 1 < p < 0o, and that this boundedness property
of T1 can be obtained easily from the corresponding boundedness in L”(R) of the
one-dimensional Hilbert transform H. Starting with f € C}(R),

fx =y dy
lyl>¢ y

Hf(x) = L im

7T ¢—0

Notice that since 1/¢ is an odd function, we may rewrite this as

f(x—y)—f(x)dy’
lyl>¢ y

1
) = lin

and conclude from the assumption on f that the limit exists, uniformly with respect
to x.
We claim that

HHfIp, = Apllfllp.  feLP®), 1<p<oo. (8.9.1)

One proof of (8.9.1) starts with a complex transform of a real-valued function f €
Cé (R). Define
= f@) dt

m o I — 2

F(z) = Imz > 0.

A straightforward calculation shows that the real part

- fx+ys)ds
u(x,y) = ReF(x +iy) = / s2+1 ’
SO
lirrg) ulx,y) = f(x). (8.9.2)
y—
Similarly,
1 [ —S)sd
vix,y) = ImF(x +iy) = — wd&
TS S°+Y
SO
lim v(r, ) = Hf ). 593
y—

Direct calculation, using the Cauchy—Riemann equations for u, v shows that
A(ul”) = p(p = DulP 207 +v));
A(IP) = p(p = DIIP207 +v));
A(IFIP) = pPFIP2 07 +v)).
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Therefore

A (|F|P - p’i1|v|1’> = PXIFIP2 = H07+v), p=2. (894

For R > 1, let yg be the curve consisting of the horizontal diameter and upper
semicircle of the circle in the upper half-plane with center iy and radius R, with the
usual orientation. Let £2; be the domain enclosed by yg. Applying Green’s identity

oh 9
/ (gAh — hAg) = / (g— —h—g>
2k e on on

withg=1landh = |F|? — p/(p — 1) - |v|?, and letting R — oo shows that

a oo
— <IF(X+iy)|” -
0y J

P 1|v()c, y)|”> dx <0.
The integral has limit 0 as y — 400, so

o0 p o0
/ |F(x +iyl”dx > ﬁ./ v, »Ifdx, y>0,p=>2.
- —00

[ee]

Now

Oo 2 2 2, 2 2 2
</ |F|p> = IFIp2 = Hu”+vllpp2 < Nullpp + 11V p2-

o0
Therefore

14 2 2 2 2
(—) [Vl p2 < e p2 + 1V py2s
p—1
1

2 p 2 ) 2
[V lp2 < (F) =1 ullpsp.

In view of (8.9.2) and (8.9.3), raising this inequality to the p/2 power and taking the
limit as y — 0 gives (8.9.1) with

o= [GE)

(Note that A, = 1.) This proves (8.9.1) for p > 2. A duality argument using Holder’s
inequality showsthatitisalsotrueforl < p < 2withA, = A,,wherel/p +1/q = 1.

In the following calculations, we write z = x + iy, { = & + in. Then we define
T, for f € C3:

1 f&+2)
T f() = Jlmj/“»zn o dm )

-p/2
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b4 oo iy _ _ if
:%/ (l fGetrel) = flz—re )dr>e_md9.

r

Therefore
0 oy _ _ 0
Tl < 5 fetre) - Jemre)
r p
T i
= ESgPIIerllp, Jo(x) = f(xe™)
T
< EA]IHpr'
The next step is to show that =7} = T. For f € C,
Tlf(z)=—;//[f(z+§)—f(z)]&m dt d

1 1
= —// f;(z+{)—d§‘dr/ (8.9.5)

/ f(©) <— — |€_—|) dg dn. (8.9.6)

Therefore, for any test function ¢ € Cé,

//Tlf(z)¢>(z)dxdy - ——//f £ )<Iz i |)¢;(§)d$dndxdy

The integral on the right converges for f € L”, so (8.9.6) is true in the weak sense
for f € L?. Then

o= [ sy ) e
:nzaw[/ﬂq—w |¢|>d”y/ %}
- Zaw[// /f|z—;|(|¢—w| |§|>d’"(w)]d’"(2)
- n2aw[// az//|z—c|<|c—w| |¢|)dm(w)}dm(2)

Differentiation and integration can be exchanged and the expression replaced by

e e dean)
lim — ——d&dn} . 8.9.7
#2532 {//4 PR Py Rl SN e 9.7

The first integral here gives
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// dédn /R/Z v /2” dr do
12l<R/lz—w| [C11T =] T 4z 1— re’9|

2
- 2(z—w>|z—w|/ | _ R

[z—wl

The limit is clearly —n/(z — w) and similarly the limit of the second integral in
(8.9.7) is —m/z. Thus,

TEf(w) = ——ff [f(z)(

The last step is to verify that the best constant C, of (8.8.10) has limit 1 as
p — 2. By Corollary 8.8.4, C, = 1. The rest follows from a particular case of the
Riesz—Thorin convexity theorem.

>] dxdy = —Tf(w).

Theorem 8.9.1. The constant C,, in the estimate

TSl < Collfllp,  2=p<o0
can be chosen so that for any p; > 2,

1
cC,=C"¢ct — =_-4+—, 0<t<l. 8.9.8
P 2 P1 p 2+ p | —_ —_ ( )

Proof: We use Holder’s inequality (2.8.1) with dual exponents 2, g, ¢,
1 1 1 1 1

= + + —.

2 P 9 L q

It is enough to consider functions in C9, since such functions are dense in each
L?. Given such functions f and g, define functions F; and G, for ¢ in the strip
2 <Re¢ < p1 by F:(z) =0if f(z) =0, G,(z) = 0if g(z) = 0, and otherwise

ae) S 8
F, = |fl ({)_, G, = | |b({)_’
[f] g1
where p p
a@) = (1—§)§+§—~
b1
We may also normalize so that || f||, = 1 = ||g||,. We want to show that under these

assumptions, necessarily

IA

c,'cl. (8.9.9)

L7

The function @(¢) = [[ F;G, is holomorphic in the strip. For Re (¢) =0,
Rea() = p/2.Reb(t) = q/2,
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2
IFell2 = (IfIP? =1 = IGell.  Reg =0.

Similarly,

WF = UIFI)PP =1 = |IGelly,  Reg =1

Therefore

2()] = Co=1 ifRes =0; [®(@)| = Cp,, if Re¢ =1

Since @ is bounded in the strip, @, = e ® — 0as z — oo in the strip, for any
e > 0, so |®,] is bounded by max{C,, C,, }. Taking ¢ — 0, it follows that |@]| has
the same bounds. But then ng ! C;f @ (z) is bounded by 1. Finally

‘/fg‘ = o) < C)7'CY,. O

Remarks. Ahlfors cites the first edition of Zygmund’s treatise on the Fourier Series
for the proof of the boundedness of the one-dimensional Hilbert transform H. In
fact, it was to get away from the very special complex-analytic arguments that are
used in this section, and to gain an understanding of the real-variable nature of these
integral transforms, that Zygmund and Calderdén developed their far-reaching theory
of “singular integrals;[37]. The Calderén—Zygmund arguments apply to much more
general integral transforms; see Stein [194], Christ [44], or Peyriere [167].

Exercises

1. Prove that given atriple (p;, p», p3) of points in the unit circle 9D, ordered in the
positive direction, there is a unique f € Aut(DD) such that f takes (p;, p2, p3)
to (—1, —i, 1).

2. Show that a quadrilateral can be mapped conformally to some H(q, g2, g3, g4),
such the vertices can be taken to be —1/k, —1, 1, 1/k for some (unique) k > 1.

3. ForRez >0and 0 < k < 1, let

fx) = /Z dx
N 20

(Note that the integral is independent of the path of integration in the upper
half-space H. Note also that f extends to be continuous on the closure of H.)
(a) Show that the image f (H) is bounded.

(b) Show that f maps the interval [0, 1] to an interval [O, K], for some finite
K (k) > 0 and that f maps the interval [1, 1/k] to the vertical interval [0, i K']
for some finite K’(k) > 0. Show that the image of [1/k, oc] is a finite horizontal
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10.
11.

12.

13.

8 Quasiconformal mapping

segment extending to the left from K + i K’ and the image of {iy : y > 0} is a
finite vertical segment extending upward from the origin. Conclude from this
that the image of the upper half plane is the interior of a rectangle with vertices
0,K,K+iK' iK'

For what values of a, b, c,d e R,ad —bc = 1,isthemapz=x+iy — { =
u + iv quasiconformal, and what is the dilatation quotient, if

) =[]l

. Prove that two rectangles R and R’ are conformally equivalent if and only if

a/b = a’/b’. Hint: reduce to the case R = R’ = D.

Verity (8.3.2).

Let R, be the rectangle R, =z=x+iy:0<x <a,0 <y < 1, and let R},
b > a, be defined in the same way, so that m(R,) = a, m(Ry) = b, b > a Let
f(x +1iy) = px +iywith p =b/a,sothat f(Q,) = Q. Verify that f is b/a-
quasiconformal.

(Grotzsch) Let R, and Rj, be as in Exercise 7 and let g be a K -quasiconformal.
Adapt the proof of Theorem 8.3.1 to show directly that K > b/a. By considering
carefully the inequalities involved, show that if K = b/a, then g is the map f
of Exercise 7.

. Verify (8.3.11).

Show that the maps f,,,(z) = z"|z|",n,m =1, 2,3, ... are quasiconformal.
Let f(reie) =r%'"? witha > 1.

(a) Show that f is a regular K -quasiconformal map, and compute K.

(b) Show that for a suitable value of a, f, maps the annulus A(1, r) onto A(r, s),
where s > r > 1 are specified.

(c) Show that f in part (b) has the smallest maximal dilatation of any quasicon-
formal map from A(1, r) to A(1, ).

Suppose that §2 is a domain in C with the property that the complement in C
of the closure £2 consists of one bounded component 2, and one unbounded
component §2,. Use the Riemann mapping theorem and inversion to prove:

(a) Up to conformal equivalence we may assume that £2, is the complement of
D.

(b) Upto afurther conformal equivalence we may assume that the inner boundary
Iy of £2 is the unit circle, and the outer boundary G5 is an analytic curve.
Suppose that £2 is the domain in Exercise 12 (b). We want to construct a confor-
mal map F from £2 to some annulus R,, taking inner boundary to inner boundary.
Since F has no zeros, it can be written as F' = exp(f + ig), where f is a real
harmonic function such that f =0 on I and f is a positive constant on 13,
while g is a harmonic conjugate of f that gains 27 around a curve in £2 that is
homotopic to the I'.

(a) Let f; be the harmonic function on £2 that vanishes on the inner boundary I'|
and equals 1 on the outer boundary I';. Locally, either boundary can be straight-
ened, so f can be extended across. Thus, f; is harmonic in a neighborhood of the
closure 2. Show that the outer normal derivative ( f1)n = 0f1/0n is nonnegative.



8.9 The Calderén—-Zygmund inequality 197

15.

16.

17.

18.
19.
20.

(b) Let g; be a harmonic conjugate of f;, defined first in a neighborhood of a
point of I;. Use the fact that f + ig is a non-constant holomorphic function to
show that (f}), is positive at all but finitely many points of /5. Use the Cauchy—
Riemann equations to show that where (1), is positive, the tangential derivative
(g1): = 0g1/97 in the positive direction on I is positive. Thus, g; is strictly
increasing in the positive direction on I.

(c) Conclude that there is a positive multiple f = cf; such that the harmonic
conjugate g gains 27 on a full circuit of I; (or any curve in £2 homotopic to
I;.) Thus, F = exp(f +ig) is a (single-valued) holomorphic map of £2 onto
R,,r = . Note that F has a holomorphic extension to a neighborhood of 2.

. The object here is to show that the map F of Exercise 13 (d) is injective, and

thus conformal. The number of times N(z¢) that F takes the value zq is given
by the usual formula

1 F’ d
NG = — [ E89 N o= Mo,
2ri Jyo F(C) — 20
h
where L[ Fde
NG = — [ =2 =12

27i Jr, F(Q) —z0

Here, we take the positive (domain to the left) orientation for each of the curves
I';, so that, symbolically, 082 = I3 — I7.

(a) Apply the argument principle, Theorem 1.5.1, to conclude that N;(zp) is
constant for |zg| < 1 and for |z9| > 1 and that N;(zp) is constant for |zg| < r
and for |zg| > r.

(b) Show by direct computation that N;(0) = 1.

(c) Use (a) and (b) to complete the proof.

Suppose that S is any Riemann surface and §2 C § is a domain such that the
complement of £2 in S has two open components. Show that £2 is conformally
equivalent to an annulus A(r, 1).

(a) Show that the domains

20 = A0,2) = {z : 0<|z] <2}, 2, = A(1,2) = {z: 1 <z] <2}

are homeomorphic but not conformally equivalent.

(b) Show that £2¢ and £2; are not quasiconformally equivalent: there is no
quasiconformal map of £2y onto £2;.

Suppose that z, and z; are distinct points in D with |z; — z2| < 2. Show that there
is an automorphism of D that takes the pair {z;, z»} to {w, w}, with Rew < 0
and [w —w| = |z — z2].

Prove the assertion about the function ¢ in the proof of Proposition 8.5.7.
Prove the assertion about the function yx in the proof of Proposition 8.5.5.

(a) Use the change of variables ¢ = (1 + k)¢/(1 + kt?) in the integrand for
K (ky), where ki = 2+/k/(1 + k), to prove that
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2k
K|——) = A+kK(k).
(55) - 0 ox
(b) Use (8.5.22) and part (a) to prove the functional equation (8.5.17).
21. The aim of this and the two following exercises is to prove a version of the
estimate (8.5.19):

u(r) =0 (rlogr)) as r — 1; (8.9.10)
4
u(r) =log—+ O (r logr) as r — 0. (8.9.11)
r
Prove that
K@) /1 — iy oed) = I+ 00
= X = — X .
0 V1 —x2 2
Use this fact to show that (8.9.11) is equivalent to the estimate
2
K(k) = 1o 4+ 0 (~1—klo 1—-k)). 8.9.12
(k) = logl =1+ 0 (VT =Flog/T=h) (8:9.12)

22. (a) Letch = %(k + 1/k)and sh = %(k — 1/k). Verify that (1 — x2)(1 — x?)?> =
(ch — kx%)? — sh?.
(b) Use (a) to verify

1 B 1 (1_ sh® )
(1 =x2)(1 —x2)2 ~ (ch — kx2)? (1=x2)1 —k2x2) )’

(c) Show that for k > 1/2 the last quotient in (b) is < 4(1 — k)?/(1 — x)?, so
that for 1 — x < /1 — k, this term is bounded by 4./1 — k.
(d) Setx(k) =1—+/1—k. Writing /1 — k = p, verify

x (k) d.‘;: x (k) d%
T Va—ea-ee /1 g2 O
1 2
= log +x® [1+ 0(0)] = log =+ O(ologo). (8.9.13)
1—x(k) 0

Lett = ch — kx?, sodx = —dt/2kx. Then

I —fl dg R Y
T loVaooa ke | 2k @ —shdx
1 ! dt
= — L [1+ 0]

2k x(hy (12 —sh?)

23. The indefinite integral of the integrand in the last line of Exercise 22 is log(¢ +

V12 — sh?).
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24.
25.
26.
27.

28.

29.
30.

(a) Verify that the upper and lower limits of the integral satisfy
ch—k=sh = %(1—1@ = (1-k)+ 01 —k)?
ch — kx? = ch — k(1 — 0)> = 20[1 + 0(0)].
(b) Use (a) to verify
Il; = —logo + %logg + O(plogo). (8.9.14)

(c) Combine (8.9.13) and (8.9.14) to obtain

1
K (k) = —logo + 3 [logg —log g] + O(elogo)

1
= —log./o + Elog 2+ O(plogo),

and check that this is (8.9.12).

Show that equality in (8.6.2) can be attained if (D) = D.

Write out a proof of Theorem 8.6.6.

Use Theorem 8.6.6 to show that a quasiconformal map takes sets of measure
zero to sets of measure zero.

Use the map f(z) = z|z|"~%)/X to show that the Holder exponent of continuity
of a K -quasiconformal map cannot in general be increased.

Show that the set H (M) of normalized quasisymmetric functions on R is closed
under convex combination: if kg, h; € H(M), then

hy = (1 =t)hg +th belongsto H(M),0 <t < 1.

A consequence is that for any two Beurling—Ahlfors extensions of elements of
H (M), there is a continuous deformation from one to the other.

Verify (8.8.20).

Carry through the proof of (8.9.1) in the case p = 2.

Remarks and further reading

The study of quasiconformal mappings in the plane was begun by Grotzsch [94] and
continued by Morrey [143]. It was further developed by Teichmiiller [201], [202],
[203] in his study of the moduli problem for Riemann surfaces. A related subject is
that of “generalized analytic functions,” where the Beltrami equation again plays a
leading role; see Vekua [210] and Rodin [179].

The presentation here relies largely on two standard references for quasiconformal

maps in the plane: the notes of Ahlfors [5], and the comprehensive and careful book of
Lehto and Virtanen [132]. The Ahlfors notes, and most of the subsequent literature on
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quasiconformal maps in one complex variable, are focused on its use in Teichmiiller
theory. For this, we refer to Chapter 9 and the references at the end of that chapter.
The additional chapters in the second edition of [5] give some overview of further
development of the theory.

The theory has been generalized to higher dimensions, starting with the work
of Loewner [137] and Gehring and Viisild; see [87]. One striking application is
the Mostow rigidity theorem [144] concerning the analogue of Teichmiiller theory
in higher dimensions. Anticipating Chapter 9, the homotopy class of a compact
Riemann surface of genus g > 2 is characterized by 6g — 6 real parameters. Mostow
proved that, in the analogous case for higher dimension, the moduli space is a point: if
M and M’ are closed hyperbolic manifolds of (real) dimension > 3and f : M — M’
is a homeomorphism, then f is homotopic to an isometry.

The multidimensional theory remains an active area of research. See, for example,
Iwaniec and Martin [116], Heinonen et al. [101], Gehring, Martin, and Palka [88].



Chapter 9 )
Introduction to Teichmiiller theory oo

We consider here the problem of classifying Riemann surfaces. The most obvious
classification is topological. For example, a compact Riemann surface is character-
ized topologically by its genus: the number of holes in the doughnut. See Figure 9.1
for genus 0, genus 1, and genus 2.

Fig. 9.1 Compact surfaces of genus 0, genus 1, and genus 2.

Conformal equivalence implies topological equivalence, so, for compact man-
ifolds, the question is: given a topological surface of genus g, what inequivalent
conformal structures can it carry?

For simply connected Riemann surfaces (genus 0), these questions are settled
by the uniformization theorem, Theorems 7.2.1 and 7.4.3. Any such surface is
conformally equivalent to the unit disk I, the complex plane C, or the Riemann
sphere S. (In place of D we shall usually consider the conformally equivalent upper
half-space H.) Now C and D are topologically—even real-analytically—equivalent
(re'® — arctan(rrr/2)e'?). But C and D are conformally distinct. For example, D
carries non-constant holomorphic functions, but C does not. Neither D nor C is com-
pact, but S is compact. Thus, in the simply connected case, the answer to the question

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 201
R. Beals and R. S. C. Wong, More Explorations in Complex Functions, Graduate Texts
in Mathematics 298, https://doi.org/10.1007/978-3-031-28288-1_9
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above is that a topological open disk or plane carries exactly two distinct conformal
structures, while the sphere carries exactly one.

Restricting our attention to compact surfaces, we shall see that in the case of
genus 1, there is a natural parametrization of the inequivalent complex structures by
C. Riemann [175] argued that for genus g > 1, these structures can be parametrized
using 3g — 3 complex parameters. However Riemann’s argument does not provide
the kind of geometric insight that the parameter space C provides for g = 1, for
example—a measure of how close two structures are.

The problem of giving a good geometric description of Riemann’s moduli space
was revived in the 1940s by Teichmiiller. Teichmiiller’s ideas have since been
extended to the study of “bordered” Riemann surfaces, such as the closed disc D,
and to non-compact Riemann surfaces, such as those obtained by removing closed
sets (e.g. collections of isolated points and/or disjoint closed analytic disks) from a
compact Riemann surface.

Teichmiiller’s fundamental idea was to start with maps from one Riemann surface
to another. For example, if § and §” are compact Riemann surfaces that are homeo-
morphic, we shall see that there is a quasiconformal homeomorphism f : § — .
The maximal dilatation K is a measure of how far f deviates from a conformal
map (for which Ky = 1). Therefore f provides an upper estimate log K ; on how
far apart we should consider the conformal structures to be. We look for such f with
minimal K ¢, and consider log K s as the relevant distance. Carrying this program
through in a satisfactory way is not a simple matter. In particular, it relies heavily on
the theory of quasiconformal maps as developed in Chapter 8.

In Section 9.1, we recall from Chapters 6 and 7 the basic machinery used to con-
struct and classify Riemann surfaces: universal covers, the uniformization theorem,
and groups of covering transformations. Moduli spaces are computed for spaces
whose universal cover is conformally equivalent to C.

Section 9.2 begins the study of maps from one Riemann surface to another, and
their lifts to the universal cover. In Section 9.3, the developments in Section 9.2 are
used to initiate the study of the Teichmiiller space 7' (S) of a Riemann surface S.
This is a space of quasiconformal maps from S to topologically equivalent surfaces
S’. More precisely, it is a space of equivalence classes of such maps. Minimizing
the dilatation within the equivalence classes provides a natural metric. Section 4
examines 7 () more closely for compact S.

In section 9.4, we turn to 7 (H). Aside from the torus (genus 1), all the interesting
Riemann surfaces are (up to conformal equivalence) quotients of H by a subgroup
G C Aut(H). Quasiconformal maps of surfaces S, S’ of the same genus lift to quasi-
conformal maps of H to itself. Conversely, if a quasiconformal homeomorphism of
H to H is compatible with the action of the group of cover transformations G, then
it induces a map of G to a group G’, and projects to amap S — §’. Therefore T (IH)
is known as the universal Teichmiiller space.

There are several different natural parametrizations of 7 (H). One comes from
considering the normalized quasiconformal maps f*. Another comes from consid-



9.1 Coverings, quotients, and moduli of compact Riemann surfaces 203

ering certain modifications f,, and their Schwarzian derivatives. This is the subject
of Section 9.5. In Section 9.6, we indicate briefly how the theory proceeds from this
point.

A very active area that has its roots in Teichmiiller theory has come to be known
as “higher Teichmiiller theory.” A brief description is given in Section 9.8.

9.1 Coverings, quotients, and moduli of compact Riemann
surfaces

Here, we summarize results from Chapter 6 and Chapter 7, and indicate the direction
of further developments. We then sketch proofs that the moduli space for compact
surfaces of genus 1 has complex dimension one, and that the moduli space for com-
pact surfaces of genus g > 1 has real dimension 6g — 6.
e As noted before, up to conformal equivalence, the only simply connected Riemann
surfaces are the plane C, the Riemann sphere S, and the unit disk ID. In place of D,
we will work with the conformally equivalent upper half-plane H.
e Any Riemann surface S has a simply connected universal covering surface: a
Riemann surface S* and a projection w of S“ onto § with the properties that
is holomorphic, and that each point p € S has an open neighborhood U such that
7~ 1(U) consists of disjoint open sets, each of which is mapped conformally to U
by 7. Moreover, any closed curve y beginning and ending at p lifts to a curve ¥ in
S“ that begins and ends in 7 ~!(p). The lift is closed if and only if y is homotopic
to a constant curve. A Riemann surface S is said to be elliptic if S* = S, parabolic
if $* = C, and hyperbolic if S* = H.
e Let Aut(S") be the group of conformal self-maps of S*. The group Aut(S*) contains
asubgroup G, the group of cover transformations (often called deck transformations,
from decken, “to cover”). The automorphisms g belonging to G are characterized by
the property that

Tog = . 9.1.1)

Thus, a point p of S corresponds to the orbit under G of any point in 7 I( p), of,
equivalently, to the quotient of S* by the equivalence relation induced by G. This
quotient is usually denoted G\ Aut(S*).

Since S* can be taken to be one of C, S, or H, the automorphism group Aut(S*) is
isomorphic to a group of linear fractional transformations, and has a natural topology.
The group G is a properly discontinuous subgroup of Aut(5*),and g € G hasno fixed
point unless g is the identity. Such a group is called a Fuchsian group. Conversely,
if G C Aut(S") is such a group, then G\ S is a Riemann surface.

e The cover transformations can be generated as follows. The covering surface itself
is constructed by choosing a point pg in S. The elements of S* are equivalence
classes [y,] of curves y, from pg to p, two such curves being equivalent if they
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are homotopic. Then each closed curve y begining and ending at p generates a
cover transformation g, by g )([¥»]) = [y} - v]. This is a homomorphism from
the fundamental group H;(S) into the automorphism group Aut(S*).

e In the elliptic case, S* = S, each element of Aut(S) has a fixed point. It follows
that G contains only the identity map, and S = S“. In the parabolic case, S* = C,
the fixed-point-free automorphisms are translations and the group of cover transfor-
mations is generated by either one or two translations: Proposition 6.3.3.

Theorem 9.1.1. Suppose that S; = G\S} and S, = G,\Sj.

(a) If Si and S, are conformally equivalent, then any conformal equivalence ¢ :
S1 — S, can be lifted to a conformal equivalence ¢ of the universal covers S;.’.

(b) The lift ¢~> induces a isomorphism of the groups G and G, of cover transforma-
tions.

(c) Any other lift of ¢ to a conformal map of S{ onto S has the form h o $, for some
h e Gz.

Proof: The proof of Theorem 6.2.4 can be adapted to prove (a). In fact, fix points
Zo in S§ and wy in 712_1 o ¢ om(zp). If y is a path in S} from zg to z, take 5(1) to
be the endpoint of the path obtained by lifting ¢ o m; o y from wy. Any other such
path y’ is homotopic to v, so ¢ o 7y o ' lifts to the same endpoint. The result can
be illustrated by the commutative diagram

si 2, g

ml nzl 9.1.2)

Sl L) Sz.

More concisely, N
¢pom = mod. 9.1.3)

To prove (b), we let 8(g) be defined by
6(g) = pogod™!, geGi

Then 0(g) is a conformal map of S5 onto Sy. We need to show that 6(g) belongs to
G», i.e. that mp 0 0(g) = m,. But (9.1.3) and (9.1.1) imply that

n209(g)=7rzo$ogo$‘l = ¢>omogo<’]\5_1
=qbon’10$_l = 1.

Conversely, for h € Gy, letg = &‘71 oho $ Then

7110$_10ho$ = ¢_lon20hoq~5

:¢_107T205 = mj.

o8

Thus, 6 is an isomorphism from G to G».
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For any h € G, ho 5 is also a lift. Conversely, suppose f is a lift of ¢. Let
h= fo¢ ' Then

moh = q)orrloa_loh = nzogoa_loh = 7,
so hisin Gs. O

Note that one consequence is that conformally equivalent Riemann surfaces have
conformally equivalent universal covers.

Corollary 9.1.2. Discrete groups G, G, of fixed-point-free automorphisms of S",
where S* is C or H, generate conformally equivalent Riemann surfaces if and only
if they are related by an inner automorphism of Aut(S"), i.e.

g€G, — hogoh™! 9.1.4)

for some h in Aut(S").

Proof: Suppose that ¢ : §; — S is a conformal equivalence. We may identify both
S;‘ with C or H, as the case may be, and let ¢ be the lift of ¢. Then for g € G,

Y 7-1 -1 -1
mpogpogod = ¢pomod = Po¢  omm = my,

SO (?5 ogo ¢! belongs to G,. The mapping is clearly a homomorphism, and a similar
calculation shows that the inverse & — 5_' oho 5 maps G; to G.

Conversely, suppose that S; is defined by the automorphism group G; C Aut(S"),
and suppose that f belongs to Aut(S"). Let G, = h o G o h™! be the groups defined
by the map ¢ — h o g o h~!. This defines a Riemann surface S,. The map ¢ = 7, o
h o ;! is easily seen to be well defined and holomorphic, with inverse 75 o h o 77 .

Therefore it is conformal. O

Let us return to the parabolic case. We may take S = G\C. We know that any
element of G is atranslation T, = z + a,a # 0. As noted above, by Proposition 6.3.3
G has either one or two generators. Suppose first that G has the single generator 7.
It is easily verified that any other translation can be obtained as BT B! for some
choice of B € Aut(C), so all such surfaces are conformally equivalent. Note that
they are not compact: topologically they are open cylinders obtained by identifying
zand z +a.

Suppose now that G is generated by two translations, 7, and 7}. In the proof of
Proposition 6.3.3, it was shown that b/a is not real. The resulting surface is a torus
that is obtained by identifying opposite sides of a period parallelogram of a lattice,
as in Figure 6.3.

The parameter space in this case can be taken to be the plane C. An analytic
proof of this fact takes some heavy machinery. Let us denote the generators of the
lattice by w;, w, rather than a, b, with the standard normalization Im (w,/w;) > O.
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Suppose that A is an automorphism of C that takes one such period parallelogram
A bijectively to another, A,. Then

/ /. -1 _
Awj = mj1 0] +mj wy; A w; = njo+npaw,

J = 1,2, where the m j; and nj; are integers. Thus, A corresponds to a matrix in
the modular group SL(2,Z) of invertible matrices with integer coefficients and
determinant 1. More precisely, A belongs to the projective version PSL(2, Z): the
quotient of SL(2, C) by the subgroup {1, —1}.

Thus, the moduli space for conformal structures on the torus is the quotient of H
by PSL(2, Z). Some elementary calculations show that, by choosing periods w; and
wy with |w;| minimal, we can guarantee that T = Im (w,/w;) belongs to the region

A= {t:—-1/2<Ret <1/2; |t|=1; Ret >0 if || = 1};

see Figure 2.2. A further argument shows that this choice of T € A is unique. There-
fore we may take A itself as the moduli space for conformal structures on a topological
torus. Finally, the J-function, a holomorphic function on H that is invariant under
the modular group (and is closely related to the elliptic modular function A discussed
in Section 2.5) maps A conformally onto C. (For details, see Hille [107], Section
13.6, or [22], Chapter 17.)

To conclude this section, we sketch an argument concerning the moduli of a
compact surface S of genus g > 1. As discussed in Section 11.2, cycles (simple
closed curves) «;, B;, j =1,2,...¢g, can be chosen in such a way that the only
intersections are a single intersection of each pair «;, 8;, and such that if S is cut
along these cycles, the result is topologically a 4g-sided polygon whose boundary
consists of the sides in the order

-1 g1 -1 p-1
alvﬂhal 7:31 7-"7ag5ﬂg7ag 7ﬂg .

By identifying the sides o, ozj_l and the sides ;, ,Bj_l one reconstructs, topologically,
the surface S. Figure 11.2 illustrates this in the case g = 2. Choose a base pointin S,
and g curves that join p to the points of intersection of the cycles. The closed curve
that starts at po, follows «; and returns to po determines an automorphism A; of
§* = M, and similarly for 8; and B;: Theorem 6.2.4. The cycles «, 8; generate the
fundamental group of S, so the A ; and B; generate the group of cover transformations
of H over S.

Each of these 2g transformations corresponds to a linear fractional transformation
with real entries and determinant 1, unique up to multiplication by —1. Therefore the
particular surface S has at most 6g “degrees of freedom.” Looking at the boundary
of the 4g-gon, we see that

A1BAT'B - AgBA'B] = I (9.1.5)

the identity transformation. The product on the left in (9.1.5) has determinant 1, so
(9.1.5) puts 3 constraints on the A;, B;. Moreover, if B is any element of Aut(lH),
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thenthemap A — B~ 'AB, A € I'is an automorphism of G, allowing us to eliminate
3 more degrees of freedom from the remaining 6g — 3, leaving 6g — 6.

To this point, the argument only gives 6¢ — 6 as an upper bound for the dimen-
sion of the parameter space. However, the cycles o, B; are determined only up to
homotopy and intersection conditions, so the associated matrices have some room to
move. Thus, the parameter space does actually have 6g-6 real dimensions as a subset
of R% (modulo an equivalence relation corresponding to the freedom of multiplying
any of the matrices by —1).

Riemann’s argument, unlike this one, produced 3g — 3 complex parameters. How-
ever, neither argument gives a clear geometric picture. For example, is there any nat-
ural parametrization that leads to an open ball in R®~6 or in C*~3 as the parameter
set? This is the type of question that led to Teichmiiller’s work.

9.2 Homeomorphisms of Riemann surfaces

The case of annuli, considered in the light of Exercise 11 of Chapter 8, suggests that
one way to relate inequivalent Riemann surfaces, and measure the extent to which
they differ, is by the use of quasiconformal maps. In this section, we do not need to
make use of quasiconformality, so we deal with general homeomorphisms (always
assumed to be orientation-preserving).

The proof of Theorem 9.1.1 can be extended to give the following.

Theorem 9.2.1. Suppose that S; = G\S} and S» = G,\Sj.

(a) If f is a homeomorphism of S| onto S,, then f can be lifted to a homeomor-
phism fof the universal cover S} onto the universal cover S5. Moreover, if f is
K -quasiconformal, the same is true of the lift f

(b) The map

0;(g) = fogof!

is an isomorphism of G onto Gy.
Any other lift of f has the form h o f for some h € Aut(S5).

Proof. Pictorially, we have again

su T g

n.l l’” (9.2.1)

S] —f> Sg,

SO again _
mo f = fom. 9.2.2)
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Since f maps closed curves in S; to closed curves in S, composition with f maps
cover transformations to cover transformations. The map

0/(g) = fogof ', gecAu(sY)

belongs to Aut(S5).
Given g € Gy, let g = 67(g1). Then, referring to (9.2.2), we see that again
mogr=mofogiof ' = fomogiof !
=fomof ' =
Thus, g> belongs to G». Clearly, 6 is a homomorphism, and 6 -1 inverts it. 0O

Since the universal covers of homeomorphic Riemann surfaces are homeomorphic
and, in the interesting case, equivalent to C or H, we may always take a Riemann
surface S to be G\ S* with §* equal C or H, and with covering group G a subgroup
of Aut(S").

Theorem 9.2.2. Suppose that S and S’ are homeomorphic Riemann surfaces. Two
homomorphisms fy: S — S and fi : S — S’ induce the same isomorphism of the
covering groups if and only if they are homotopic.

Proof. Suppose that fy and fi induce the same isomorphism, and suppose that
$" = H. We define a homotopy { f;} from fj to f; by taking f(z), z € H, to be the
point on the (hyperbolic) line segment from f;(z) to fi(z) such that

pu(fo2), fi1(2) = t pu(fol2), fi2)),

where pp is the hyperbolic distance. We want to show that the projection

= -1
fi = mo fiom,

is a well-defined map. But g € G is an isometry, so if w = g(z), then f,(w) =
g(fi(2)), 1.e. f, og=go f, Therefore f; is well defined and {f;} is a homotopy
from fj to fi. If S* = C, the same argument works, with the euclidean metric in
place of the hyperbolic metric.

Conversely, suppose that { f;} is a homotopy from fj to f;. It can be lifted to a
homotopy { f,} of fyto fl For g € G and z € H, the paths

t— fiog(x), t— foogo fy ' (fi2)

have the same starting point fo(g(z)) in H and the same projections m; o f,(z) on
S,. Therefore they agree at r = 1, giving

ﬁogo%_lzﬁogoﬁ_l, allg € G.
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Thus, fy and f; give the same isomorphism. O

The following is an equivalent way to state Theorem 9.2.2. We leave the proof as
Exercise 1.

Corollary 9.2.3. Two homeomorphisms f; : S — §', j =0, 1, induce the same iso-
morphisms G — G’ if and only if ffl o fo is homotopic to the identity map of S’

In anticipation of the standard construction of Teichmiiller spaces, let us push this
idea one step further.

Corollary 9.2.4. Suppose that S, S|, and S, are homeomorphic compact Riemann
surfaces with cover groups G, G, and G in Aut(S*). Suppose also that f; : § — S,
Jj = 1,2, are quasiconformal homeomorphisms.

(a) Suppose that fi o fz_l 2 Sy — 8§ is homotopic to a conformal map ¢. Then the

lifts fi o f2 and ¢ induce the same isomorphism of G to G.
(b) Suppose that ¢ : S, — Sy is a conformal map. Then fl and ¢ f2 induce the
same isomorphism of G to Gy if and only if fi o f2 is homotopic to ¢.

Proof: (a) Under this assumption, f; and f = ¢ o f, are homotopic homeomor-
phisms from S to S;, so fl and f induce the same isomorphism from G to G;.

(b) Under this assumption, 5 induces an isomorphism of G, to G. Again, let
f = fro¢. Then f) and f induce the same isomorphism if and only if the map

fiof™ = (fiofsHog™!

is homotopic to the identity, which is true if and only if f; o f~' is homotopic to ¢.
O

There is a different way to phrase this result.

Proposition 9.2.5. Supposethat S, S\, and S, are Riemann surfaces,and f; : S — S
are homeomorphisms. Then S| and S, are conformally equivalent if and only if f o
fz_1 1 S, — 8, is homotopic to a conformal map.

9.3 Homeomorphisms of compact Riemann surfaces

The discussion in the previous section shows that in considering homeomorphisms
from one Riemann surface to another, we are principally interested in homotopy
types. In the introduction to this chapter, we suggested that one should focus on
quasiconformal maps. For compact surfaces, up to homotopy, we lose nothing by
restricting to quasiconformal homeomorphisms.
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In preparation for the proof of the last statement, we recall some facts about the
Beurling—Ahlfors extension in Theorem 8.7.4, transplanted, via the Cayley trans-
form, to an extension of an orientation-preserving homeomorphism /4 of dID (not
necessarily normalized). The homeomorphism f of D constructed from 4 is C' on
D, with positive Jacobian, so it is quasiconformal on each compact subset of D. (The
maximal dilatation will grow indefinitely as one approaches some boundary point
unless £ satisfies a quasi-symmetry condition.)

Theorem 9.3.1. Suppose that the Riemann surfaces S and S’ are compact, and
f is a homeomorphism of S onto S'. Then f is homotopic to a quasiconformal
homeomorphism of S onto S'.

Proof: We may choose domains U;,j =1,2,...n, in S such that: (a) there are
conformal maps ¥; : D onto Uj; (b) these maps extend to the boundary; (c) for
some 0 < r < 1 the images V; = v;(D,(0)) cover S and have the property that
successive intersections V;_; N V; are not empty. Define successive maps fy = f,
and f; = f;_; on S\ U;. Extend f; to U; as the Beurling—Ahlfors extension of
fi-1lau,- Then f;_; and f; agree except on U;. We define a homotopy on U; by

fij = A=t fj—1 +tf;.

Thus, f = fy is homotopic to each f;. By construction, f; is quasiconformal on
U j<k Vj>so f = fo is homotopic to the quasiconformal map f, : § — S O

We assume throughout this section that all surfaces are hyperbolic: they have H
as universal cover. One question is: how to recognize the compact case among all the
cases G\H? We start by looking for a fundamental domain for G: a domain 2 C H
that is minimal with respect to the condition that H is covered by the closures (in H)
of the images g(£2), g € G. Equivalently, the condition is that 77 (£2) = S and £2 is
minimal among domains with this property.

Suppose that G C Aut(H) is a properly discontinuous group, whose non-identity
elements have no fixed points. A Dirichlet domain for G is defined by choosing a
point a € H and defining N, to be set of points of IH that are closer to a than to any
of its images g(a), for non-identity element g € G:

N =N, = {z€eH : pu(z,a) < pul(z, ga)), allg e G, g #1}, (9.3.1)

where pp is again the hyperbolic metric in H. The point a is called the center of N,.
Clearly, N, is open and non-empty. If b = g(a) for some g € G, g # 1, then N, and
N,, are disjoint.

Lemma 9.3.2. The closure N of N, in H projects onto S.
Proof: Every point of H either lies in some N, for some g € G, or lies on the

boundary of (at least) two of these domains. Therefore the closures {Ng(q)} cover H.
Any two such closures project to the same set, so 7 (N) = S. O
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The elements of Aut(IH) are isometries with respect to the hyperbolic metric, so
the N,, for b = g(a), g € G, are each congruent to N = N,. In particular, either no
N, has finite diameter, or they all have the same finite diameter. This means that
each has a boundary point (with respect to C) on R, or none do. This dichotomy is
independent of the choice of starting point a, as shown by the following.

Theorem 9.3.3. The Dirichlet domains of a Riemann surface S = G\H are bounded
(with respect to the hyperbolic metric) if and only if S is compact.

Proof: Suppose that S is compact. Choose a € H and let D,, be the hyperbolic disk

D, = {zeH : pula,z) <n}.

The projections 7 (D,,) are open sets that cover S, so there is some m such that D,,, =
S. Thus, for every z € H, there is a g € G such that pg(a, g(z)) < m. Equivalently,
N, has diameter < 2m. Conversely, if N, is bounded, then its closure N is compact.
Therefore S = (N) is also compact. m]

We do not need the following description of Dirichlet domains, but it is easily
established in the compact case. For convenience, we refer to the hyperbolic lines
(geodesics) simply as “lines,” and intervals on geodesics as “segments.”

Proposition 9.3.4. Any bounded Dirichlet domain N is a (hyperbolic) convex poly-
gon, i.e. the boundary is the union of finitely many segments that meet at interior
angles < . The number of such sides is even, and there is a natural pairing of
opposite sides.

Proof: Any point on the boundary of N = N, is the midpoint of the line joining a
to a point b = g(a) some g € G. Since there is a bound to the distance from a to
the boundary of N, there is a bound to the distance from a of the b that can occur
in this way. Therefore there are finitely many. The set of points equidistant from a
and b is a line; see Exercise 2. Therefore the boundary of N is a union of finitely
many segments E;. Wherever two such edges meet, N lies in the intersection of the
half-planes determined by the lines that contain these edges, so the interior angle is
<.

Finally, if E; is associated to g;(a), g; € G, then reflecting through a takes E;
to the side associated to gj_1 (a). O

Corollary 9.3.5. In the compact case, G is finitely generated.

Proof: As noted in the preceding proof, each side E; of a Dirichlet region N, cor-
responds to a point b; = g;(a), g; € G. We claim that these finitely many elements
{g;} generate G. In fact, g; maps N, to Ny, b; = g;(a). This image is a reflection
through E;. It follows that g; o g; maps the the g;(E;) to the corresponding side of
Ny, . Clearly, any of the images under G of N, can be reached in this way, by means of
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an element of the group G’ generated by the g;. There is a bijective correspondence
between these images and the elements of G, so G’ = G. O

For an example of all this, set in the disk D rather than in H, see Figure 9.2.
The yellow region in the disk on the left is the Dirichlet region Ny with center O for
the Bolza curve, a compact genus 2 surface. The right side of the figure shows the
decomposition of D into Dirichlet regions congruent to the region on the left.

Fig. 9.2 Dirichlet regions for the Bolza curve.

Lemma 9.3.6. Suppose that the Riemann surface S = G\H is compact. Then the
set of x € RU {00} such that x is a fixed point of some g € G, g # 1 contains at
least three points.

Proof: Suppose that there are at most two such points. Replacing G by hGh~! for
some i € Aut(G) yields an equivalent surface. Assuming that there is only one
such point, choose & so that the fixed point is the point at co. Then G consists of
translations g,(z) = z + b, b € R. Since G is discrete, there is a minimal such b > 0.
Then S = G\H is homeomorphic to the vertical strip

{zeH : —b/2 <Rez < b/2}

with the edges |Re z| = b/2 identified. Thus, § is an open cylinder, contradicting the
assumption that S is compact.

Assuming that there are exactly two fixed points, we may take them to be 0 and
00.Then each element of G is a map z — az for some a > 0. Since G is discrete,
there is a smallest such @ > 1. Then

G ={g(x)=d"z, n=0,%1,£2,...}.

The associated surface G\H can be taken to be the closure of the annulus A(1, a)
with the inner and outer boundaries identified. This is a torus, so the universal cover
would be conformal to C rather than to H. m]
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It is useful to be able to extend a homeomorphism H — H continuously to a
homeomorphism of the closure H U R. This is not always possible; see Exercise 3.
However, we know from Section 8.6 that it is possible for quasiconformal maps,
and we also know that the lift of a K -quasiconformal homeomorphism of Riemann
surfaces is a K -quasiconformal map of the covering spaces.

Theorem 9.3.7. Suppose that S = G\H and S’ = G'\H are compact. Two quasi-
conformal homeomorphism fy and f> from S to S’ induce the same isomorphism of
G and G’ if and only if there are lifts fi, f> that coincide on R.

Proof: Suppose first that such lifts induce the same homomorphism. The f; map
fixed points of G to fixed points of G’. Therefore for any g € G, the maps

fiogofi',  frogofy!

agree on R. Since both maps belong to Aut(H), they must be identical.
Conversely, suppose that f; and f> induce the same isomorphism, i.e.

flogoﬁ_l =]§Og0]72_1, all g € G.
Lett/fzfl’lof;,sothat
g'o¥ = Yog, geG, n=0,%1,42,....

If x is fixed by g € G, then so is ¥ (x). Now g"(z) — x either as n — oo or as
n — —oo (or both), so, for the correct choice of sign, we have

Y(x) = limy(g"(2)) = limg"(¥(2)) = x.

Thus, each fixed point of G is a fixed point of 1. Since there are at least three such
points, ¢ = 1. O

Remarks. Theorem 9.3.7 is true for a much wider class of hyperbolic Riemann
surfaces, classified according to the properties of the covering group G. To be specific
here, we need some definitions. The limit set of a Fuchsian group G is the set L of
points x € {R U {oo} with the property that there is a sequence of points {z,} C H
and a sequence of {g,} of distinct elements of G such that g, (z,) — x. In particular,
any fixed point of an element g € G belongs to L. The Fuchsian group G is said
to be of the first kind if the limit set L is all of R U {oo}. Otherwise, G is said to be
of the second kind. Theorem 9.3.7 carries over to any G of the first kind. It is not
difficult to show that, in the compact case, G is of the first kind; see Exercise 5. For
any such group, the set of fixed points is dense in R.

For a full treatment of this topic, see Lehner [133].
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9.4 The Teichmiiller space of a Riemann surface

to consider only the hyperbolic case: Riemann surfaces that can be taken to be of
the form G\H. Throughout this section, we also assume that the Riemann surfaces
under consideration are of the form G\H with covering group G that is of the first
kind. As noted in the previous section, this includes all compact hyperbolic surfaces.

The deformation space Def (S) of a Riemann surface S is defined to be the collec-
tion of pairs (S’, f), where S’ is a Riemann surface and f : § — §’ is a quasicon-
formal homeomorphism. The Teichmiiller space T (S) is defined to be the quotient
of Def (S) by a certain equivalence relation ~:

Def (S
7(s) = 26 9.4.1)
the relation ~ is defined as follows:
fi~ fo ifandonlyif fro f;': 8 — S
is homotopic to a conformal map ¢ : S; — S,. 9.4.2)

In light of Proposition 9.2.5, this is the same as saying that the images S; and S, are
conformally equivalent.

Proposition 9.4.1. If f belongs to Def (S), then the equivalence class [ f] contains
an extremal: a map fy whose maximal dilatation is minimal:

Ky

0

= inf K,.
e~f 8

The proof is left as Exercise 4.

The Teichmiiller distance Dt between two functions f, g in Def(S) is defined to
be 1
Dr(f,g) = 5 log Ko p-1.

Thus, Dr(f,g) > 0 and Dr(f,g) = O if and only if f and g are conformally
equivalent. Moreover, Dy (f, g) = Dr(g, f), since K;, = Kj,-1.
The Teichmiiller metric on T (S) is defined by

dr(LAi), LD = mf{Dr(f,8) « [~ fi, &~ fa}h 9.4.3)

We show next that the term “metric” is justified.

Proposition 9.4.2. The formula (9.4.3) defines a metric on T (S).

Proof: Clearly, dr([f1, [g]) = dr([g], [f]) = 0. The triangle inequality follows
from Proposition 8.2.1 (b):

Kfoh—l < Kfog’lKgch’]'
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To complete the argument, we need to show that d7 ([ f1, [g]) = Oimplies [ f] = [g].
If dr ([ f], [g]) = O then, as in the proof of Proposition 9.4.1, there is are sequences

{fu} CLf], {g.} C lgl. Kf,,og,jl — 1

that can be lifted to H and yield limits ﬁ), go that are lifts of fy € [f], go € [g].
Moreover, Kfoogo" = 1. Thus, fy o go is conformal, so [ fo] = [go]- 0O

Suppose that f is a K-quasiconformal homeomorphism of S to §'. If S = G\H
and S’ = G'\H, then the lift f is a K -quasiconformal homeomorphism of H. If we
normalize it, then by Theorems 8.8.13 and 8.8.15 is f* for some unique 4 = p 7 in
the unit ball B of L*(H):

B = {ne L™ : |lullo < 1} 9.4.4)

Note: to simplify notation in the following, we write s for 7.

We take advantage of the fact that the maximal dilatation of f is the same as
the maximal dilatation of the normalized lift f#, and find a formula for dr(f, g)
as follows. Given two quasiconformal homeomorphisms f and g from S to .5, let
]7 and §/b\e/the normalized lifts to H. Let 7 = g o f~', so the normalized lift is

H=%o f~!. The computation (8.8.20) can be rewritten, using g o F'in place of

g, as
R e

—L (9.4.5)
L =Ty

wno = (7/7)
It follows that, in the distance calculation, we may replace the maximal dilatation of

h = g o f by that of h, giving

L+ fpnl Il —mppel + g — 1yl
1 — |iap] [T — gl — g — gl

Compare this to the hyperbolic distance between points a, b € D,

@b = Log L= abl +la bl
a,b) = =lo — .
p 2 BT —ab| —|a—b|

Taking the supremum of Dgor-1 over D gives the maximal dilatation Kz,71 =
Kgof*] N
Dr(f,8) = po(iy, ig)). (9.4.6)

In view of Proposition 9.4.1, we have proved the following:

Theorem 9.4.3. If f and g belong to Def(S), then

dr([f]. gD = po(is, te,). 9-4.7)
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where fo and g are extremal elements of [ f] and [g].

These results show that we may study 7' (.S) as a metric space by studying the set of
Beltrami coefficients that correspond to lifts from S = G\H. These are characterized
among elements of the unit ball (9.4.4) by the condition

nuog = u, al gedG. (9.4.8)

Such a coefficient  is said to be extremal if i = s, where f is extremal.

Corollary 9.4.4. The space T (S) is pathwise connected.

Proof: It is sufficient to show that every f € Def(S) is homotopic to the the identity
map. We may take [ to be extremal in its equivalence class, and let i = p 7. In view
of Theorem 9.4.3, it is natural to define u,;, 0 < ¢ < 1 to be the point

" A+ +d = ud" (9.4.9)

R (T

on the geodesic from 0 to w1 in ID. This is a homotopy from the identity map f° to
f*. Since u satisfies (9.4.8), it follows that u, does also. Therefore { f*} is the lift
of a homotopy { f;} from the identity map 1 of S to the given map f : § — §’. Then
Kj = K;and K, . = K" If g € [fi], then f; 0 fi_; ~ g o fi, 50

Ky = KiKY' < Ky = KKy, = KKD

Therefore K, < K, showing that f; is extremal. Thus, {[ f;]} is a path in T'(S) from
the identity map to [ f]. O

This argument shows that
dr(1, f)=tdr, fi) + 1 —1t)dr(, f). (9.4.10)
Now it follows from the definition that
dr(f.g) = dr(l, fog™). (9:4.11)

Combining this with the additive property (9.4.10), we can show that for any partition
{t;} of the interval [0, 1], we have

dr(L, f) = Y dr(fi. fi.)-
J

Therefore the path {[ f;]} is a geodesic in T (S).
The construction here can be generalized. Given extremal elements fy and f; of
Def (), let u,(z) be the point on the hyperbolic geodesic from py(z) = 114, (z) to
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11(z) = wy, (z) such that

pp(1o(2), 1:(2)) = 1 pp(1o(2), 11(2))- 9.4.12)

Then again pu, satisfies (9.4.8) and {[m o f* o 7 M}isa geodesic path from [ fy] to
[fi]in T (S). This sketch gives the following.

Theorem 9.4.5. The space T (S) is geodesically convex: for extremal elements f, g
in Def(S), the patht — 7 o f" from 7 to uz in D, where i, is defined by (9.4.9),
corresponds to a geodesic from [ f] to [g] in Def(S).

We complete this discussion of 7 (S) with two more results about 7'(S) as a metric
space. The proof of the first of the two results is left as Exercise 7.

Theorem 9.4.6. The space T (S), with metric (9.4.3), is complete.

Theorem 9.4.7. If two surfaces in . are quasiconformally equivalent, then their
Teichmiiller spaces are isometric.

Proof: Suppose h : § — §' is a quasiconformal homeomorphism. Then f — f o
h~! maps the family of quasiconformal self-maps of S to the corresponding family
for 8. If g; = f; oh™ !, j =1,2,then

gog' = fiof,i (9.4.13)

Thus, [f1] = [f2] € T(S) if and only if [g1] = [g2] € T(S’). Therefore f — f o
h~!is a bijection from T'(S) to T(S’). It follows from (9.4.13) lifted to H that this
map is an isometry.

9.5 The universal Teichmiiller space

We have noted that for all but some well-understood examples, the universal cover of
aRiemann surface can be taken to be H, and that any quasiconformal homomorphism
of Riemann surfaces can be lifted to a quasiconformal homeomorphism of the covers.
For this reason, 7' (H) is called the universal Teichmiiller space. The question is: how
to define T (H)?

We need a stronger definition of equivalence of quasiconformal self-maps. In fact,
with the definition (9.4.2), T (H) would consist of a single point:

Proposition 9.5.1. Any two quasiconformal homeomorphisms of H to H are homo-
topic.

The proof is left as Exercise 8.
As noted above, each normalized K -quasiconformal homeomorphism of H to H
is f* for a unique u in the unit ball B of L*°(H). In view of Theorem 9.3.7, it is
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natural to take the equivalence relation for quasiconformal homeomorphisms f, g
of Htobe: f ~ gifthere is a homotopy from f to g that is constant on R. However,
note that if we simply assume that f|gr = g|gr, then the homotopy constructed in
(9.4.9) is constant on R. Therefore we may define

f ~ g ifandonlyif f|r=glr. 9.5.1)

Then 7 (H) is the quotient of the family .# of normalized quasiconformal homeo-
morphisms f : H — H by the equivalence relation (9.5.1):
F k:pneB
TH) = — = M 9.5.2)

The metric (9.4.7), as well as Theorems 9.4.5 and 9.4.6 carry over to 7 (H):
dT([f]a [g]) = p]D)(/'qua I’Lgo)v (953)

where fy € [f] and go € [g] are extremal.

Theorem 9.5.2. The space T (H) is geodesically convex and complete.
We may also identify 7 (H) with the quotient of B by the an equivalence relation:

T(H) = g, Lo~V s o~ (9.5.4)

Let QS denote the collection of normalized quasi-symmetric maps of R. The
equivalence class of any f* is uniquely determined by its restriction to R, so we also

have
TH) = 0S. (9.5.5)

The family .# = { f*} of normalized quasiconformal homeomorphism of H is a
group under composition, asis Q S, and themap f — f|r is a group homomorphism.
We may also make B a group by defining

HOV = [Lpugpv. (9.5.6)

After these general remarks, we pass to a construction that leads to a new and
very fruitful way to parametrize 7 (H). Given u € B, we can define a new Beltrami
coefficient on C by

0, zeH

() = 9.5.7
w(2) u@). 7 H". 9.5.7)

where H* is the lower half-plane {z € C : Imz < 0}. Let f, = f* . Then f, maps
H conformally onto a domain bounded by the curve L = f,(R), and is a sense-
reversing quasiconformal map of H* onto the other component of the complement

of L, with
(fM)Z(Z) _
(fi):(2)

—u(z), zeH". (9.5.8)
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Theorem 9.5.3. If v and v belong to B, then f* ~ fV ifand only if f,, = f, on H.

Proof: Suppose that f,, = f, onH, and therefore on R as well. The maps of H defined
by
= uo (" ' & = fio () 'k 9.5.9)

are conformal and have the same image, so g, o g, ! belongs to Aut(H). This map
fixes 0, 1, and oo, so it is the identity. Therefore f* = g;l ofyand f" =g o f,
agree on R.

Conversely, suppose that f* ~ f. Define amap g : C — C by

fuo £i'@, filz) eHUR;

D=0 hetm e o 710 £ € B

Since f,, and f, agree on R, g is continuous on f,(IR) and thus is a homeomorphism
of C. Now g|y is conformal. By (9.5.8),

-1 -1
Kl = weulme,  pplee = mp e

By (9.4.5), fuo (f*)~" and f” o f, ! are both conformal on H*. Therefore g is
conformal, hence belongs to Aut(H). But g fixes 0, 1, oo, so g is the identity. Thus,
fu= foonH. O

Theorem 9.5.3 gives us another way to characterize 7 (IH). The map from equiv-
alence classes to functions
1 — f wlH

is well defined, so
TH) = {fulm : 1 € B}. (9.5.10)

There is a conformal invariant associated with conformal homeomorphisms
from H into C, namely the Schwarzian derivative, or simply the Schwarzian. The
Schwarzian { f, z} of a holomorphic function f is defined to be

_ (" /_l(f”(Z)>2 9.5.11
{f’Z}_<f’(z)) 2\7@) ©>.11)

To simplify the following statements, we assume that the functions in question are
defined in a simply connected domain 2 in S, which we generally take to be H.

The formula (9.5.11) extends to meromorphic functions, and in any case defines
a meromorphic function. In particular, we may compute the Schwarzian of a linear
fractional transformation f € Aut(S) and check that

{f.z} =0 ifandonlyif f € Aut(S). (9.5.12)

Proposition 9.5.4. (a) If f is holomorphic and f' has no zeros, then {f,z} is
holomorphic.
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(b) For meromorphic f and g,

{gofiz} = g fF@OIf @*+{f 2} (9.5.13)

(c) If g is a linear fractional transformation,

{go fiz}) = {f. 2} (9.5.14)

(d) Schwarzians { f1, z}, { f2, z} are identical if and only if

fo = hofi (9.5.15)

for some linear fractional transformation h.

We leave the proof of Proposition 9.5.4 as Exercise 9.
It is common in this context to change the standard notation by considering z —
{f, z} as the definition of the function S ;. Then (9.5.13) and (9.5.14) are

Sgor =Sg 0 f ()’ +Sy: (9.5.16)
Seor =Sy, g € Aut(S). (9.5.17)

The next result tells how to recover f from its Schwarzian.

Theorem 9.5.5. If g is holomorphic and g' has no zeros, then solutions ¢\, ¢, of
the equation
9" +380=0 (9.5.18)

can be chosen in such a way that the quotient f = @\ /¢, satisfies Sy = g.

Proof: We rely on some basic facts about linear differential equations. (Standard
proofs for functions of a real variable carry over to the complex case, working with
holomorphic coefficients and solutions.) Equation (9.5.18) has a two-dimensional
space of solutions. If ¢; and ¢, are two solutions, then a simple computation shows
that the Wronskian

P12 — P190h (9.5.19)

is constant. If the ¢; are chosen to be independent, then (9.5.19) is not zero, and we
may normalize so that
9102 — 19y = 1. (9.5.20)

Then (9.5.20) implies that with f = ¢ /@> we have f/ = 1/¢,>. A further compu-
tation, again using (9.5.20), shows that the Schwarzian of f is g. O

Consider Sy, in H. For any & € Aut(H), S, = 0, so Proposition 9.5.4 (b) shows
that under the change of coordinates ¢ = h(z), the expression
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» = Sy(z) (dz2)*
transforms as

w(z) = Sph(z) (W) (d2)* = S;(¢) (d)* = w(Q).

Thus, w is invariant under any conformal change of variables in H. It is referred
to as a quadratic differential. Since S f is holomorphic,  is termed a holomorphic
differential.

9.6 The Bers embedding

This section uses some results from Sections 2.2 and 4.1.

We saw in Section 9.5 that 7' (H) can be identified with the family of holomorphic
maps { f,|m}. Each such map is a homeomorphism onto some domain §2 C C. Theo-
rem 9.5.5 shows that f, | can be reconstructed uniquely from its Schwarzian (taking
into account the normalization of f},). Therefore we have one more identification:
Let

S = Sfu|H' (961)

Then [ f#] — s, is well defined, and
TMH) = {s, : n € B}. 9.6.2)
This identification makes possible another natural choice of metric on 7 (H).

Recall that the hyperbolic distance element at a point z in H is dz/2Im (z). Therefore,
if h € Aut(H), then

Sint = 2 063
By (9.5.16) with f = f, |y and h € Aut(H),
Sfon = Syon (B2 (9.6.4)
Combining (9.6.4) and (9.6.3), we get
4(Im2)* |5, ()| = 4(Amh(2))*|suen(2)]. (9.6.5)

In other words, the expression on the left in (9.6.5) is a conformal invariant in H. Set

IS, Il = sup 4 (Imz)?|s, ().
zeH

It will be helpful to note that conformal equivalence of H and D implies that
the invariance in (9.6.5) carries over to D, where the hyperbolic distance element is
dz/(1 — |z]?). Thus, if f : D — C is conformal, then
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(A —127?Ss(2) = (1 —h(@)IH*Ss(h(z)), h e Aut(D). (9.6.6)
It is convenient to define

IISfllp = sug(l — 1z f @)

Theorem 9.6.1. (Nehari) Suppose that f : D — C is holomorphic.
(a) If f is conformal, then ||Sy||p < 6.
(b) If |ISrllp < 2, then f is conformal.

We prove part (a) now. Part (b) is a consequence of Lemma 9.6.3 below. Suppose
that f is conformal and the maximum value of (1 — |z|?)?|S r(z)| is attained at zo.
We may take advantage of invariance under z — h(z), h € Aut(S), to take z =0
and assume also that f/(0) = 1. Thus,

f@ = z24+md+a+...,  S:0) = 6(az — ar)’.

The function

g(Z) = S (I/Z) +anz .

satisfies the conditions of the Area Theorem, Theorem 4.1.1, so |b;| < 1. But a
calculation shows that b; = a3z — a3, so we have |S;(0)| < 6. ]

Remark. Part (a) was proved by Kraus [126] and rediscovered by Nehari [152]. Part
(b) is deeper, and Nehari clearly considered it to be the principal result of his paper.

Theorem 9.6.1 (a) carries over to H, using

ISfllu = sup 4 (Im 2)? |[f] .

We extend this expression to the space Q(H) of holomorphic functions ¢ on H:

ol = sup4 (Im2)* |p(2)]. 9.6.7)

zeH

It clearly has the properties of a norm:

llaglle = lalllelle, a€C; o+ ¥lla < llella+[1V]a.

Then Q(H) is a complete normal family. In particular, it is complete with respect to
the norm and is therefore a Banach space. Let A be the image of B in Q (H):

A = {s, : ueB). (9.6.8)
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The rest of this section is devoted to the proof of the following result due to Ahlfors
[4].
Theorem 9.6.2. The image A of B under the map . — s, is open in Q(HH).
We begin with the proof of Theorem 9.6.1 (b).
Lemma 9.6.3. If¢ € Q(H) and ||p||lu < 2, then ¢ € A.

Proof: We know from Theorem 9.5.5 that ¢ = S, where f = v{/v, and the v; are
solutions of

1
v+ §¢V =0 (9.6.9)

such that
viva —vhyy = 1. (9.6.10)

We want to extend f to the lower half-plane H* by finding a function that coincides
with f when Im z = 0 and whose maximal dilatation is finite. We take the extension
to be F'(z), where

Fo) = @)+ Z—2)v()

— H.
v2(2) + (Z — 2)v5(2)’ °€

By (9.6.10), the numerator multiplied by v,, minus the denominator multiplied by
vy, gives z — Z. Therefore the numerator and denominator have no common zeros.
Some computation shows that

1
T @+ G- P
@G-
@) + G = )1

(9.6.11)

(9.6.12)

Therefore 1
|F./F:llm < > llpllm =k < 1.
It follows that the extension f = F(z) is quasiconformal but sense reversing, with

12" = —20(@)Amz)?,  zeH

If f extends continuously to the boundary from HI, then f is continuous on C, and
we may conclude that, after normalizing, f = f,, with u = u, in H*.

Suppose first that ¢ is analytic on R and has a zero of order > 4 at co. The
function f is globally continuous on S and locally single-valued on C. The vanishing
assumption on ¢ implies that solutions of (9.6.9) have the form

1
ve) = S4btcy@), ==
¢ z

where 1 is analytic in ¢. In fact (9.6.9) becomes an equation
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¢

420y + 2_€41/f = ¢ g(¢), g holomorphic at 0,

which has a regular singular point at { = 0. Therefore
@ = ajz+bj+ 0@, aiby—ab; = 1,

and ar
lim f(z) = — = lim F(2).

z—>00 a) z—>00

The fact that f is injective on C follows from the monodromy theorem. Composing
with a linear transformation will normalize f.

To this point, we have shown that if ||¢||y < 2 and ¢ is analytic on R and has a
zero of order > 4 at oo, then ¢ is in A. We pass to the general case by approximation,
using a sequence of linear fractional transformations g, with the property that the
gn(H) expand to exhaust H and fix co. Such transformations are easily obtained in
D, fixing 1, in the form h,(z) = p,z where o, 1 1, and then transplanted to H by
using the Cayley transform C. Let 7, = C~' o h, o C. If we set g, = n — 1/2, the
result is 2nz+i

w(z) =

2n —iz

Let
¢ = o, - (g;l)2~

Now ¢, is analytic up to R. Moreover, |g/| < 1 and |7, (z)| = O(|z|™) as |z| — oo.

In addition,
Honllm < llgllm < 2.

Therefore we can find {f,} with S; = ¢, in H and with a fixed bound for K.
Normalizing, there is a subsequence that converges in C to a solution that is of the
form f,, n € B. o.

We turn now to the proof of Theorem 9.6.2. We begin with some remarks about
the quasi-isometry property of the Beurling—Ahlfors extension, Theorem 8.7.8. If
the K -quasiconformal map ¢ : H — H is such an extension, then

L ldzl __lde@]  _ dz|

o) m2? = Ume@) = X moe

(9.6.13)

This may be rewritten in a conformally invariant form by noting that the density for
the hyperbolic metric on H is ng(z) = 1/(2Im z). Therefore (9.6.13) is

mu(2) 1dz] < nule(2) lde(2)| < c1(K) nu(z) |dz]. (9.6.14)
c1(K)

We need a general fact about the hyperbolic density of a general simply connected
domain £2, from Proposition 2.2.3:
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1dGa%) nNe(@) = 1. 052)’ (9.6.15)

where d(z, 052) is the (euclidean) distance to the boundary.

The following theorem, due to Ahlfors, is key to the proof of Theorem 9.6.2. We
use the argument in [131].

If L is a Jordan curve in S, then a K-quasiconformal reflection in L is a K-
quasiconformal homeomorphism g : C — C that is the identity on L, is sense-
preserving on one component of the complement of L, sense-reversing on the other
component, and is an involution, which means that g o g is the identity.

Theorem 9.6.4. Suppose that L is an unbounded Jordan curve in S that admits a
K -quasiconformal reflection g. Let 21 be one of the components of the complement
of L. Then there is a c(K)-quasiconformal reflection X in L that is C' on 2, U 2,
and satisfies

l[dA(z)| <= C(K)|dz|, z € $2;. (9.6.16)

Proof: Let hy : H — £2; and h, : H* — £2, be conformal maps. The assumptions
imply that the §2; are Jordan domains in S, so that /1 ; extend to homeomorphisms of R
onto the closure of §2;. Assume that orientations are chosensothat iy o b ' : R — R
is increasing. Let j(z) = Z and

Y = johyogohy,

Then | is a K -quasiconformal homeomorphism of H. Since g and j are the identity
on R, it follows that i, 'hy = ¥ onR. Therefore h = hy o h1_1 is quasisymmetric.
Let ¢ be the Beurling—Ahlfors extension of / to H, and define

h;lojogoohl on 2, UL;

A= —1 . .
hi opojohy in £2;.

(9.6.17)

Then A is a ¢(K )-quasiconformal reflection in L thatis C! on £2; U £2,. The inequal-
ities (9.6.14) carry over to give, in particular,

1
——ni@)ldz] < nA@)IdA()| < ca(K)ni()ldzl, ze 2, (9.6.18)
c1(K)

For the purpose of this proof, we shall abbreviate inequalities like (9.6.18), with
a constant that depends only on K, as ny|dz| ~ n2|dA(z)|. We want to show that
N1(2) ~ n2(A(2)). In view of (9.6.15), this amounts to showing that

Az L) ~ d((z). L), (9.6.19)

For this purpose, we use the circular distortion theorem, Theorem 8.6.1. Let ¢ = h
onHURand ¢ = Ao hj o jin H*. Then ¢ : C — C is K-quasiconformal. Given
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z € £21 and zo € L, let C be the circle in C,
C={weC:w—hi'@)l = Ihi'@ —h' @I}
Then A(C) passes through A(z) and A(zp) = zo. It follows from Theorem 8.6.1 that
|z —zol ~ [A(z) — 2ol
Taking zp sothat |z — z9| = d(z, L) and, separately, so that |A(z) — zo| = d(A(2), L),

we obtain (9.6.19). m]

Now we proceed to the proof of Theorem 9.6.2. Given ¢y € Q (H)), with¢pg = Sy,
fo = fu,- Suppose that fj is K-quasiconformal. Let £2 = ¢o(H), L = ¢(R), 2* =
¢o(H*). By Theorem 9.6.4, L admits a cy(K )-quasiconformal reflection X such that
|dz| ~ |d)’(z)|. This implies inequalities

1
c1(K)

= lgzl = ai(K).

If¢p € Q(H), withp =Sy, let g = f o fo_l. Then by (9.5.16)
®— o = Sgof, — Sy, = Seo folf)* = S;(f)>

The hyperbolic metric in §2 is given by

ldz|
dxr = .
M) ldA(2)] m 2
Therefore ||¢p — ¢ollm < ¢ implies
18] =< en(©)’. (9.6.20)

We want to show that for small ¢, g has a quasiconformal extension. Let ¥y = S,
let vq, v, be normalized solutions of v + %1//\} =0:

v}’—|—%1pvj = 0, v’lvz—vévl = 1. (9.6.21)
Set
vi($)
= —, .Q;
g() 7 S

vi(6") + (& = ¢vi(c")

, 2%, = 10).
@O+ € — oy e T

3@ =

Let Aj =v;(¢*) + (¢ — ;*)v}({*). Then, using (9.6.21), we see that
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- € =IO A = ViATA: (€ = )P 3U (@A)

_ — (9.6.22)
¢ A2 43
g = Wit €= Eixla, —z[va + € — EvarelA (9.6.23)
43
1 _ #x\21 YN
_ L@ (9.6.24)
43
Therefore " V(A= (E)
2 ¢ — é’* é‘* )\2 ¢
R — , €. 9.6.25
1@ =y 3& =Y (©) .
Now [A;| < |Az] < c(K) and |¢ — ¢*| < C/n(5™), so
ec(K)
gl < e <1 (9.6.26)

for sufficiently small &. We need to show that g is continuous and injective. Once
again this is true if L is an analytic curve and v is analytic on L with a zero of
order 4 at co. Therefore we proceed again by approximation. With t,, as before, let
fon= foot, and L, = f,(R). Then L, admits a quasiconformal reflection and
is analytic on L,,. Since t,(H*) D H*, by Proposition 2.2.2 the hyperbolic density
nn of f(H*) i > n = ng+, so || < en implies || < &n,. The associated maps g,
with S, = v in £2,, satisfy (9.6.26) uniformly. Therefore a subsequence converges
to a quasiconformal g that equals g in H*. O

9.7 Further developments

Pushing these results much further requires many additional technical steps, and is
beyond the scope of this book. In this section, we give a very brief look at some more
of the theory.

Let us mention first what is referred to as Teichmiiller’s theorem. Opinions seem
to differ about how close Teichmiiller came to a rigorous proof of this, especially
the statement of existence. The theorem—and the theory—have been generalized to
many kinds of non-compact Riemann surfaces, and in other ways as well; see the
references in the last section.

The exact statement of the theorem varies somewhat from monograph to mono-
graph, but the following is the gist.

Theorem 9.7.1. If S is a compact Riemann surface, then in every homotopy class
of sense-preserving homeomorphism of S onto another Riemann surface, there is a
unique map whose maximal dilatation k is the smallest. The Beltrami coefficient has
the form

W) = k % ©7.1)
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where
¢ (d2)* (9.7.2)

is a holomorphic quadratic differential on S.

We encountered a holomorphic quadratic differential at the end of Section 9.5 in
the form (9.7.2), with ¢ = S. The theory leading up to Teichmiiller’s theorem and
its generalizations relies heavily on the study of such differentials, as is evident from
some of the titles of the references for this chapter. The study focuses particularly on
the “trajectories” of such differentials. Some neighborhood U of a point z, where ¢
is injective can be parametrized by

¢ = /m)dt.

Then (d¢)? = ¢(2)(dz)*>. Acurve y : [a, b] — U is said to be a horizontal trajectory
of ¢ if arg[e(y (t))(y’(t))z] = 0, a vertical trajectory if arg[¢ (y (t))(g’(t))z] =1.
Carefully chosen horizontal and vertical trajectories eventually provide the desired
type of parametrization of the moduli space.

9.8 Higher Teichmiiller theory

To put this subject in context, we follow [215] and begin with a bird’s eye view
of Teichmiiller theory itself. Let S be a compact Riemann surface of genus g > 1.
The Teichmiiller space T (S) consists of equivalence classes of pairs (S’, f), where
S’ is a Riemann surface and f : § — ' is a quasiconformal orientation-preserving
homeomorphism. The equivalence relation is:

(S, f1) ~ (S5, f2) & fao fflis homotopic to a conformal map.
The universal cover of S’ can be taken to be H. Choosing a base point in §’, there
is a homomorphism

H\(8") — Aut(H) = PSL(2,R)

from the fundamental group H;(S’) to the group of deck transformations. Given
(8, f) as above, there is an injective map f™*:

% Hi(S) = Hy(S) — Aut(H) = PSL(2, R).

This can be seen to induce an injective homomorphism, the holonomy, from T (S) to
the set of homomorphisms from

hol : T(S) — Hom (H,(S), PSL(2,R)/PSL(2,R)), (9.8.1)
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where PSL(2, R)/PSL(2, R) denotes the space Aut(H) = PSL(2, R) up to inner
automorphisms.

The Teichmiiller space 7' (S) is a connected component of the target space on the
right in (9.8.1). There is a second connected component, the image of T (S), suitably
constructed, where S is the topological surface S with the opposite orientation.

The idea behind higher Teichmiiller theory is to replace PSL(2, R) in this pic-
ture by a Lie group G of higher rank, in such a way that the associated (higher)
Teuchmiiller space of § is a union of connected components of

Hom(m(S), G)/G

that consists of discrete faithful representations of r;(S). This happens only for
special choices of G.

In retrospect, the theory seems to have begun in 1992 with results of Hitchin [108].
The fact that Hitchin’s construction fits into the theory as described here was proved
in 2006 by Fock and Goncharov [77] and by Labourie [128]. A second family of
higher Teichmiiller spaces was defined in a different way, and was shown to fit the
definition above by Burger, lozzi, Labourie, and Wienhard [36].

This history, various points of view, and further developments of the subject
are described in Wienhard’s survey article [215]. There are many interactions with
other research areas, such as Lie theory, representation theory, and ergodic theory.
However, as noted in [215],

In classical Teichmiiller theory complex analytic methods and the theory of quasiconformal
mappings play a crucial role. These aspects are so far largely absent from higher Teichmiiller
theory.

An exception to this is Dumas and Sanders [62].

Exercises

. Prove Corollary 9.2.3.
. Show that the set of points in H that are equidistant from two distinct points of
H with respect to the hyperbolic metric is a geodesic.

3. Construct a homeomorphism of H onto itself that cannot be extended continu-
ously to a homeomorphism of the boundary.

4. Prove Proposition 9.4.1. Hint: transfer the problem to D.

5. Show that every point of R is a limit point of G if G\H is compact. Hint: the
ratio between the euclidean and the hyperbolic diameter of a compact subset of
H goes to zero as the set approaches R.)

6. Show directly that the set of quasisymmetric functions f : R — C, normalized
by f(0) =0, f(1) = 1, is a group under composition.

7. Prove Theorem 9.4.6.

N =
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8. Prove Proposition 9.5.1. Hint: suppose that f and g are normalized, and use
(9.4.9).
9. Verify Proposition 9.5.4.

10. Fill in the details in the proof of Theorem 9.5.5.

11. Prove that every element of Q(H) is the Schwarzian of some function that is
meromorphic in H.

12. The universal Teichmiiller space 7 (U H) is a group under the composition
[f1lg]l = [f o g]. The aim of this exercise is to show that the group compo-
sition is not continuous with respect to the Teichmiiller metric, following the
proof in [84]. Normalize elements [ /] € T (H) by requiring that —1, 1, oo are
fixed by fr.

Show that there is a sequence {f,} C T (H) of normalized maps such that the
distance dr (f;, 1) to the identity map 1 converges to zero and such that each f;
is asymptotically conformal, but d7 (g o f,, g) does not converge to zero, where
£(2) = z|z|]. You may use the fact that to have dr(f,,1) — 0, it is enough to
have the restrictions to R satisfy

{fn(x + t) - fn(x)
Jax) = fulx — 1)

13. Verify (9.6.11) and (9.6.12).
14. Verify (9.6.22) and (9.6.24).

’f;l(x)_fn(x_t)fn(x+t)_ﬁ1(x)} — 0.

Remarks and further reading

The history of this subject exhibits gaps and then bursts of activity. Moreover, the
subject seems to have inspired an unusual number of pithy comments. We cannot
resist the temptation to summarize through some quotations. According to Weyl
[214], footnote, p.176, Fricke [79], with the aid of his study of canonical polygons,

succeeded in formulating and proving rigorously the statement of Riemann: the Riemann
surfaces of genus p (p > 1) form a 6p — 6-dimensional manifold.

The subject seems to have rested there until revived by Teichmiiller in the late 1930s
and the early 1940s. Ahlfors [3] attacked the problem a decade later and wrote

In a systematic way the problem of extremal quasiconformal mapping was taken up by
Teichmiiller in a brilliant and unconventional paper ... . He formulates the general problem
and, although unable to give a binding proof, is led by heuristic arguments to a highly elegant
conjectured solution. Tbe paper contains numerous fundamental applications which clearly
show the importance of the problem. In a later publication [8] Teichmiiller has offered a proof
of his main conjecture. In many respects this proof is an anticlimax when compared with
the original article. It is based on the method of continuity, which of all classical methods is
the least satisfactory, because of the nature of a posteriori verification.
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Ahlfors goes on to give a variational proof of Teichmiiller’s theorem. This paper
by Ahlfors led to an explosion of activity by Ahlfors, Bers, Ahlfors—Bers, and many
others. See, in particular, the introduction of a complex structure in Teichmiiller space
by Bers [25]. For more on the history of the subject and on the two decades after [3],
see the books by Abikoff [1], Gardiner [82], Lehto [131], and Nag [150].

Here is the classic beginning of Abikoff’s review of [131], MR0867407:

In the late 1930s the study of variational techniques in complex analysis received a tremen-
dous boost from the work of M. M. Schiffer on the Bieberbach conjecture. Schiffer’s approach
emphasized the role of quadratic differentials as nonlinear differential equations satisfied by
any extremal mapping. Previously Grétzsch had studied the most nearly conformal maps
between plane domains. The deviation of these maps from conformality is measured by the
L°°-norm of the logarithm of the local distortion. The class of homeomorphisms of finite
norm consists of the quasiconformal mappings. In a pair of brilliant, but marginally read-
able, papers, Teichmiiller completely revised the deformation theory of Riemann surfaces.
His methods were a brilliant merging and extension of the methods and ideas of Schiffer
and Grotzsch. The deformation theory he obtained is now called Teichmiiller theory.

By now, Teichmiiller theory has developed to a point of mathematical maturity. By this
term I mean five distinct qualities. First, its major practitioners speak so vastly different
languages that they can barely understand one another. It is being used as a tool in a wide
variety of mathematical and physical disciplines. It is serving as a model for new areas of
mathematical research. Several books have recently been written on the subject. Last, the
discipline is probably named after the wrong person.

Our exposition here is based mainly on the rather terse notes of Ahlfors [5] and the
expansive book of Lehto [131]. The state of the theory in the mid-1980s is described
well by the books of Abikoff, Gardiner, Lehto, and Nag mentioned above. Some of
the developments of the following two decades are contained in the books of Fletcher
and Markovic [76], Hubbard [111], [112], and Gardiner and Lakic [83].

Work in several directions is summarized in the chapters that have been added
in the second edition of [5]. Earle and Kra cover further work along the lines pio-
neered by Ahlfors and Bers. Shimakura describes the work of Sullivan, Thurston, and
others relating quasiconformal mapping and complex dynamics. Hubbard outlines
Thurston’s remarkable work on 3-manifolds. For more on this and related topics,
including higher Teichmiiller theory, see the expository article of Wolpert [217].

For still more, see the Handbook of Teichmiiller Theory [95]. (Volume V of the
Handbook includes translations of Teichmiiller’s papers [202], [203].) For a glimpse
into the different state of affairs in higher dimensions, see the remarks concerning
the Mostow rigidity theorem at the end of Chapter 8.



Chapter 10 ®)
The Bergman kernel Shecter

If £2 is a domain in C, the set H (£2) of functions f that are holomorphic in £2 and
square-integrable with respect to the area measure dm(z) = dx dy = 3dz dz,

/f |f(@))Pdm(z) < oo
2

is a Hilbert space. The Bergman kernel K has the property that for f in H(£2) and
zin $2,

f) = //QK(Z,W)J‘(W)dm(W)-

The kernel K itself is introduced in Section 10.1. Section 10.2 looks at its expan-
sion with respect to an orthonormal basis.

The Bergman kernel is a conformal invariant of the domain £2. As such it can be
expected to be closely related to other such invariants. For simply connected §2, one
such invariant is the inverse of the Riemann map from I to §2. Section 10.3 exhibits
the relation of this inverse map to K.

The kernel function also has natural geometric significance. Section 10.4 covers
conformal invariance and the Bergman metric. Conformal invariance suggests that
the kernel K is closely related to other natural geometric features of a domain. We
have already seen this in Section 10.3 in connection with the Riemann map, and we
return to this theme in Section 10.5, in relation to conformal maps from domains that
are not simply connected, and in Section 10.6 in connection with natural boundary
problems for the Laplacian A in £2.
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10.1 The reproducing kernel

Suppose that £2 is a domain in C whose boundary contains more than one point. As
in the introduction, we denote by H (£2) the space of functions f, holomorphic on
£2, that are square-integrable on £2. The corresponding inner product is

(f.g) = //Q f(2)g@) dm(z). (10.1.1)

We assume throughout that §2 is such that H (£2) contains non-zero functions. Note
that this is not obvious if £2 is unbounded (and is not true if the boundary contains
only one point; see Exercise 1).

Our first step here is to show that H (£2) is a Hilbert space, i.e. that it is complete
with respect to the metric induced by the norm

12
1Al = (f Y = (//sz)ﬁdm(z)) .

Lemma 10.1.1. If f belongs to H(S2) and z is a point of §2, then

1
If @I = J=R

where R is the distance from z to the boundary 052.

Al (10.1.2)

Proof: For convenience, we translate coordinates so that z = 0. ThenforO <r < R,

: . A o
|f(re'?)| = Zanrne’”9 , a, = .

0 n!

n=!
We square and average with respect 0 to get
1 2 . 1 27 0 .
2_ / |f(rel€)|2d9 - 2_ / Z anc_lmrn+mel(n_m)d9
™o T Jo n,m=0
(o]
= Z |an |2r2n’

since
1 2

S=me 4o _ {L m=n;

Eo 0, m #n.

The disk Dg(0) is contained in §2, so
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R 2 )
ez [ [ iseettravar

0 0

R o

— 27_[/ Z |an|2r2n+1 dr

0 n=0

[o¢]

—m ) anl oo
= 2n+2

Note that the example £2 =D, f = 1, z = 0 shows that the estimate (10.1.2) is
sharp.

Proposition 10.1.2. H($2) is a Hilbert space.

Proof: We must show that H (£2) is complete. Suppose that { f,,} is a Cauchy sequence
in H($2). It follows from Lemma 10.1.1 that the functions { f,,} converge uniformly
on each compact subset of §2. Therefore the limit function f is holomorphic. O

Proposition 10.1.3. Given z € $2, there is a unique element k, € H(S2) such that
for each f in H(S2),
f@ = (f k). (10.1.3)

Proof: The estimate (10.1.1) shows that the linear map f — f(z) is bounded with
respect to the Hilbert norm. Since H (£2) is a Hilbert space, any such map can be
written uniquely as an inner product with an element of H (£2); this is Proposition
2.7.1. O

Proposition 10.1.4. The element k, satisfies the estimate

k| < — 10.1.4
k|l = J=R ( )
where R is the distance from 7 to 952.
Proof. Apply (10.1.3) with f(w) = k. (w):
k.||
ke l? = (ke k) = ko(2) <= —= O

= 2k

The Bergman kernel for the domain 2 is defined by

K(z,w) = K(z,w; 2) = k:(w) = (ky. k) = (kw, k2), (10.1.5)
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where k, is the element of H (£2) that is defined by (10.1.3). By definition, the kernel
K has the reproducing property for H(S2): for each f € H(£2), we have

// K@, w)fw)ydmw) = f(2). (10.1.6)
2

In fact, the integral (10.1.6) is just (f, k,), rewritten.

Proposition 10.1.5. The Bergman kernel is holomorphic as a function of z, and
anti-holomorphic as a function of w. Moreover, K has hermitian symmetry

K(z,w) = K(w,2), (10.1.7)

and satisfies the estimate

Kz, W) < |K(z, DKW, w)| < (10.1.8)

TR R, '

where R, is the distance from a € §2 to 352.

Proof: By definition, k,(w) € H(£2) is holomorphic in w, so the complex conjugate
K (z, w) is anti-holomorphic in w. The assertion (10.1.7) will then imply that K (z, w)
is holomorphic with respect to z. The identity (10.1.7) follows from (10.1.5). The
estimate (10.1.8) follows from (10.1.4) and (10.1.5). m]

The kernel K has a certain extremal property that is important for applications,
e.g. in Section 10.2.

Proposition 10.1.6. Suppose zq is a point of §2. The unique solution to the problem
of minimizing || f|| for f in H(82) such that f(z¢) = 1 is given by the function

K(z, z0)

r@ = K (20, z0)

(10.1.9)

Proof: We note first that the assumption that H (£2) # (0), together with (10.1.8),
implies that K (zg, zo) > 0, so f in (10.1.9) is well defined and satisfies f(zp) = 1.
Now f is a scalar multiple of k., so any g € H(§2) can be written as

g = cf +h,

where c is constant and 4 is orthogonal to k,,. Then h(zp) = (h, k) =0, g(z0) =1
implies that ¢ = 1. Then

lgll* = (f+h, f+h) = [IfII>+ Al

Therefore the desired minimum is obtained where 7 = 0 and thus g = f. O
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For a generalization of Proposition 10.1.6, see Exercise 2.

The assertion above is that K is separately holomorphic and anti-holomorphic in
its arguments, but not that it is even continuous as a function of the two variables
jointly. As we shall see, much more is true.

Lemma 10.1.7. If f belongs to H($2) and z is a point of §2, then there is a constant
C such that derivatives of f satisfy

lf ™)) <

RM ||f|| (10.1.10)

where R is the distance from z to 052.

Proof: Use the Cauchy integral formula to write £ (z) as an integral over the circle
{¢ 1|t —z| = R/2}, and use (10.1.2) to estimate | f (¢)]. O

Corollary 10.1.8. The map z — k, is continuous from $2 to H(S2).

Proof: Given z, 7' in £2,

ko —k:|| = HSl‘llpll(kf k., I = Slll‘P 1f () = f@I

The estimate (10.1.10) with n =1 gives local estimates |f(z) — f(z)]
O(lz/ — zl). O

Corollary 10.1.9. K(z,w) is jointly continuous in (z, w).
Proof: This follows from Corollary 10.1.8 and the estimate (10.1.1). m]

Corollary 10.1.9 allows us to combine separate Cauchy integral formulas for K
with respect to z and to w:

Proposition 10.1.10. For zg, wy in $2, and sufficiently smallr > 0, s > 0, the kernel
function K satisfies a double integral formula

K@ wydzdw
© 10.1.11
(20, Wo) = (27‘”) /|L 20l=r -/w wo|=s (Z —z0) (W — WO) (o :

Expanding the denominator of the integrand gives the power series expansion:

Corollary 10.1.11. For zy, wy in $2, and sufficiently small r > 0, s > 0, the kernel
function K has a series expansion for |7 — zo| <r, [W —Wwy| < s:

Kz W) = Y aw(z —z0)" (¥ — Wo)". (10.1.12)

m,n=0
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Remark. The Bergman kernel is one example of what was later termed a reproducing
kernel; see the survey by Aronszajn [11]. An earlier example was examined by Szeg6
[199] in connection with the Hardy space H?; see Exercise 14.

10.2 Orthonormal bases

Suppose that {¢, }5 ; is an orthonormal basis for the Hilbert space H (§2). Then each

f in H($2) has an expansion

f= (f ¢)¢n,
n=1

and

AP = DI o)l
n=1

This series converges in norm, so by (10.1.1) it converges pointwise, uniformly on
compact sets. Thus for z in £2,

f@ =) (f,¢)n(@). (10.2.1)

n=1
In particular,

ke(w) =Y (ko )W) = D Gu@pn(w).

n=1 n=1

Since K (z, w) = k. (w), we have proved

Proposition 10.2.1. The Bergman kernel has an expansion
oo
K(zw) = ) ¢u()duw), (10.2.2)
n=1

where {¢,}7° is any orthonormal basis for H (£2).

Let us consider two examples. The proofs are left as Exercise 4 and 5.
Proposition 10.2.2. The functions
1/2

n

n—1 _
Tl n=l2 (10.2.3)

Pn(z) =
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are an orthonormal basis for H(Dg), where Dg = Dg(0) is the disk of radius R
centered at the origin.

Corollary 10.2.3. The kernel function K for the disk Dg(0) is

1 w2 R?
KGizw) = — [1 - = - — 10.2.4
@ w) 7 R? ( R2> (R* — zw)? ( )

Proposition 10.2.4. The functions

n|R? 1/2
o n—1 _ — .
(@) = |:7T|R2"—Q2”|i| 71, n—-1=0,1,2,...; (10.2.5)
[27 log(R/o]"?z7', n=0.
are an orthonormal basis for H(Ag r), where A, g is the annulus
Apr = {z:0 <zl < R} (10.2.6)

The basis (10.2.5) leads to the formula

2

K(z,w) = =) @' (10.2.7)

1 @)~ + i R
_— W —_—
2 log(R/p) T (R -

This series can be summed to give an explicit formula for the Bergman kernel for
A,  in terms of the Weierstrass function g; see [24], Section 1.4.

We turn now to a result that will allow us to prove a monotonicity result for
kernels. Suppose that £2; C £2.Let (, ); and || ||; denote the inner product and norm
in H($2y). Given u € H(S2), the restriction (also denoted u) belongs to H(§2;) and
allr < [lull.

Proposition 10.2.5. If 2, C $2, there is an orthogonal basis {¢,} for $2 such that
the restrictions {¢,|,} are orthogonal in H(§2;).

Proof: We define an orthonormal set in H (£2) inductively. Choose i, € H(2)
such that ||¥]| is minimal, subject to the constraint ||v||; = 1. Having chosen
Y, ..., ¥Yu_1, choose ¥, € H(S2) such that ||1,]| is minimal, subject to the con-
straints

Wn, ¥t = 0, m=1,....n—=1; |[YnlL = L (10.2.8)

We claim that {1} is an orthogonal set in H (£2). Suppose that we have shown that
{1, ..., ¥,_1} is an orthogonal set in H (§2). Suppose that y,, is not orthogonal in
H (£2) to all the preceding ;. Then we may choose some element g in the span of
these v, normalized with
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llglh =1, (Yn,8) = —a < 0.

Given 0 < ¢ < 1,1let f, = /1 — &2, + £g. Then

all? < 1P = (0 = eDlPnll* — 2aev/1 — &2 + &2||glI?
= |[Yull* — 2as + O(&?).

For small ¢, the right-hand side is less than |[1,||?, a contradiction. Therefore the set

{¥r1, ..., ¥, }is orthogonal in H (£2). It follows that the set

(b0 =k " )20, k= (W]l

is orthogonal in H (§2). Choosing a maximal such set and renumbering if necessary,
we obtain the desired orthonormal basis. O

Corollary 10.2.6. If $2| C 2, then the kernels K| for §2\ and K for §2 satisfy
Ki(z,z) =2 K(z,2), z€2, (10.2.9)
with strict inequality unless H(§21) = H(S2).

Proof: Propositions 10.2.1 and 10.2.5 imply the inequality (10.2.9). Equality can
only hold if the orthogonal basis for H(§2) that is constructed in Proposition 10.2.5
is not only orthogonal in H (§2) but also complete in H (£2}). O

For an example in which {w,,} is orthogonal but not complete in H (£2;), see
Exercise 8.

10.3 Conformal mapping, I

We have assumed throughout that §2 is a domain in C with the property that 952
contains more than one point. In this section, we assume, in addition, that £2 is simply
connected. The Riemann mapping theorem says that in this case, given a point zg
of £2, there is a unique conformal map f; of £2 onto the unit disk D having the
properties

fizo) = 0, f{(z0) > 0.
Let us renormalize by choosing R = 1/£{(0), so that

is the unique conformal map of £2 onto the disk Dg(0) = {w : |w| < R} that satisfies
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fr(zo) =0,  fr(z0) = 1. (10.3.2)

We may use Proposition 10.4.1 with 2’ = D, together with Proposition 10.2.2 to
construct an orthonormal basis for H (§£2) and compute the Bergman kernel K for
£2. The basis is

1/2
w0 (2) = Yu(fr(@) fr(2) = %ﬁe(@"*lﬂe(@, n=12,...,
and the formula for K is
K(z,w) = Y ou(2)w,w). (10.3.3)

n=1

The conditions (10.3.2) tell us that

1

n]/zRfl/e(ZO); wy(zg) = 0, n=2,3,...,

w1(z0) =

so, for z = z, the sum (10.3.3) collapses to

1
Kw,z0) = mf,@(w). (10.3.4)
In view of this, we have |
K(z0,20) = )
and .
k(W) = ————K(w, 20). 10.3.5
frw) K o 20) (w, z0) ( )

Since fr(zo) = 0, we may integrate (10.3.5) to obtain a formula for the conformal
map in terms of the Bergman kernel.

Theorem 10.3.1. Suppose that $2 is a simply connected domain in C such that 952
has more than one point. Given a point zq in §2, the function

1 Z
@) = o / K (¢, z0) d¢ (103.6)

is a conformal map of §2 onto the disk Dg(0), where
R = 77 *K (20, 20)" 2. (10.3.7)

The map @ is uniquely determined by the conditions
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D(z0) = 0, D' (z9) = 1. (10.3.8)

Three consequences of this result are the estimate

/K(Z,Zo)dc < 772K (20, 20)'%, (10.3.9)
20
the limit
Z
lim / K(c,zO)dg“‘ = 772K (20, 20)"/%, (10.3.10)
— 20

and the fact that the kernel function has no zeros:
Corollary 10.3.2. The kernel function K has no zeros.
Proof: Since fr of (10.3.1) is conformal, its derivative has no zeros. O

For a simple, and much more direct, proof of this last result, see Exercise 3.

In light of Proposition 10.1.6 and the first area identity (1.2.9), we may look at
Theorem 10.3.1 in a different way.

Theorem 10.3.3. Suppose that z is a point of §2. The problem of finding a conformal
map @ : 2 — C such that

D(z0) =0, P'(z9) =1

and ®(82) has minimal area, has a unique solution

1 z
P = — dg.
(2) K o 20) /zo K (z0,8)d¢

The image f(82) is the disk Dg(0), where
R = 772K (20, 20) "%

Remark. Theorem 10.3.3 is one of many examples in Bergman [24] recasting a
classical problem as an extremal problem.
10.4 Conformal invariance and the Bergman metric

Suppose that £2” and £2 are domains that are conformally equivalent, i.e. there is a
bijective holomorphic map @ : 2’ — £2.
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Proposition 10.4.1. The map f — [,
f@ = f@@)P' ). ze2,

is a unitary map from H(§2) onto H(82").

Proof: Note that the inverse map has the same form:
fow) = F@'mle~Tw), we.
Distinguishing the inner products by subscripts, we only need to show that for f, g
in H($2), ~
(f’ g).Q’ = (fs g).Q

This is true if and only if

|®'(2)?dx' dy = dxdy (10.4.1)
where we write 7/ = x" + iy, 7 € 2,and w = x + iy, w = ®(z) € £2. But this is

the local form of the first area formula in (1.2.9). Thus, we have established (10.4.1).
O

Proposition 10.4.2. If ® is a conformal map of 2’ onto $2, then the Bergman kernels
K' of 2" and K of §2 are related by

K'(z,w) = K(@(2), 2(W)P' ()P’ (w). (10.4.2)

Proof: Given z in 2 and w in £2’, let k, and k|, be the corresponding elements
that evaluate functions at z and w, respectively. Then if f belongs to H(£2’), and
w = @(z), then

(fik)e = f2) = f(@@)P' () = (f.h)a® () = (f. P @k,)a-

Thus, _
k, =k, ifw=®(2). (10.4.3)

Then by (10.1.5) and (10.4.3), if @(z) = 7’ and @ (w) = w/, then

KG@w) = (ke = (kg = K'(Z,w)d ()@ (w). O

7 Pw

Bergman introduced a Riemannian metric on the domain £2 by setting the distance
element at z in §2 to be
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ds®> = K(z,2)(dx* + dy?). (10.4.4)

This is known as the Bergman metric.

We do not need to assume any knowledge of differential geometry to explain
what this means, and to prove the conformal invariance of the metric. The point of
an expression like (10.4.4) is to indicate how to compute distance, and one computes
distance by first computing the length of smooth curves. Suppose thaty : [a, b] — §2
issuchacurve: y(t) = x(t) + iy(¢), where x, y are differentiable functions of . Then
y’ = x" 4+ iy’ and the length of y with reference to the metric (10.4.4) is

b b
L(y) =f Ky @), ya)2 X' () + y' (0)1/? dr =/ Ky @), ya)2ly () dt.

The associated distance between two points z and w of £2 is the minimum length
among such curves that begin at one point and end at the other. (Conversely, one
can recover the metric from the distance function, using the observation that for
points very close to one another, the distance is approximately a constant times the
euclidean distance.)

Theorem 10.4.3. The Bergman metric is a conformal invariant: suppose that @ is
a conformal map of 2’ onto 2. Then a smooth curve y' in 2’ and the induced curve
y = @ oy’ in 2 have the same length as measured by the Bergman metrics on $2’'
and §2, respectively.

Proof: The length of y : [a, b] — 2 is

b
/ K@y 1), 20/ O)N'*[® oyl (1) dt
b
= / (K@@' 1), 2@ ON'*1@' (v} Y ®)ldt.  (10.4.5)

By Proposition 10.4.2, the expression in braces is the square root of K'(y'(¢), y'(¢)),
where K’ is the Bergman kernel for §2’. Therefore the right side of (10.4.5) is the
length of the induced curve y’. O

A geodesic for the Bergman metric is a curve y that is locally of shortest length,
meaning that for some § > 0, if z and w are points on y and |z — w| < §, then no
curve from z to w has length shorter than the portion of y from z to w. It is convenient
to renormalize the parametrization of the curve so that |y’ (t)| = 1, so that (with some
new choice of a and b)

b
L(y) = / K@), z@e)'?at,  ly'®l=1. (10.4.6)
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With this parametrization, the necessary and sufficient conditions for y to be a
geodesic are the Euler—Lagrange equations

V0 = KGO0 = 5 KCw.20) )

(10.4.7)
see Exercise 15.

As an example, consider the unit disk D, for which the Bergman kernel is

K(z,w) = m;

see Corollary 10.2.3. Thus the Bergman metric is

dx* + dy?

ds? = ST
Tz -y

(10.4.8)

Up to a multiplicative constant, this is the Poincaré metric for the unit disk as a model
of hyperbolic geometry; see Section 2.2.

The interval (—1, 1) is a geodesic for this metric; see Exercise 16. As in Section
2.2, the remaining facts about the geometry follow by conformal invariance: rotations
around the origin are conformal maps of I to itself, so each diameter of D is a
geodesic. More generally, the linear fractional transformations

7z —
az—1’

Qi) = w- aeD, |of=1,

are conformal maps of D to itself. Linear fractional transformations map any line
to either a line or a circle. It can be deduced from these remarks that the remaining
geodesics of D are precisely the circular arcs in D that meet the boundary at right
angles. These are the "lines" for the hyperbolic geometry.

Remark. It follows from (10.4.8) that the Bergman metric for D blows up, as one
approaches a boundary point zy, like 1/2./7 p, where p is the distance to the bound-
ary. This is true, not only qualitatively (O(p~")) but also quantitatively, whenever
the boundary is smooth in a neighborhood of zy; see Exercise 10,

10.5 Conformal mapping, II

We saw in Section 10.3 that the Bergman kernel can be used to give an explicit
formula for a conformal map of a simply connected domain onto a disk. A modified
version of this statement is also true for domains that are not simply connected. In this
case, the mapping takes such a domain to the plane minus a collection of horizontal
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Fig. 10.1 Multiply connected domains.

slits. (For a different proof of this mapping theorem, see Exercises 16—19 of Chapter
7))

In this section, we take §2 to be a bounded domain whose boundary 952 consists
of smooth simple closed curves I, I, ... I',, where §2 lies in the bounded domain
enclosed by I7; see the left side of Figure 10.1.

As we shall show,

Theorem 10.5.1. There is a conformal map @ of §2 onto C\ S, where S = S; U
-+~ US), is a union of non-overlapping horizontal slits

S; = f{a;+is : 0<s <s;}, ji=12,...,p.

See the right side of Figure 10.1.

The conformal map @ will be constructed using a certain modification of the
Bergman kernel for £2. We shall want a kernel with a single-valued integral in £2.

Let H (£2) be the subspace of H(§2) consisting of functions that are derivatives
of functions that are holomorphic in £2.

Lemma 10.5.2. For any zg in 2 and f in ﬁ(.Q), the integral

Iy(2) = /7({)@’ 7€, (10.5.1)

is independent of the path of integration.

Proof: Suppose that f = g’ in §2. Then I, f — g is constant on any path that lies
in a simply connected subdomain of £2. It follows that I; — g is constant in each
coordinate disk, hence constant. O

Corollary 10.5.3. The subspace H (82) is closed in H(S2).

Proof: If { f,,} in H (£2) converges to f € H(£2), then the { f,} converge uniformly
to f on compact subset of £2. The corresponding integrals {/, }, defined by (10.5.1),
converge uniformly on compact subsets to a holomorphic function whose derivative
is f. O
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Corresponding to the closed subspace H(2)isa Bergman kernel K defined as
before via the reproducing property

K(z,w) = k(w), (10.5.2)
where 7:1 is the unique element of H (£2) such that for each f € H (£2),

f@) = (f k).

Exactly as for K, we have I?(z, z) > 0 and

~

Kzw) = Kw,2; 1K@ wl* < K@z )Kw,w). (10.5.3)
Moreover, E is the orthogonal projection onto H (82) of k, in H(S2), so
K(z,2) < Kz 2). (10.5.4)

As with K, K (z, w) is holomorphic in z and anti-holomorphic in w.
The principle roles are played by

M(t,7) = M(t,1) + f K(z,7)dt (10.5.5)

t

and a certain auxiliary function

1 1
N(t,z) = ;<—+X(Z,t)),

r—z

where the function A is holomorphic with respect to z € £2. In fact, for any choice
of z in £2, the function
() = M(t,2) + N, 2) (10.5.6)

can be taken as the desired conformal map. The rest of this section is devoted to the
proof of this statement.

Lemma 10.5.4. There is a constant § > 0 such that at each point z of the boundary
of §2 there is a disk of radius & contained in §2 and tangent to 052 at z, and also a
disk of radius § contained in the complement of the closure of §2 and tangent to 052
at z.

Proof: At any point of the boundary, there are two such disks of maximal radius
r1(2), r2(2). Let o(z) be the smaller of the r;(z). Then o(z) is continuous on 342, so
it has a minimum 6 > 0. O
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Lemma 10.5.5. Given t € 2, there are constants Ci(t), C,(t) such that, for each
z in §2 such that the distance p(z) from z to 952 is < 1, we have

IM(z, )] = Ci(w) + C2(w)]log p(2)]. (10.5.7)

Proof: In view of (10.5.5) and (10.5.3),

t
IM(t,2)| < M(z,2)| + K(z, 2)1/2/ K(z,7)'?|d7|.

Z

Thereforg it is enough to estimate the integral, and, in view of (10.5.4), we may
replace K (t, t) by K(7, 7). Let 6 be as in Lemma 10.5.4. Let D be any disk of
radius & contained in §2 and tangent to the boundary. The set of points in £2 whose
distance from the boundary is at least §/2 is compact, so it is enough to estimate the
integral from the center of D along the radius ending at the boundary. By Corollary
10.2.6, K (7, ) for z in D is dominated by the corresponding value of the Bergman
kernel for D. Up to a translation and rotation, we may assume that D = D3 (0). Then,
by Corollary 10.2.3, we have

2 32

T2 —122 7 +1)206 —1)2

K(T,T)S ZED, |Z|:t

Therefore we want to estimate

t t Sd
/ K(s,s)l/2 ds = 7171/2/ _ o0&
0 0o B+ —s)

1 5+t

But § — ¢ is the distance p(¢) from ¢ to the boundary. O
The construction of K shows that if f’ belongs to H (£2) then

/ fg K(z,w) f'wydmw) = f'(2).

Given 7 not in the closure of §2, we can take f(z) = (f — z)~!and

// K(Z W) dm(w) = i

/K(Zw) =
ot —-2)?

It follows that

Therefore
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I(t.2) = /‘/Q%dm(w) - Z%t+ck(z) (105.8)

where ¢, depends on the choice of z and on which component of the complement of
the closure of £2 contains ¢, i.e. which of the curves I encloses ¢. (If I'; encloses
the unbounded component, then by taking t — oo we see that ¢, = 0.)

Since 1/(w — t) is integrable, we may define (¢, z) for ¢ € §2 by the same for-

mula: -
K(z,w) 1
I(t,2) = f/ ——dmw) = ——, tes2. (10.5.9)
o w—t

This converges (consider radial coordinates centered at ¢).

Lemma 10.5.6. Fortin S2,
I(t,2) = —wM(z, 1) + Az, 1), (10.5.10)
where ) is holomorphic in t.

Proof: Let £2’ be a domain with smooth boundary whose closure is contained in £2,
such that ¢ is in £2’. The integrand in (10.5.9) is regular in 32’ except at { = ¢. Let
D, = D,(t). For sufficiently small & > 0, the closure D, is contained in £2'. Let
Q. ="\ D,.

By the Cauchy—Green formula (1.2.8),

// K(zw)d ()_/ % {K(zw)}d 4o /f K(zw) mow).
A%

Since the integrand is integrable over £2, the second integral on the right goes to zero
with e. Now 93 {(w — )~} = 0 and

0K (z,w) = 0,K(w,2) = M(w, 2).

Therefore

/‘/ K(z W)d w )_21/'/' K(z W)dm(w)
S t—w w—t

- MG, w) ") 4z + o(1), (10.5.11)

s L—W

The second integral on the left is a holomorphic function of z, while the term on the
right has limit —aM(z,1).

Suppose now that {£2,,} is an increasing sequence of smoothly bounded domains,
such that 92, is in the 1/n neighborhood of 2. For each such n, the preceding
argument shows that
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// K(ZW) mw) = —7M@, 1) + — // K(ZW) wl.

The left side converges to I(z, t), so the integrals on the right have a limit A(z, ¢)
that is holomorphic in z. O

Lemma 10.5.7. For fixed z in 2, 1(z, t) is a continuous function of t € C.

Proof: Let ty be a boundary point of §£2. Let § be as in Lemma 10.5.4 and let D,
contained in £2 and D, contained in the complement of the closure £2 be disks of
radius § that are tangent to 052 at f.

Write
I(t,z)sz Kz w) dm(w)+/f K@ W) imw)
@\p, w—I p, w—t

= I1,(t,2) + (1, 2).

The Cauchy—Schwarz inequality shows that

~ t — b
|11(l‘2,z)—11(t1,Z)|2 < IIkZIIZf/ %dm(w). (10.5.12)
2\D; [w

— 12w —n)?

For 11, t, € Dy, the integral is bounded by integration over a larger set, the comple-
ment of Dy U D,.

Equation (10.5.8) implies that 7 (z, t) is uniformly continuous on the complement
of £2. Therefore it is enough to consider (z, t) — I1(z, ty) ast — ¢, along the radius
of D; that ends at #). We change coordinates and take 6 = 1 and fy = 0, with the
boundary of £2 vertical at 0; see Figure10.2.

Fig. 10.2 Estimating I (¢, z) — I (fo, 2).
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Note that the integrand in (10.5.12) is O(Jw|™*) as |[w| — oo. It follows from this
and symmetry that it is enough to consider the case Imw > 0 and to estimate the
integral over the region that is shaded gray in the figure.

Withw = x + iy, we have

2
< w1 = @+ D24y il < 1-y/1-y2 = %+0<y4>.

At a given value of y, the range of x is contained in

y? y?
—7+0(y4) <x < 7+0(y4).

Therefore

2
t
w—t?=x—-0>+y* = (x2—2xt)+t2+y22yT+t2+y2+0(y4)
~y2+t2.

Moreover, |w|> > y2. Therefore the integral we are estimating is dominated by

/1 ry*dy /1/"' tds - t/"" ds  tn
0 f2+y2 N 0 1+s2 — 0 1+ s2 T2
This completes the argument for I, (z, t).

In the case of I, let us take D; to be the unit disk, and #y = 1, Here, it is enough
to consider

ht,2) = Lt 2) = ff K(z, w)( 1 : _,) dm(w),
D w—t w—t

for 0 <t < 1. We want to invoke the Cauchy—Green formula (10.5.11), which takes

the form here
) ~ 1 1
2i // K(z,w)( — 1) dm((w)
D w—t w—1"

= M(w, z) < ) dw. (10.5.13)

lz|=1

w—t w—t]

To justify this, we need to consider the singularity of M at the boundary point 1. The
formula is valid if we replace ID by the portion of I that lies to the left of the arc of a
circle of radius ¢ centered at 1. Lemma 10.5.5 implies that the integral over the arc
is less than some constant times

&
/ logsds = eloge —¢
0
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The limit as ¢ — 0 is (10.5.13). To complete the proof, we take a small disk D =
D, (t) and use (10.5.13) to write

1 - /1 1
L(t,z2)— Lt ' 2)= — M(w, S d
2(t,2) — L(t™ 7, 2) 2 o W, 2) (w — w— t—1> w

~ 1 1
+/L8K(Z,w)(—w_t _w—t—l)dm(w)
1

- M(w,z)( b1 )dw

i Jjwi=e w—t w—t]

As & — 0, the last two integrals on the right converge to 0 and to — M (z, z), respec-
tively.

Onthe unitcirclez = 7!, sodz = —z2dZ. Therefore, using the previous results
and taking the complex conjugate, we have

L(t,2) — L(t7', 2)
1
2i jwi=1

M(W,z)(w_]l_ - _]1 _l>dw—nM(t,z).

t w— —t

Since M (w, z) is holomorphic with respect to w € D, and the residue at the pole
w=t"lis —tMw, 7), we have L(t,z) = L', 7). O

Let . .
N(t,z) = - (— + A(z, t)) , (10.5.14)

r—2z
where A is the function in (10.5.10).

Lemma 10.5.8. Let Iy be one of the curves that bound S2. Then

lim N(t.z) = lim M@, 2) + . (10.5.15)
t—1Ty z—>1T T

Proof: Since the function I (z, z) is continuous at I}, the formulas (10.5.8) and
(10.5.10) must give the same value at any point of I. Thus,

1 -
lim —— + ¢ = lim [—nM(t,z) e t)]

t—-I 7 —1 t—>T;

which is the same as (10.5.15). ]

We are now in a position to prove Theorem 10.5.1 in a more complete formulation.
Fix some z € §2 and let
D) = M(1,2) + N, 2). (10.5.16)
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Then (10.5.15) implies that

lim Im® () = tlirg [M(t, )+ N(t,z)—M(t,z) — N(, z)]

t—1T}

I
= % (10.5.17)
T

Theorem 10.5.9. For any choice of z € 2, let ®(t) = M (t, z) + N(t, z), where M
is defined by (10.5.5) and N is defined by (10.5.14) and (10.5.10). Then @ is a
conformal map onto the complement in C of the union of disjoint horizontal slits
StheeSpe

Proof: By construction, @ is holomorphic on £2, except for a simple pole at t = z.
Lemma 10.5.8 shows that @ is continuous up to the boundary. For any complex
value a not in @ (342), integrating @’ (¢)/[@’(¢t) — a] over the boundary shows that
@ takes the value a exactly once in £2. Therefore @ is a conformal map of £2 onto
the complement of the union of the images @ (I;). By (10.5.17), each such image is
a horizontal slit.

To complete the proof, we need to show that distinct boundary curves I'; have dis-
tinctimages Sy = @ ([}).1f j # k, then we may find disjoint curves I:] T homotopic
to I';, I, respectively. The images are disjoint and enclose S; and S, respectively.
]

Remarks. 1. Theorem 10.5.9 contains the Riemann mapping theorem for domains
with smooth boundaries. In fact, suppose that §2 has a single boundary curve, so that
@ (£2) is the plane with a single slit. This domain can be mapped onto the unit disk
by an explicit conformal map; see Exercise 17.

2. The assumption that £2 has a smooth boundary in order for there to be a
conformal map as described in Theorem 10.5.1 can be very much weakened; see
Exercise 19.

10.6 The kernel function and partial differential equations

Suppose that §2 is a domain bounded by p analytic closed curves [}, as in the left
side of Figure 10.1. Two classic partial differential equations problems associated
with such a domain are the Dirichlet problem: given a continuous function f on the
boundary 042, find a function u, continuous on the closure, such that

Au =y +uy =0inQ, u=fondf, (10.6.1)

and the Poisson problem with Dirichlet boundary condition: given abounded function
g on £2, find a function u, continuous on the closure, such that

Au = f in®2, u =0 ondf. (10.6.2)
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A function u that satisfies Au = 0, as in (10.6.1), is said to be harmonic.
One useful tool here is the following form of Green’s identity for functions that
are smooth in 2 and continuous on the closure:

ou av
—v—u— | |dz| = (vAu, —uAv) dm, (10.6.3)
IR on an Q

where d/0n denotes differentiate in the direction of the outward normal vector.

By definition, a Green’s function for §2 is a function G(z, ¢), z, ¢ € §2, with the
properties that as a function of z it is harmonic in £2 \ {¢}, continuous and equal to
zero at the boundary 952, and has a logarithmic singularity at ¢:

G(z,¢) = log +h(z,¢), (10.6.4)

1
lz = ¢l
where £ is harmonic with respect to z in all of 2. The maximum principle for
harmonic functions implies that the Green’s function is unique.

A calculation shows that G(z, ¢) is harmonic with respect to z, apart from z = ¢.
It is also harmonic with respect to ¢, so by uniqueness

G(z,¢) = G(&,2) (10.6.5)

and h(z, ¢) = h(¢Z, z) is harmonic in each variable.
The existence of G can be established by solving the Dirichlet problem for A (-, ¢),
with boundary condition

1
h(z,$) =—log——, z€052.
lz = ¢l
For the existence of a solution, see Section 5.4.

The principal aim of this section is to connect Green’s function for £2 and the
Bergman kernel for £2. As we shall see,

2 932G
Ko = -t

(10.6.6)

The importance of G is that it provides the solution to both the Dirichlet problem
(10.6.1) and the Poisson problem (10.6.2).

Lemma 10.6.1. G extends to be harmonic in a neighborhood of the boundary 052.

Proof: The assumption that the boundary curves I" are analytic (i.e. I'(¢) is an
analytic function of ¢t and I'” # 0) implies that I" extends to a coordinate chart in a
neighborhood of any given boundary point I” (). In this chart, the intersection with
the nearby portion of 92 becomes part of the real axis. Since the harmonic function
G is zero on the boundary, the reflection principle says that it extends across. O
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Proposition 10.6.2. Given any continuous function f on 052, the unique solution
to the problem (10.6.1) is

1 G
u(z) = oy / — () fOld¢],  ze . (10.6.7)
T Jy on

Proof: Let u be the solution of (10.6.1). For smill ¢ > 0, the closure D, of the disk
D, = D.(z) is contained in 2. Let £2, = §2 \ D,. Then G and u are both harmonic
in £2,, so Green’s formula (10.6.3) gives

G u
/ a—(Z,C))M(§)|dC| =/ G(z, ) —(©)ldg|
e, on a2, on

e

d
= —f Gz, ;“)a—u(C)IdCI- (10.6.8)
aD, n

As ¢ — 0, on dD,, we may replace dG/dn by dh/on = 1/¢, so the left side of
(10.6.8) has limit

G
a—(z, OF@)Nde] — 2ru(z).
a2 on
Similarly, the right side of (10.6.7) is O (g|log €]). This proves (10.6.7). O

Proposition 10.6.3. Given any bounded continuous function f on 2, the unique
solution to the Poisson problem (10.6.2) is

1
u(z) = E/[Q G(z,0)f(&)dm(Z). (10.6.9)

Proof: With u defined by (10.6.9), the obstacle to a simple computation of Au is
behavior at the singularity at { = z. We will approximate G by a family of smoother
functions {G.}. To this end, we first choose a non-decreasing twice-differentiable
function ¢ of one variable with the properties

o) =0, if r<1/2; @@r)=1ifr>1.

Let
I(r)y =¢(r)logr; l.(r) = 821(r/8).

Then with s = r/¢, we have

2
AlL(r) = { d 1d

WJFJZ}W)

= [p log]"s + 11'(s).
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so the integral over D, (0) C R?is

1 1 1
271/ ds+27r/ [p(s)logs] ds = 271/ [sp(s)logs]"ds
0 0 0

1 1

= 2m[s¢’(s)logs + ¢ (s)]
0

= 2 [sp(s)logs] = 2mp(1) =2m.

0

With this in mind, we approximate G by

Ge(z,8) = —L:(lz = ¢+ h(z, 0).

Now G, is harmonic with respect to z for |z — {| > € so with u# given by (10.6.9),

1
Au(z) = o Al (12, ¢ f(5) d¢. (10.6.10)

T J2nD.(2)

For sufficiently small ¢, the disk D, is contained in §2. Taking into account the
calculation of the integral of A, and the continuity of f, we see that the limit as
& — 0 of the right side of (10.6.10) is f(z). Since G, decreases to G, we obtain
Au(z) = f(2). O

The principal step in getting to the identity (10.6.6) is to show that the function
—(2/m)3>G/3z0¢ has the reproducing property.

Proposition 10.6.4. If f is holomorphic in §2 and continuous on the closure, then

2 392G
——// " (2.0) fQdm @) = f(). (10.6.11)
T JJgo 0z0¢
Proof: Since
G(z,¢) = log +h(z,0),
|z —¢|

it follows that

S F LY}
57 0 =TT a7 )

¢
LA P
220t 09 T 5z 0

Therefore 82G_ / 8185 has no singularities. Moreover, since 49207 = A, it follows
that 32G/3z9¢ (z, ¢) is holomorphic with respect to z.
Given z € £2, the Cauchy—Green formula (1.2.8) gives
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1
5 | eorod = | /
tJog

The left side is

1 1
:2_1' . |:——§ + h(z, g‘):| f(&)dz.

The integrand is meromorphic in £2, so the value is 7 times the residue, i.e. — % f ().
m}

Proposition 10.6.5. The Bergman kernel K (z, ¢) for §2 is continuous up to the
boundary in either variable.

In fact, the kernel K extends analytically across the boundary. This uses again
the assumption that the boundary curves are analytic arcs. For the lengthy proof, we
refer to Bergman [24], Chapter 5, Section 3. This being the case, we can use K in
place of f in (10.6.11) to prove the identity (10.6.6):

cn=-2 [ 2
e

Taking the complex conjugate of the last integral gives

2 9%G
——// (m, {) (z $)dm(g) = pir =(n, 2).
noz

Remark. The assumption that the domain £2 is bounded by analytic curves is not,
up to conformal equivalence, at all special; see Exercise 19.

Exercises

1. Suppose 052 contains only one point. Show that if f is holomorphic on §2 and
Jo |f1? < oo, then f = 0.

2. Given points z1, ..., z, in §2 and constants aj, . . . a;, consider the interpolation
problem: find a function f, holomorphic in £2, such f(z;) =a;, j=1,...,n
and || f|| is minimal among such functions. Show that the problem has a unique
solution and describe its form.
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e

10.

11.

10 The Bergman kernel

Suppose that H (§2) contains a non-zero function.

(a) Show that for each z € £2 there is a function in H (§2) that does not vanish
at z.

(b) Show that the kernel K has no zeros.

Prove Proposition 10.2.2 (including the completeness of the set {¢, }.

Prove Proposition 10.2.4 (including the completeness of the set {v/,,}.)

Find necessary and sufficient conditions that the function with Laurent expansion

f@ =) el

k=—n

belong to H(A(r, R)), where A(r, R) is the annulus (10.2.6).
Use Corollary 10.2.3 to prove that for each disk, the Bergman kernel K has the
boundary behavior

K(z.2) = p 2+ 0™

as the distance p from z to the boundary goes to zero. Note that this is independent
of the radius of the disc.

. Let £2 be the unit disk D and £2; be D with the segment [0, 1) removed. Show

that each orthogonal basis for H (£2) is an orthonormal set for H (£2;), but is not
complete in H(£21).
Suppose K is the kernel function for a domain §2 in C. Show that for any set
{z1, 22, - - ., 24} of distinct points of £2, and any set of constants {¢, ,, ...#,} in
Cs

Z K(z;, Zk)tjl_k > 0.

1<j.k=n

Suppose that the domain £2 has a smooth boundary. Use Corollary 10.2.6 and
Exercise 7 to show that the kernel function K(z, z) has the same boundary
behavior, pointwise, as a disk. Hint: if zy € 042, then there are disks D; and D,
such that D; is contained in £2, D, is disjoint from 2, and the boundaries meet
at zo. An inversion @ (z) = 1/(z — z1), where z; is not in the closure of £2, is a
conformal map with the property that D3 = @ (D) is a disk that contains @ (£2)
and is tangent to @ (£2) at @ (zp)-

A linear map U from a Hilbert space H to itself is said to be unitary if it is
surjective and satisfies

Wf,Ug) = (f, 9, all f,ge H.

(a) Suppose that H has an orthogonal basis ¢,,. Show thatalinearmap U : H —
H is unitary if and only if {v,} is an orthomormal basis, where ¥, = U¢,.

(b) Suppose that U : H(§2) — H(S2) is unitary. Prove that U has a kernel K/,
i.e. a continuous function Ky (z, w) such that for any f € H(U),
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12.

13.
14.

Ufz) = / /Q Koz w) ) dm(w).

An orthogonal projection in a Hilbert space H is a linear map P : H — H with
the property that P(H) = H; is aclosed subspace of H,and Pf = fif f € H,
and Pg = 0 if g is orthogonal to H; (meaning that (f, g) = O for each f € H;.
Prove that if P : H(£2) — H(S2) is a projection, then P has a kernel Kp:

Pf(z) = //QKP(ZsW)f(W)dm(W)-

Compute the Bergman kernel for the upper half-plane H.
The Hardy space H? is defined to be the space of functions f that are holomorphic

in D and satisfy
2w

1 .
sup ~— |f(reé”)?do < oo. (10.6.12)
0<r<l 277 0

(a) Show that this is a Hilbert space, and the square of the norm, || f |I§1 is

(10.6.12).
(b) Verify thatif f(z) = Y oo a,z", then

oo
2 2
WfI = D lanl.

n=0

(c) Deduce that the inner product in H? of f = Y a,z" and g = Y _b,7" is
oo
(f» g)H = Zanbn~
n=0

(d) Use (c) to select an orthonormal basis {¢,}2, for H 2 and compute

o0
Ku(zw) = Y ¢ua(w) $u(2).
n=0
(e) Show that K has the reproducing kernel property: if f € H?, then
f@ = (f, K@ Dn-

(f) Prove that

Ku(z,w) = Kw,2);  |Ku@w)* < Ky(z, 2)Ku(w, w).
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15.

16.

17.

18.

19.

10 The Bergman kernel

(a) Given a positive smooth function F(x, y, X, ), consider the problem of
minimizing the integral

1
/0F(X(t),y(t),X’(t)»y/(t))dt

for curves y (1) = (x(t), y(¢)) in the plane that have fixed endpoints (xg, y9) and
(x1, y1). If such a curve is minimal, and v(¢) = (£(¢), n(¢)) is a smooth curve
that begins and ends at (0, 0), then the value of the integral is not decreased by
replacing (x, y) by (x + €&, y + en). Therefore a necessary condition on y is
that

d

de

b
{f F(x—i—eé,y—i—sn)dt}
e=0 a

Deduce from this, integration by parts, and the boundary conditions, the Euler—
Lagrange equations

d d
E{Fx} = Fy E{F‘} = F,.

(b) Suppose that the function in part (a) has the form
Fx,y,%,3) = G, NG+ 3%

For the minimization problem we may, and shall, choose the parametrization of
the curve (x(t), y(¢)) to satisfy

'O+ OF = 1.

Find the form of the Euler-Lagrange equations for curves with this parametriza-
tion and verify (10.4.7).

Calculate the Euler—Lagrange equations (10.4.7) for £2 = DD and verify that the
interval (—1, 1) is a geodesic.

Map the plane minus a single (straight) slit conformally onto the unit disk. (One
may as well take the slit to be the interval [-1,1].)

(a) Compute the Green’s function for the unit disk. Hint: what is G (z, 0) in this
case?

(b) Use the result in (a) to verify (10.6.6) for D.

Suppose that £2 is a bounded domain in the plane, and suppose that the com-
plement of £2 consists of an unbounded component £2; and p — 1 bounded
components 2y, ..., £2,. Show that £2 is conformally equivalent to a domain
whose boundary consists of disjoint closed analytic curves. Hint: in case p = 1
there are two ways to proceed: (i) use the Riemann mapping theorem; (ii) choose
a point z; € £2, invert the plane by z — (z — z;)~', map the image of £2 to I,
and follow this by the inversion w — w™!.
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20. Prove, by applying the Riemann mapping theorem p times, the converse of
Theorem 10.5.1: If §2 is the complement in the plane of p disjoint finite vertical
closed slits, then there is a conformal map of §2 to a domain bounded by p
analytic Jordan curves.

Remarks and further reading

The classic exposition of this material is in Bergman [24]. It covers the material in
this chapter much more completely. As we noted in the introduction, the Bergman
kernel has close connections to other natural conformal invariants associated to a
domain in C. These connections are exhaustively investigated in [24]. Other topics
there include further applications to partial differential equations, potential theory,
and functions of two complex variables. Krantz [125] contains some more recent
developments.

The Hilbert space H (D) of square-integrable holomorphic functions in the disk is
often denoted A”. It has Banach space generalizations A”, the holomorphic functions
that are p-th power integrable, 1 < p < 0o, as well as non-Banach space versions
with 0 < p < 1. These are known as Bergman spaces. There is now an extensive
body of knowledge concerning their structure and properties; see Duren and Schuster
[65].
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Theta functions Geda

A polynomial P(z, w) in two complex variables induces a complex curve
Cp = {(z,w) eCxC: P(z,w) =0}

This can generally be extended in a natural way to a subset of S x S. If P is irre-
ducible, then Cp C S x Sis acompact Riemann surface. Conversely, every compact
Riemann surface arises in this way; see [6] or [22], for the case of the Riemann surface
of a function defined on a subset of C. This surface carries a complex structure, so
an object of natural interest is the associated function field: the field of meromorphic
functions on Cp. The study of this function field leads naturally to the study of the
associated theta functions.

This chapter is a brief introduction to a vast topic. The basic classification of the
curves Cp is the topological invariant called the genus. The curve in S? is a compact
oriented smooth manifold of real dimension two. Therefore, topologically, it is either
a sphere (genus 0), a torus (genus 1), or a torus-like figure with more than one hole
(genus > 1). Figure 9.1 in Chapter 9 illustrates the cases genus 0, 1, and 2.

Genus 0 presents no particular difficulty. The case of genus 1 is the case of
elliptic curves, which are treated in some detail in many presentations, including
[21] and [22]. In this chapter, we discuss the general case, concentrating on genus
> 2. However, we discuss in detail only the case of hyperelliptic curves, where the
necessary machinery can be calculated explicitly. This avoids long excursions into
more general and more abstract issues while providing some insight into the overall
picture.
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R. Beals and R. S. C. Wong, More Explorations in Complex Functions, Graduate Texts
in Mathematics 298, https://doi.org/10.1007/978-3-031-28288-1_11


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-28288-1_11&domain=pdf
https://doi.org/10.1007/978-3-031-28288-1_11

264 11 Theta functions

11.1 Hyperelliptic curves

A hyperelliptic curve is one that has one of the two forms

2g+1
W= P2, Pun@ = [JG@-rp (11.1.1)
j=1
or
2g+2
W= Poin(), Pup@) = [[@-rm. (11.1.2)

j=1

where in either case the roots 7; are assumed to be distinct. Here, g > 2; the analogous
curve with g = 1 is termed an elliptic curve. It is easy to construct the Riemann
surface. The general process will be clear if we take the case g = 2 and specialize to
the case of real roots. In the degree six case, we have six real roots

rp < rmp < r <r <rs <rsp.

Slit the plane from rp;_j tory; j = 1,2, 3, and let C™ denote the plane with the slits
[r2j—1, r2j] removed. It is not difficult to see that a branch of the square root

v Ps(2)

can be chosen on C*. We choose the branch that is positive as z — +00, z € R. We
then take a second copy €~ of the slit plane, and choose the other branch of /P
on C~ (Figure 11.1). Extend these choices to the corresponding slit spheres S*. The
value of /P varies smoothly if we start in one copy of the slit sphere, cross one of
the slits, and continue on from the corresponding slit on the other copy. Therefore
it is natural to join the two copies across the slits and consider +/P as a continuous
function on the resulting figure. This figure is, topologically, a surface with two holes;
see Figure 11.1 (Compare this with the analogous construction for P of degree 2.) In
the case (11.1.1) with g = 2 and five distinctreal roots z; < - - - < zs, we set zg = 00
and proceed in the same way.

When the roots are not assumed real, then in place of the slits we find three non-
intersecting curves that join pairs of roots. For general g, this construction produces
a surface with g holes, i.e. with genus g—often described as a “sphere with g handles
attached.”

To complete the picture, we want to have a complex structure on the resulting
surface. At any point zg of S*, minus the slits, we have the usual choice of coordinate
z in a neighborhood. A slit can be considered as having two sides, corresponding
to the opening depicted in Figure 11.1. For a point on either side of the slit, there
is a neighborhood that lies partially in ST and partially in S™. The local coordinate
z works in that neighborhood. Finally, near a root r; that is the endpoint of a slit,
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C+

_— — — w — 400

Fig. 11.1 Slit planes; connecting the slit spheres.

a determination of w = +/P, continued around r ;, takes us from one copy of S
onto the other and back, once again providing a coordinate. Covering the curve with
appropriate coordinate neighborhoods shows that it is a Riemann surface in the sense
of Chapter 6.

In general, if P(z, w) isirreducible, the corresponding curve has the same topology
as one of the hyperelliptic curves just described—a surface with g holes. However,
the various curves for a given genus g > 2 may have different complex structures:
see Farkas and Kra [67]. The point of Teichmiiller theory is to construct a natu-
ral parametrization of the family of complex structures on a surface with a given
topology; see Chapter 9.

11.2 Cycles and differentials

We return here to a hyperelliptic curve I', of genus g > 1, associated to the polyno-
mial P, 1. We state without proof a number of facts about the differential topology
of I',. Each will be illustrated in the case g = 2; the reader may construct similar
illustrations to verify the statements in other cases.

Our terminology “curve” here conflicts with our previous use of “curve” as a
mapping y from a real interval into C or into a Riemann surface, or to the iamge
of y (with an orientation coming from the parametrization). In this chapter, we will
term such a map y or, its image, a path. A smooth, closed path that does not intersect
itself will be called a cycle.

Itis possible to find cycles ay, ay, . .., ag and by, by, . . ., b, that have intersection
numbers

Clj'bjzl, aj~ak=a_,-~bk=bj'bk=0 lf]#k (1121)

The intersection number a - b of two cycles a and b is defined as follows: a - b =0
if the cycles do not meet; if a and b meet at a single point p, then it is assumed that
the the tangents ¢ and b in the forward direction along a and b meet at an angle, and
a - b is 1 according to the sign of the angle from & to b (in local coordinates).
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For a curve of genus 2, this is illustrated on the left in Figure 11.2. Such cycles are
a homology basis for I',, which means that every closed path in I', is homologous to
apath ) [mja; + n;b;], where the integer coefficients indicate repeating the cycle
that number of times (in the opposite direction if the coefficient is negative), and the
addition refers to concatenating the paths— following one by another. Homologous
means homotopic, cycle by cycle, but in homology, the order does not matter since
we will be concerned only with integration of holomorphic functions along the path
(or, more generally, closed 1-forms). Then homotopic paths yield the same integral,
and addition is commutative.

Let us spell this out in the case illustrated in Figure 11.2. Cutting the curve I'—
along the cycles a;, b;, i.e. going to the complement of the union of the (images
of) the a;, b; leads to a simply connected region I:g that is topologically a 4g-sided
polygon with boundary,

alblal_lbl_]azbgaz_]b2 -~-agbga;1b;1.

This is illustrated on the right in Figure 11.2, for the case g = 2. Points on aj_l are
identified with points on a;, and so on, to form I, topologically.

Fig. 11.2 A homology basis and the representation as a polygon.

Suppose that y is a closed path in the curve I', on the left in figure 11.2. Let £2
denote the interior of the octagon on the right. If the path y stays in £2, then it is
homotopic to a constant map, and counts as zero. Otherwise, each connected part of
the curve that lies in the interior is homotopic to a path that lies on the boundary.
Thus, y is homotopic to a path that lies on the union of the cycles. Starting at the
intersection of two cycles, the path is homologous to a path that follows one of those
cycles, or its inverse, an integer number of times. Thus, eventually, we have a unique
homology representation of all of the path y inthe formma; + mya; + n1by + nab;
for some integers m j, n j, not necessarily positive.

A fundamental question concerning a curve I is to determine the field of functions
that are meromorphic on I',. A general picture is given by the following result.
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Proposition 11.2.1. If ¢ is a non-constant meromorphic function on I,, then the
number of zeros equals the number of poles (each counted according to multiplicity),
and the number of poles is at least two.

Proof: Since I', is compact, ¢ must have at least one pole. We may assume that
there are no zeros or poles on the cycles {a;} and {b;}. (Otherwise, simply move
the offending cycles slightly.) Integrate ¢’/ over the boundary afg. The integral
over a; and the integral over a]fl cancel, and the same is true for the b;. Therefore
the number of zeros equals the number of poles. (In particular, there is at least one
zero.) Integrate ¢ itself over the boundary to see that the sum of the residues is zero.
Therefore the number of poles, counting multiplicity, must be greater thanone. O

Replacing ¢ in the previous argument by ¢ — ¢, any ¢ € C, we obtain

Corollary 11.2.2. A non-constant meromorphic function takes each value (finite or
infinite) the same number of times (counting multiplicity).

We are still some distance from showing that non-constant meromorphic functions
exist. For this, we need an excursion into differentials and theta functions.

In this context, the term used for a 1-form on [ is a differential. In local coordi-
nates, a differential w has the form

w = f(@)dz+gz)dz. (11.2.2)

The differential w is said to be holomorphic, or Abelian of the first kind if, in each
such local representation, f is holomorphic and g = 0. In particular, as we shall

see, the differentials
j—1

z
n, = —dz, j=12,...g, (11.2.3)
TP
P = Pygyq or P = Py, s, are holomorphic.

A holomorphic differential w = f(z)dz is clearly closed: dw = 0; see Section
1.2. The same is true of its complex conjugate f(z)dz.

Let us see that the differentials (11.2) are actually holomorphic, despite the appar-
ent singularities at the zeros of w = \/P(z). Recall that, at these zeros, w itself can
be taken as the local coordinate. Now

o=
Y|

The roots are assumed to be distinct, so P’(z) does not vanish near a root.
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A natural question is: why stop at j = g? We need to examine what happens as
z— o0. If P = Py, then as z — 00, w=+zst1 + .. Taking ¢ = 1/z as an
appropriate coordinate,

j—1 I—jryr8+1 .
n = Sdr = e — s o

so the condition j < g is necessary for holomorphy at z = oo.Inthe case P = Py,
the point at oo is itself the endpoint of a slit; in this case, { = 4/z can be taken as a
local coordinate, and a similar calculation shows that j < g is precisely the necessary
and sufficient condition for regularity at co; see Exercise 2.

Fix a point pg that does not lie on any of the cycles a;, b;. If w is a holomorphic
differential, we may define

P
f(p) =/ w. (11.2.4)
P

0

Lemma 11.2.3. Suppose that w and o' are closed differentials. Then

Iy

8
/Na)/\a)’ - /~ f@w = Y [A;B; - A,Bjl. (11.2.5)
ar, o

where f is defined by (11.2.4) and

a; b; a; b;

Proof: Since w A o' = d(fw'), the first equality in (11.2.5) follows from Stokes’s

theorem. Next,
g
f~fa)’=z /+/ +/ +/ fo. (11.2.7)
aly j=1 aj a/.’] b; b;]

Given corresponding points p on a; and p’ on aj_l, the segment from p to p’ is a
cycle in Iy that is homologous to b;; see Figure (11.3), so

fpp) =) = —/ w = —B;. (11.2.8)

bj

Similarly, if ¢; and q} are corresponding points on b; and bj_] ,

flgp)—f@) = / o = Aj. (11.2.9)

aj
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Fig. 11.3 Integrating
YN

Therefore (11.2.7) is

[ro=% o o] o)

O

The numbers A;, B; in (11.2.6) are called the a periods and b periods of w,
respectively. o
Suppose that @ = fdz is holomorphic. Then w A@ = |f|*dz A dz. In local
coordinates z = x + iy,
dzndz = (dx +idy) A (dx —idy) = —2idx Ady.

Therefore (11.2.5) implies that if w # 0O,

=—Im | Y A;B, |. (11.2.10)

We have proved

Corollary 11.2.4. (a) If w is a non-zero holomorphic differential on I'y, with a and
b periods A;, B;, then

8
Im | > A;B; | < 0. (11.2.11)
j=1

(b) If the a periods of a holomorphic differential w all vanish, then w = 0.
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Proposition 11.2.5. The space of holomorphic differentials on I'y has dimension g.

Proof: The g holomorphic differentials 7; of (11.2) are linearly independent, so the
dimension is at least g. The matrix A with entries

Aj = f o (11.2.12)

J

is non-singular, since otherwise some non-trivial linear combination of the ; would
have a periods zero, a contradiction. But this implies that given any holomorphic
differential w, there is a linear combination ' of the 1; having the same a periods
as w, s0 w = «'. Thus, the n ; are a basis for the holomorphic differentials. O

We define a new basis {w;} of holomorphic differentials by setting

g
wj = 2mi Yy (A ) (11.2.13)
k=1

The {w;} are canonically dual to the basis of cycles {a;} in the sense that

/ w; = 2mi; /wk =0 ifj #k. (11.2.14)
aj a

J

Having chosen this canonically dual basis, we let
Bjx = / ;. (11.2.15)
by

Theorem 11.2.6. The matrix B = (Bji) satisfies
(a) B is symmetric: Bjy = Byj;
(b) Re B < 0, i.e. ReB is negative definite.

Proof: (a) Both w; and wy; are holomorphic so w; A wy = 0. Therefore (11.2.5)
becomes
0= 27'[in_/' — 27TiB_/'k.

(b) Suppose thatn = ) j=1 ¢jw; # 0, where the coefficients ¢; are real. The a and

b periods of n are
8

Aj = 27‘[iCj, Bj = ZCkBkj.
k=1
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Therefore (11.2.10) for 1, 7 becomes
8 o 8 8
0>1Im|> ABy| =1Im| Y 2micgcjByj | = 2mRe | Y Byjcjc
k=1 Jk=1 k=1 O

A symmetric matrix B = (Bj;) such that Re B < 0 is called a Riemann matrix.

As noted above, holomorphic differentials are called Abelian differentials of the
first kind. In addition, there are Abelian differentials of the second kind &\, n > 1.
These are meromorphic with a pole of order n + 1 at p and an expansion of the form

|: 1 . a, . ]d
Goprt Ty ]

if z is not a zero of P, and is not oo if P has odd degree. In the excluded cases, the
expansion near p can be written in terms of w. Finally, there are Abelian differentials
of the third kind w4, where p and g are distinct points of I', near which the coefficient
has a simple pole with residues 1 and —1, respectively. For the existence of the
differentials 0" and @,,, see Exercises 3 and 4.

Each such differential is unique up to the addition of a holomorphic differential.
We have already chosen a basis of differentials of the first kind, normalized by

/a)k = 8ji. (11.2.16)

J

Recall (11.2.15): the b-periods are
/ w; = Bjk (11217)
by

We normalize the differentials of second and third kinds by

/a)j,") = 0; fw,,q =0, j=12,...,8. (11.2.18)
aj a/-

J

Let w; = ¢;dz in a neighborhood of p. Then the b; periods are

1 d”ilf' P
(n) __ J . — H—
oV = — (p); Wpy = wi, =1,2,...,8.
/}; » w1 dzn—i ®;(p) v/h,- Pq /q i J 8
(11.2.19)

Here, the basis forms w; are assumed to have the form w; = f;(z) dz in a neigh-
borhood of the point p. The proof is similar to the proof of Lemma 11.2.5; see
Exercise 5
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11.3 Theta functions and Abel’s theorem

Let B be the Riemann matrix associated to the cycles {a;}, {b;} on the hyperelliptic
curve I',. The associated theta function 0(z), z € C8, is

1
0(z) = 0(zIB) = Y _ exp <§<BN,N>+<N,z)), (11.3.1)
NeZs

where
g 8
(BN.N) = Y ByNiN;, (N.z) = » Njzj.
j=1

jk=1

Let —b < 0 be the largest (i.e. least negative) eigenvalue of the real symmetric matrix
Re B. Then

8
(BN.N)| < (ReBN.N) < (=b)INP = (~b) Y N%:
j=1
(N 2)] < IN]lal.

The sum in the definition (11.3.1) converges uniformly on compact sets in C#; see
Exercise 6. Therefore 6 is an entire function of z. Note that § is an even function of
z. Change N to —N in (11.3.1):

0(—z) = 0(2). (11.3.2)
Let {e;} be the standard basis vectors in C¢, and let f; = Be;.
Proposition 11.3.1. The function 0 satisfies

0(z + 2miex) = 6(2); (11.3.3)
0(z + fi) = exp(—3Bu — 2) 0(2). (11.3.4)

Proof: The identity
<N,Z+27Ti€j> = (N,Z>+2Nj7fi

implies (11.3.3). Next,

HBN,N)+(N.z+ fi) = %(BN, N)+ (N,z + Bey)

L(B(N +2e), N) + (N, z)
= 5(B(N +e), N +e) — 5(Bey, ex) + (N + e, 2) — (e, 2)
[$(B(N +ex), N + ¢x) + (N + e, 2)] — 3Bk — 2.
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Since summing a function of N over N and summing over N + ¢; give the same
result, this proves (11.3.4). |

These equations show that the theta function has periods {2 ie, } and quasiperiods
{ fx}. More generally, any element of the period lattice

A = A(B) = {2niN+BM : M,N € Z*} (11.3.5)

is a period or quasiperiod of 6. The transformation laws (11.3.3), (11.3.4) generalize
to

0(z+2miN + BM) = exp(—3(BM, M) — (N,z), M,NeZf (11.3.6)

The Jacobi variety, or Jacobian J (I'y) of the curve G, is the 2g torus that is the
quotient of C#¢ by the lattice (11.3.5):

J(I) = C8/A.

Put differently, J () is the set of equivalence classes of elements of C?¢ under the
equivalence relation

w = w' if and only if w — w’ belongs to A. (11.3.7)

More generally, we may consider a theta function with characteristics a, € R$:

Ola, Bl(z) = exp (%(Ba, o) + (o, z + 27'[1',3)) 0(z+2mif + Ba). (11.3.8)

This has a representation similar to (11.3.1):

1
bla, BIz) = ) exp (5<B<N+a,N+a>+<N+a,z+2niﬂ>). (11.3.9)
NeZs

The transformation law generalizes (11.3.6):

Ola, Bl(z +2miN + BM) (11.3.10)
= exp (—3(BM, M) — (M,z) +2mi[(N,a) — (M, B)]) 6o, B1(2).

The proof is left as Exercise 7.

A case of particular interest is that of a half-period: when each o ; and §; is either
0 or 1/2 but not all are 0. A half-period is said to be even or odd if 4(c, B) is even or
odd.

Proposition 11.3.2. If («, B) is a half-period, then 0[«a, B] is even (resp. odd) if
4{a, B) is even (resp. odd).
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Proof: The summands of (11.3.9) depend on z by the factor exp(2mi(c, 8)). m|

Fix a point py € I', and define A(p) for p € I', by

p
A;(p) =/ wj, j=1,...¢g (11.3.11)
P

0

We take the path of integration to be the same for each index j = 1,2, ..., g. The
Abel map A : I'y — J(C,) is the map

A(p) = (Ai(p), Aa(p), ..., Ag(p)) . (11.3.12)

This is independent of the chosen path (so long as the path is independent of the
index j). In fact, any two paths differ by a path that is homologous to some path

g
Zn aj+m;b]
j=1

and

g
fa)k = 2nkni+ZBjkmj,

j=1
which is the k-th component of a point of the lattice A.
We are now in a position to determine the meromorphic functions on I7.

Theorem 11.3.3. (Abel) The distinct points pi, pa, ... ps and qi.q2, ...q, in I,
are, respectively, the (simple) zeros and poles of a meromorphic function on I'y if
and only if

ZA(pj)—ZA(qj) belongs to A. (11.3.13)
j=1 j=1

Proof: Suppose that f is meromorphic on I', with the prescribed zeros and poles.
Then 2 =dlog f =df/f is a meromorphic differential with simple poles and
zeros. It has residue 1 at each zero and residue —1 at each pole. Therefore it has
an expansion

8 8
= > mjwp, + Y cjo;. (11.3.14)
j= n=1

We are assuming that f is single-valued on I, so the integral over any closed cycle
is an integer multiple of 2mi:

/ 2 = 2njmi, f 2 = 2m;mi. (11.3.15)
aj bj
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Taking into account (11.3.14), (11.3.15), and the normalizations (11.2.17), (11.2.18),
it follows that

2mwing =/ 2 = 2micy;
ag

Pj

mim = [ 2 = 3 [ o Yon

Br j=1v4j j=1

Therefore
n n pj
> [Ap) — Awp] = - o
j=1 j=174i
= —2mimi + Y _n;Bji. (11.3.16)

j=1

The right-hand side belongs to the lattice A, so (11.3.13) is true.
Conversely, suppose that (11.3.13) is true. Then there are integers {n;}, {m;} such
that (11.3.16) is true. Let ¢, = n; and use these coefficients to define £2 in (11.3.14).

Then
p

F(p) = exp/ 2

Po

is single-valued on I, and has the {p;} and {q;} as its zeros and poles,
respectively. O

11.4 Jacobi inversion

Let S&(1,) be the g-th symmetric product of the curve I,. This means that its
elements are the unordered g-tuples (py, ..., p,) of points of I';. The Abel map
extends to a map

A:S8(Ty) — J(Iy) = C8/A

defined by
Ap1, ... pg) = Alp) + -+ A(py). (11.4.1)

The problem of inverting the Abel map is known as the Jacobi inversion problem.
Thus, given
2= (21,22,...,20) € J(Iy) = C/A
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we want to find points pi, ps, ...,pg in I', such that

pj
/ wkEZk7 k=17"-7g
Po

where the wy, are the standard a-cycles of Iy, and the equivalence relation is (11.3.7):
b = ¢ means that b — ¢ belongs to A.

j=1

Let @ = (e, ..., e,) be a fixed element of C8 and set
F(p) = 0(A(p) — ©). (11.4.2)

This function is holomorphic on the cut surface I:g. Changing K slightly, if necessary,
we may assume that F is not identically zero. Recall that aFg is the union of cycles
ag, by, ay L b, !, Changing the cycles slightly, if necessary, we may assume that F
has no zeros on the boundary 812.

Lemma 11.4.1. F defined by (11.4.2) has g zeros, counting multiplicity, on Fg.

Proof: The number of zeros is

1 F' 1
| = = — | diogF. (11.4.3)
2mi 31':)2 F 2mi 31:;

Let F* denote F on the union of the a; and by, and let F~ denote F on the union of
the inverses a; ', b; !, and similarly for A*. Then (11.4.3) is

1 8
— (/ +/)[dlogF+—dlogF_]. (11.4.4)
2 ax bi

k=1

It follows from (11.2.8) and (11.2.9) that if p is a point of a;, then
A7 (p) = AT(p)+ By (11.4.5)
and if p is a point of b then
A;.r(p) = A;(p) +27midji. (11.4.6)
From these equations and (11.3.3), (11.3.4), it follows that

log F~(p) = —3Bu — Ak(p) + ex + log Ff(p), pea; (1147
log F~(p) =log FT(p), p € by. (11.4.8)

ButdAy(p) = wy, so
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dlog F~(p) = dlog F*(p) —ax,  p € ax: (11.4.9)
dlog F~(p) =dlog F*(p), p€by. (11.4.10)

Therefore (11.4.4) is

1 1<
— dlogF = — = g.
2ri Jyf o8 2mi Z/ @k &

aly k=1
O
Theorem 11.4.2. Suppose that the zeros of F on I'y are py, ..., pg. Then
A(pr.....p) = € — K. (11.4.11)

where

27Ti+B,'j 1 f /‘”
K = — — —— . 11.4.12
; 5 o ; ; i (p) o ( )

Proof: Let —g“) be defined by
g o= Aj(p)+ -+ Aj(py). (11.4.13)

The sum on the right can be viewed as the sum of residues

1 F
b= — [ apmE® L/ dlog F(p). (11.4.14)
2mi JoF, F(p) 2mi JyF,

In view of the calculations in the proof of Lemma 11.4.1, this integral is

;= 2— (/ /) [A7dlog F* — A7dlog F™]
i

1
= oni Z/ [ATdlog F* — (AT + Bji)(dlog F* — ay)]
k=1 Y%

1 8
+? Z/ [A}Ld log Ft — (A;.' —2midjx)dlog F*]
b

&8
= 2—2(/ Ajo — B fdlogF++2nlB,k>+/ dlog FT.
k= ag bk

Because of the way that the a; are chosen, F takes the same value at the ends, so
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/ dlog F* = 2ming, ny € Z. (11.4.15)

aj

Let ¢; and g; be the initial and final points of ;. Then

/ dlog F* =log F*(q;) —log F'(q;) + 2wim;, m; €Z

bj

=1ogf(A(g;) + fj — €) —logf(A(q;) — €) + 2mim;
=—1Bj;+e;— Aj(q)) +2mim;. (11.4.16)

As before, f; = (Bji, ..., Bj,) belongs to the lattice A. Therefore

1 8
¢ =ej—3Bjj —Aj(qj)+2—m2/ Ajox
k=1 "%
+2mim; + Y Bju(—ni+ 1)
k
1 8
Eej—%Bjj—Aj(qu%Z/ Ajox. (11.4.17)
k=1 "%
Now g, the beginning of b;, is the end of a;, so
/Ajwj = f d3AT = 31A3(g)) — A3,
aj aj

where r; is the beginning of a;, and A;(q;) — A;(r;) = 2mi. Therefore

/ Ajo; = $2mi[24,(q)) — 27i),

aj
and
1 & o1
_Aj(q]')—l-%z ; Ajwk = —T[l—i-%z a_Ajwk. (11.4.18)
k=1 % ktj V%
Combining (11.4.15) — (11.4.17), we obtain (11.4.11). m]

The constants K ; of (11.4.12) are known as the Riemann constants associated to
the given cycles and the choice of py.
For the following result, we refer to Farkas and Kra [67].



11.4 Jacobi inversion 279

Theorem 11.4.3. The function 6(A(p) — ) is identically zero on I', if and only
if @ can be written as

T = Alg) +...Algy) + K, (11.4.19)

where the points q; are the unique poles (counting multiplicity) of a meromorphic
Sfunction on I.

Corollary 11.4.4. If¢  C# has the property that F(p) = 0(A(p) — ¢ — K )does
not vanish identically on y, then F has g zeros p; on I'y that are the solution of the
Jacobi inversion problem

—
Ap) + -+ Apg) = ¢
Moreover, the p; are uniquely determined by these equations.

Proof: The first statement is just Theorem 11.4.2. Suppose that {g, . .. g4} is disjoint
from {p1, ..., pg} and
Alg) +---+ Agn) = ¢.

Then by Theorem 11.3.3, there is a meromorphic function with poles precisely at
the p; and zeros at the ¢;. This contradicts Theorem 11.4.3. O

Corollary 11.4.5. The zeros s of 0 can be parametrized by S8 ':

— —
¢ = A(p1) +---+A(pg-1) + K, (11.4.20)
where py, ..., pe—1 (counting multiplicity) are any points of I'.

Proof: If 9(_e>) =0,let F(p) = 0(A(p) — 7), and suppose first that F'(p) is not
identically 0. Let pg be the lower limit of the integration that defines A, so A(py) =
0. It follows from the definition (11.3.1) that € is an even function, so F(pg) =
6(—¢) =0.Lemma 11.4.1 and Theorem 11.4.2 imply that there are unique points
P1s - - -, Pg such that

N -
¢ = A(p)+-+A(p) + K. (11.4.21)

We know that one of these points, say p, is po, so that (11.4.21) reduces to (11.4.20).
If F(p) is identically zero, then by Theorem 11.4.3,

— —
€ = Alq)+--+Ag) + K, (11.4.22)

where the g; are the unique poles of a function f, meromorphic on I',, We may
choose the integration limit py to be one of the zeros of f. Let py, ..., po—1 be the
remaining zeros. Again A(py) = 0. By Theorem 11.3.3,



280 11 Theta functions

N —
€ = Alq)+-- +A(qy) + K = A(p1) +-- + A(pg—1) + K,

so again we obtain (11.4.20). |

The approach to the Jacobi inversion problem that we have just described is due
to Riemann. A second approach is due to Weierstrass. We illustrate the Weierstrass
approach for genus g = 2, with defining equation

w? = P5(2).

We work with the original differentials

The corresponding modified Abel map is

A(z) = (/'7711/'772)

SO
A(z1,22) = A1) + A(z2) = (&1, &)
with
21 22
& = M +/ ni; (11.4.23)
20 20
21 22
& =/ 7)2+/ 2. (11.4.24)
20 20
Thus,
dg, 1 dg zj
ey = — By 8 11.4.25
dz @) w(z;) dz @ w(z;) ( )

The idea is to relate two systems of differential equations for (z;, z2) € I3 X I3
to the corresponding system of equations for the image (¢, ¢») under the Abel map
(11.4.23), (11.4.24). The systems for (z1, z) are

d d

dzi _ w(zy) o dm w(z2) ’ (11.4.26)
ds 21— 22 ds 22— 2

d , d

do _mw@)  dn_ uw@) (11.4.27)
dt  z1—2 dt 22—z

Proposition 11.4.6. Under the Abel map A : S*°T> — J(I), the systems (11.4.26),
(11.4.27) become
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d d

@y, 92y, (11.4.28)
ds ds

dg d

= -1, = 0;. 11.4.29
dt dt ( )

Proof: The equations (11.4.28) and (11.4.29) follow readily from the equations
(11.4.23)—(11.4.27); see Exercise 9.

We cannot resist closing this section with a remark of Weyl, [214], footnote, p.

144:

The principal significance of the inversion problem to us today lies primarily, not in its
intrinsic value, but in the splendid development created by Riemann and Weierstrass in their
efforts to solve the problem.

Exercises

SoXAWn

. (a), (b), (c), (d): section by section, work out the results in the case of a torus:

g=1

Show that j < g is also the necessary and sufficient condition that n; be holo-
morphic at oo in the case when P has degree 2g + 1.

Prove the existence of the differentials of the second kind. Hint: look for

o™ — gw)dz
p (z — p)n+1 :

What conditions are needed on g (w) to guarantee that a);”) has the correct behav-
ior at the point p on each sheet C.?

Prove the existence of the differentials of the third kind @, . Hint: look at Exer-
cise 3.)

Prove (11.2.19).

Prove that (11.3.1) converges uniformly on compact sets in C.

Prove the transformation law (11.3.10).

Show that @ has 2¢~!(28*1) even periods and 2¢~!(2¢ — 1) odd periods.

Prove (11.4.28) and (11.4.29).

Use the Weierstrass system of differential equations to show that map to J(G»)
is surjective and can be inverted by following trajectories of two systems. (Start
from pg.)



282 11 Theta functions

Remarks and further reading

The theory of theta functions was initiated by Jacobi and advanced by Riemann and
Weierstrass. It is still a large and active area of research, with connections to alge-
braic geometry, analytic number theory, representation theory, algebraic topology,
nonlinear partial differential equations, and quantum physics.

The classical theory of theta functions is treated exhaustively by Baker in [17].
Baker’s monograph has been reissued, with a foreword by Krichever that outlines the
theory and delves into its application to the study of “completely integrable” nonlinear
partial differential equations, such as the Korteweg—deVries (KdV) equation for
waves in a channel. Our presentation is based on Dubrovin’s exposition [60], which
goes on to treat these applications in detail. These applications are also among the
(very many) topics treated in Mumford’s lectures [145], [146], [147].

Various versions of theta functions are associated with the names of Ramanujan
[48] and Siegel and Ruelle [35]. There are connections with modular forms [48],
[68], quantum field theory [208], moduli spaces [113], eta functions [124], all of the
above [148], and knot theory [89].



Chapter 12 ®)
Padé approximants and continued e
fractions

The Taylor series of a function that is holomorphic in a neighborhood of a given point
provides an approximation of the function by polynomials: the successive partial
sums of the Taylor series. For both theoretical and practical reasons, it can be useful
to approximate instead by general rational functions, i.e. quotients of polynomials.
Systematic use of this idea goes back at least to Frobenius [80] in 1881. Padé [162]
treated some exceptional cases in his thesis a decade later. Both theory and practice —
and the theory behind the practice — have developed greatly since then. In this chapter
we touch on the main theoretical questions and practical methods, and exhibit some
interesting examples.

In Section 12.1 we introduce the general terminology, notation, and concepts, as
well as the basic existence theorems. Sections 12.2 and 12.3 give three connections
of Padé theory to continued fractions.

The connection of Padé approximants to the Stieltjes transform and to orthogonal
polynomials is introduced in Section 12.4. Stieltjes transforms and related functions
are characterized in Section 12.5. The Padé approximants of these transforms are
examined in Section 12.6.

Two continued fraction expansions of the exponential function are examined in
Section 12.9. Section 12.8 contains several examples illustrating the theory, with
some specific numerical results.

Section 12.7 describes the basic theory behind practical methods of computation:
Shanks’ method and generalizations.
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284 12 Padé approximants and continued fractions

12.1 Padé approximants and Taylor series

Suppose that f is holomorphic in a neighborhood of 0:
f@) =) a (12.1.1)
k=0

Summing the series exactly is often not practical, but one can resort to the partial sums
as approximations to the value f(z). The partial sums are the Taylor polynomials

T,(2) = Y a,
k=0

which are uniquely determined by the property that f(z) = Ty (z) + O(|z|¥*") as
z — 0. One can obtain this same approximation property with rational functions.
For a pair of integers m > 0, n > 0, the [m, n] Padé approximant to f at 0 is the
quotient

Pu(x) Yot

Qn (Z) ZZ:O C]ka

with the property that
Py
f@ - P O(lz|"™*") as z — 0. (12.1.2)
On(2)
For a given m and n, (12.1.2) is equivalent to
Pl’ﬂ
Tnin(z) — @ _ O(|z|™ Yy as z — 0. (12.1.3)
Qn (Z)

This is unique if we normalize by taking Q(0) = go = 1.

The quotient P, /Q, is sometimes denoted [m, n] ;. The Padé table of f is the
infinite matrix ([m, nlz);;’, _o. The leftmost column {[m, 0] s} consists of the Taylor
polynomials T,,. If ay # 0, then the first row {[0, 1]/} consists of the Taylor polyno-
mials for 1/f. In applications one often uses the main diagonal, i.e. the approximants

[n, n] s, or some nearby diagonal, such as [n,n & 1];.

As we shall see, there are a number of reasons for going beyond the Taylor
polynomials for the purpose of approximation. The Taylor polynomials can only
converge uniformly on disks D, (0) with r less than the radius of convergence of the
series (12.1.1). If f is holomorphic in a larger region, rational approximations may
converge in larger subsets of that region; see Exercises 1 and 2. Even in disks where
the Taylor series converges, some Padé approximants may converge more rapidly
than the Taylor polynomials. Furthermore, Padé approximation is, in a number of
ways, more flexible and adaptable to special circumstances, such as dealing with
asymptotic series or simultaneous convergence near two or more points.

The approximation property (12.1.2) or (12.1.3) can be put in a linear form:
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Tn+n1(Z)Qm(Z) - Pm(Z) = 0(|Z|n+m+]) as z — 0. (1214)

This is a system of m + n + 1 linear equations for the m + 1 coefficients of P, and
the n coefficients g, k > 0 of Q,. In fact

00 k
TyimQn(2) — Pu(z) = Z Zak*jqj — Dk Zk, (12.1.5)

k=0 | j=0

whereay =0,k >m+n,q; =0, j > n, pr =0,k > m. We set the terms in brack-
etsin (12.1.5) equal to zero for k < m + n. As we show next, this system always has
a solution. However, the solution may not be unique; see Exercise 1.

Theorem 12.1.1. The problem (12.1.2) has a solution with P,, a polynomial of
degree < m and Q, a polynomial of degree < n.

Proof. Theideais to use the extended Euclidean algorithm, starting with the polynomi-
als A(z) = """+, B(z) = T4 (2). The algorithm constructs polynomials Ry, Sy:

RO = A, R, = B, Rk—l = SkRk+Rk+1, deng_H <deng. (1216)

The third equation in (12.1.6) determines polynomials Sy and Ry up to a constant
multiple. The extension of the algorithm uses the S; to compute polynomials Uy, Vi:

Up=1, U; =0, Uy = Uy — SiUss
Vo=0, Vi=1, Vier = Vi — SiVi. (12.1.7)

It follows by induction that we have the Bezout identities

AUy + BV, = R;. (12.1.8)

It follows from (12.1.6) that
deg Sy = deg Ry—; — deg Ry
and from (12.1.7) that

deg Viy1 = deg Sy +deg Sy +---+degS; = degA —degRy. (12.1.9)

Letus stop the process as soonas deg Vo1 > n. Thendeg Vi, < nand(12.1.9)implies
that deg R, < m. The Bezout identity (12.1.8) gives us

Z"U@) + T () Vi(@) = Ri(2).
Therefore taking P,, = Ry, O, = Vi gives us our approximant. O

Remarks. 1. In the previous discussion we made no use of the convergence of the
series (12.1.1), but only that it is an asymptotic series for f:
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n
f@) =) at = o(z". (12.1.10)
k=0

2. We might also assume that (12.1.10) is valid only in some subset of a neighborhood
of 0, e.g. in the sector {z : argz < «}.

3. A typical situation in which one might have an asymptotic expansion valid in some
sector concerns behavior as z — 00:

by b
g(z)'vbo—i-?l—i-z—;—i-... as 7 — 00 (12.1.11)

in some sector.

4.1f g satisfies (12.1.11) with by # 0, then f(z) = g(z~') has an expansion (12.1.10).
More generally, if g has an expansion with by, ... by_; = 0and by # 0, then f(z) =
7z ¥g(z7") has an expansion (12.1.10).

Theorem 12.1.2. Suppose that g has an asymptotic expansion (12.1.10) in some
sector. Then for any non-negative integers m and n there is a [m, n]-Padé approximant
P,/ Q, such that
P (2)
0n(2)

g(2) — = 0@™ ™YY as z — oo in the sector.

Proof. We may assume that not every term in the expansion (12.1.11) is zero. Then for
somek, f(z) = z’kg(l/z) has an expansion (12.1.10) in a sector at 0. By Theorem
12.1.1 and the preceding remarks, f has a Padé approximant [n — k, m]; = R(z),
where R is a rational function with at most n — k zeros and at most m poles. Then

g(@) = Z_kf(Z_l) — Z_kR(Z_1)+O(Z_k_(n_k+m)_l),

and z7¥R(z™") is a rational function of z with at most n — k zeros and at most m
poles. Therefore z ¥ R(z™!) is the quotient of polynomials P and Q of degrees < m
and n, respectively. O

The method as described so far could be called “one-point” Padé approximation.
It relies on information about behavior of a function f at a single point, which we
have taken to be the origin or the point at infinity. This can easily be generalized.
Suppose that f(z) has asymptotic expansion at distinct points zg, z;:

f@) ~ Zan(z —z0)", as z — zo, (12.1.12)
n=0

f@~Y buz—z)".  as 2z (12.1.13)
n=0

A two-point Padé approximation to f(z) is arational function R(z) = P,,(z)/ Q. (2),
where Q,,(z9) = 1, while P,(z) and Q,(z) are polynomials of degrees m and n,
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respectively. The n + m + 1 coefficients (after the normalization Q,(zp) = 1) are
chosen so that

f@)= Q’ZEZ; +0((z—z20)") as z— zp;
f@) = Qr:EZ; +0((z—20)") as z— zy,

where k +1 =m + n + 1. We leave the formulation of the general equations for
the coefficients of the polynomials P,(z) and Q,,(z), as well as the development of
efficient numerical techniques, to Exercises 5 and 6.

12.2 Padé approximation and continued fractions

Often Padé approximations are made for functions whose asymptotic behavior at co

is known, sa;
y Co C1 Cn
F@ ~—+5+t+omt. (12.2.1)

Zn+l

as z — 00 in some sector.
Suppose ¢y # 0. Then we may write (12.2.1) as

F(z) ~ —[
Z

i

A key observation is that this implies that

where F| has an expansion similar to the expansion (12.2.1) of F. Thus

al
F ~—_— a; = cp. 12.2.2
(2) 1 Q) 1=2¢o ( )

If the leading coefficient in the expansion of Fj is not zero, this can be continued:
a
F(z) ~ ,

by + @
7 — 7
: z2—by+ Fr(2)

where F, has an expansion of the form (12.2.1). So long as leading coefficients do
not vanish we get a continued fraction expansion
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a
F(z) ~ . (12.2.3)

a
z—b +

as

z—by+ ——m
? z—bs+...

Suppose we truncate this, so that the last denominator is z — b,,. The resulting
expression R, is called the n-th convergent of the continued fraction (12.2.3). It is
easily seen that R, is a rational function that approximates F to degree z"~!. As
we shall see, R, = P,/Q,, where P, and Q, are polynomials and deg P, =n — 1,
deg O, = n. We shall show that R, is a Padé approximant to f at co.

In discussing the theory further, it will be convenient to ease notation by looking
first at the numerical case of continued fractions:

a (12.2.4)
a
by +
as
by +
by + —
by
This is sometimes written
e e e (12.2.5)

bi+ by+ byt bs+

We assume throughout this discussion that the coefficients {a,}, {b,} are each non-
Zero.

Let us look at the successive convergents: the successive truncations 7, that end
at a denominator b,,:

P aj f = aj _ bray
YT 2T a bbb +a
b+ —
by
o a _ bsbyay + aza;
’ a bsbaby + byar + braz’
b+ ——
by + 2
2+,
Let us write these as
P a2 bra P3 bsbyay + aza

q1 b’ q  bbi4ay g3 bbb +ay) +asb;

Identifying numerators with numerators and denominators with denominators in each
equation here, we see that
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p2 = bapy, @ = bq +an;
p3 = bipy+a3p1, g3 = bigx + azqi.

Ifweset p_; =1, po =0,g_; =0, and gy = 1, then these equations take the form
of three-term recursions:
Pk = bipi—i +akpr—2,  qx = biqr—1 + arqi—2, (12.2.6)

k = 1,2, 3. Replacing by, in these equations by by + ax1/by+1 in the quotient py /g
leads to the corresponding equations for py41 and gi41; see Exercise 7

Proposition 12.2.1. The equations (12.2.6), extended for all values of k, produce
the convergents ri = pr/qx of the continued fraction (12.2.4).

The equations (12.2.6) have powerful consequences.

Lemma 12.2.2. The convergents of the continued fraction (12.2.4) satisfy the rela-
tion .
P Pnt (D" aiag---ay
qn qn—-1 qnqn—1 '

(12.2.7)

Proof. Multiplying the left side of (12.2.7) by ¢,g.,—1, and using the equations
(12.2.6), we obtain

DPndn—-1— Pn=1qn = bppp—1 + @npu—2)gn-1 — Pn-1bpqu—1 + anqn—2)
_an[p1171Qn72 - pn72Qn71]~

The term in square brackets is the numerator of p,_1/q,—1 — pn—2/qn—2. Therefore

we may continue the calculation back to the numerator pog; — p1qo = 1. Dividing

by gnqn—1 gives (12.2.7). O
Now

Pro_ [&_Pnl}+...+[ﬂ_@}+@,
4n 4n qn—1 q1 q0 q0

Combining this with (12.2.7) gives

Corollary 12.2.3. The n-th convergent of the continued fraction (12.2.4) can be
written as a sum

" n,aa"'an niaa~-~an_ a
Pn _ (= 12220 22 Bl T (12.2.8)

qn qnqn—1 qn—19n-2 q1490

Returning now to the continued fraction (12.2.3), we will assume that the coeffi-
cients {a,} are non-zero.

Proposition 12.2.4. The [n, n] Padé approximant for the continued fraction (12.2.3)
is the rational function R, obtained by truncating at denominator b,,. It has the form
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—_— (12.2.9)

where P, and Q, are polynomials of degree n — 1 and n, respectively. They are
defined recursively by

Poi=1, Pob =0, P(2) = (2—b)P_1(2) + ar Pr—2(2); (12.2.10)
0.1=0, Qo =1, 02 = (@—b)0i-1(2) +ar Or—2(2).

Proof. The equations (12.2.10) are an immediate consequence of Proposition 12.2.1.
The determination of the degrees of P, and Q, follows by induction, using the
assumption that the a, are non-zero. It follows from (12.2.8) that the first omitted
term in the expansion of (12.2.3) has degree (n + 1) + n so R, agrees with the formal
expansion of (12.2.3) through terms of order z~2". O

Multiplying numerator and denominator by A; = 1/a; produces the same formal
fraction, with a;, b, and a, replaced by 1, b;/a;, and a,/a;. Then multiplying both
terms in the fraction with numerator a, by A, = a;/a, changes the numerator to 1
and b, to Ayb,. Continuing this process leads to

1
1 , (12.2.11)
by +
e 1
by + =
b+ ...
where
En = )‘«nbn’ )\2m71 = Dda Gom— , Ao = A Gl .
ayas - - - dym—1 aday - - - dom

The basic analytic question concerning continued fractions is: do the “conver-
gents” actually converge? One of the most elegant results is the following theorem
of Seidel [188].

Theorem 12.2.5. Suppose by > Oforn = 1,2, ---.The continuedfraction (12.2.11)

converges if and only if the series ) by diverges.

Proof. It follows from (12.2.8) that the convergents of (12.2.11) are the partial sums
of the series

¥ (12.2.12)
q1 q192 qn—-19n

where the g, are the denominators of the convergents. They are all positive. By
definition gg = 1, and clearly g; = b;. We claim that for all n,

an < [ J(1 +bo).

k=1
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This is clearly true for n = 0 and n = 1. If it is true for n — 1 and n — 2, then by
(12.2.6)

n—1 n—1

n—2
gn <bu [JO+ b0+ [A+b) < A +b) [+ bo).
k=1 k=1 k=1

Suppose first that Y- | b; < 0o. Then the infinite product [T°>, (1 4 b,) has a finite

limit. (See Section 1.6, or use the inequality 1 + by < ebv). This implies that the
terms in the series (12.2.12) are bounded away from zero, so the convergents fail to
converge.

Suppose instead that Y - by diverges. We claim that for all n > 1,

Gn = pguor.  p=min(l, by)}.
By definition g_; = 0, so this is true forn = 1 and n = 2. If it is true for n — 1 and
n — 2, then . A
Gn = buGu-1+qu-2 = pbap+p > p.
Now . .
qnqn-1 = (bnqn—l +Qn—2)qn—l = bnp2 + gn-19n-2,
SO

qngn-1 = (GnGn-1 — Gn—-1qn—2) + - - - + (@291 — q190) + q190
> byp® + -+ bop® + b

Therefore ¢,q,_1 — 00, so the terms of (12.2.12) decrease to zero, and the series
converges. O

As an example, consider

, x > 0.

2x +

2x +
2x +

1
2x + ...

By Theorem 12.2.5 the convergents converge to some limit L = L(x) > 0. Clearly

, (12.2.13)

SO
L>’+2xL—1 =0, L=—-x++x+1. (12.2.14)

Conversely, (12.2.14) leads to (12.2.13), which identifies the continued fraction
expansion of the function —x 4 +/x 4 1. It is a general fact that if the sequence
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{5,,} is eventually periodic, then the limit of the convergents of (12.2.11) is the solu-
tion of a quadratic with coefficients that are rational functions of the {b,}; see [120].

We conclude this section with another method for determining a partial fractions
expansion.

Theorem 12.2.6. For any n > 1, we have

i = ! (12.2.15)
Dy D? o
k=1 D1 _
D3
Dy + D, — D
D D:— ... —"—
2 * : anl + Dn
Proof. The identity (12.2.15) is true for n = 1. For n = 2 we have
1 _ Dy + D, _ D + D, _ 1 1
D} (Dy+Dy)D,—-D? DD, Dy D

D — ———
D+ D,
If (12.2.15) is true for n, then changing the last denominator D,_; + D, to

D;
P T D b
amounts to replacing the last term in the sum 1/D; + --- + 1/D, by
1 D, + D, 1 1
D} - D, D, - D_n * Dyt

" Dy + Do

n

12.3 Another view of Padé approximants and continued
fractions

Let us take another look at the Padé approximants of a function f with Taylor
expansion
f@) = ay+aiz+am?+az+... . (12.3.1)

Assuming that ap # 0, set fy = f and define f; by
ao

fo(2)

Then f) has a Taylor expansion similar to (12.3.1), and

= 1+2zf1(2).
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fol2) 0 e [(’0 1} Lt o0
oZ) = ————; 1) = | = — T = Z), o = daop.
1+ zfi(z) fo z
If the constant term of f}, c; = —ay/ay, is not zero, then this process can be contin-
ued:
AR = —L
1+ zf2(2)

For brevity, we say that f is normal if this iterative process

for1 = [;——1]2 (123.2)

leads to ¢, = f,,(0) # O for all n, and thus to the continued fraction representation
o
f) ~ (12.3.3)
C1Z
1+

€22
I+

1+

Conl
I+...

The coefficients ¢, can be determined by expanding the convergents of (12.3.3)
into power series and comparing the coefficients with those of the power series to be
approximated. This procedure is very similar to the Padé approximation as discussed
in Section 12.1. As we shall see, in this case there is a simple algorithm.

Proposition 12.3.1. Suppose that f is normal. The n-th convergent of the continued
fraction (12.3.3) is the [n, n] Padé approximant of f if n is odd, and the [n — 1, n]
approximant if n is even.

Proof. As we showed in Section 12.2, the n convergent is P,/ Q,, where

Py = 0, Py = co, Pn(Z) =P,_1(2) + CnZPn72(Z); (1234)
OQ1=1, Q=1 0.2 =041 +cz0n2(z). (12.3.5)

It follows inductively that for n > 0, Py,,+1 and Q»,,+; have degrees n and n + 1,
respectively, while P> and Q> have degrees n + 1 and n + 2, respectively.
Thus Q, Q.- has degree n, and the argument in Proposition 12.2.4 shows that the
n-th convergent agrees with f to O(z=2"). O

For convenience, we introduce the notation R}’ (z) for the [m, n] Padé approximant
to the function (12.3.1).

Pa) iy midt

R™ = = .
" (@ 0.()  Yi—omz

(12.3.6)
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Consider the Padé approximants R)(z) and R (z). The Padé sequence Rg(z),
R?(z), R}(z), R% (2), R%(z), P32(z), ... ,1s said to be normal if every member of the
sequence exists and no two members are identically equal. This sequence is normal
if and only if the function f is normal; see Exercise 8. The coefficients {c} are the
same for every term of the Padé sequence. Thus, R); 4 M= 1, is obtained from
R} by simply replacing ¢,z by ¢,z/(1 4 ¢,4+1z) where n = 2m and R,’:fill, m >0,
is obtained from R} | by replacing ¢,z by ¢,z/(1 + ¢,412), where n = 2m + 1.

Note that when Padé approximants are written as ratios of polynomials, every
coefficient in the rational fraction must be recomputed as we go from one member
of the normal sequence to the next. However, the entire normal sequence may be
rewritten as a simple continued fraction and only one new coefficient needs to be
computed as we go from one member to the next. Moreover, as we mentioned above,
there is a simple algorithm for computing the c,,. Then the iterations (12.3.4), (12.3.5)
yield the polynomials P,, Q,.

The algorithm for computing the c,, proceeds as follows. Let us write the functions
f» in the construction (12.3.2) as quotients:

a® Y e

@) = = = =S5
po Ty 30
In particular we take
a® = f, b0 =1 (12.3.7)

Given any su~ch power series d(z) = Z;:O:O d,z" with leading coefficient d(0) = d,
let us write d(z) = d(z)/d(0) for the normalized series with leading term 1. Then
the algorithm (12.3.2) can be written as

ak+D B 1
P [W - 1} 'z
pl _zh

Thus we may define »*) and @’ recursively from (12.3.8) by
B0 _ 0

b(k+l)(z) — 5(k)(z) a®k+h —
<

Then 5k) = b® for all k. Since ¢ is the constant term of f; = a® /b®, we have
a = a®(0). (12.3.9)
In fact we may eliminate the »*) entirely by setting

a* bz —a® ()

a™ =1, a9 = f, " V() = k>0, (12.3.10)
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where again a® (z) = a® (2)/a®(0).

This method can be extended to derive a continued fraction expansion for other
Padé approximants R, (z) for f. Given J > 0, the Padé approximants R} **, R/}
of the function f of (12.3.1) can be represented as convergents of

J-1 ;
S+ coz (12.3.11)
k=0 1+ 1z

1+ 22
1+ .
ConZ
1+...
provided that the Padé sequence Ry, R{, R{™', RJ™!, ... is normal, i.e. no two

members of the sequence are identically equal, so that all the coefficients ¢, are
non-zero. Any convergent of the form (12.3.11) is the ratio of a polynomial of
degree J 4+ m to a polynomial of degree J +m or J 4+ m + 1. The coefficients
of z” in the expansion of the convergent whose last denominator is ¢,z are a,
for p=0,1,---,J — 1. The coefficients ¢, involve only the coefficients of Z* for
k=J,J+1,---,J+ p. Thus, the coefficients ¢, can be determined by a slight
modification of the formulas in (12.3.9).

To represent the members of the Padé sequence R}, R}, R} |, R3 |, R, -
with J > 0 as continued fractions, we only need to observe that the R}, Padé approx-
imant to 1/f (z) is identical to the R Padé approximant to f, evaluated at 1/z; see
Exercise 7. Therefore, assuming normality, the desired sequence of Padé approxi-
mants can be represented as the inverse of the expressions (12.3.11) with the coeffi-
cients a; of f(z) replaced by the expansion coefficients of 1/f (z).

Let us consider the question of convergence of the convergents of the continued
fraction (12.3.3) in the special case when the ¢, are equal:

C

f@) ~ (12.3.12)
CcZ
1+

cz
1+
1+ .
ez

I+...

If there is convergence, then

f = (12.3.13)

14+zf(2)°
This gives a quadratic equation in f(z), and considering z — 0 identifies the solution

as
V1 +4cz—1

f@) = 2%

(12.3.14)



296 12 Padé approximants and continued fractions

We know that the convergents have the form P,/Q,,, where

P11 =0, Php=c, Pi(2)=P1(2)+czP22);
Q*l = 17 QO = 1» Qn(Z) = anl(z) + CZQn72(Z)'

Writing S for the shift operator on sequences x = {x,}, SXx = {x,+1}, the sequences
{P,} and {Q,} are solutions of (S2 — § — cz)x = 0. Now

11
S2—8S—czl = (S—a,D(S—A_1), rp= 515\/1+4cz.

(Here we take the branch of the square root that is positive for cz > 0 and holomorphic
on the complement of {z : Re cz < 0}.) Therefore the sequences {P,} and {Q,} are
linear combinations of the sequences {Xf’ﬁl}, (A, Taking into account the initial

conditions at n = —1, n = 0, we find that
c 1
Pn 7)) = —— )Ln+1 _)\n+l]; () = ——— n+2 —)»’i+2].
RV N, v -

Now throughout the sector on which we have defined A, the principal branch of
log A is positive for A and negative for A_, so A" is exponentially small asn — oo.
Therefore, since A, A_ = —cz,

P (2) c A _ V14+4cz—1

Qn (Z) )\,+ N Z 2z

Thus we have proved convergence and verified (12.3.14).

12.4 The Stieltjes transform, Padé approximants,
and orthogonal polynomials

Suppose that u is a measure defined on an interval I = (a, b) C R. For our purpose
here we may assume that  is defined by a non-negative density function w : I —
[0, 00). The associated Hilbert space L>(I, w(t) dt) is the completion of the space
of continuous functions ¢ such that fab lo(t)|*w(t) dt < oo with respect to the norm

lell = (u, u)}v/ ? that corresponds to the inner product

b
(@, )y = / oY (Dw() dt.

Two other objects associated to w are the Stieltjes transform

b
F2) =/ Wz(t_)‘:t, 2 ¢ [a, b, (12.4.1)
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and the set of moments of w. We assume that fub xwx)dx,n=0,1,2,... is
finite; then the moments are the constants

b
Ccp = / x"w(x)dx. (12.4.2)

It is convenient to assume that the measure is normalized with

b
cop = f wx)dx = 1. (12.4.3)

Let us look for the [n-1,n] Padé approximants P — n/Q,, to the Stieltjes transform
F,wheredeg P, = n — 1,deg Q,, = n. Since we have assumed ¢y = 1, we may take
P, and Q,, to be monic: having leading coefficients equal to 1. The Padé condition is

0,()F () = P,(2) + 0" ™). (12.4.4)

For any monic polynomial Q of degree n,

b
0R)F(z) = / %w(r)dt = P(2) + R(2),

where )
- t
P(z) = / 2@ - 0w w(t)dt (12.4.5)
a z—t
has degree n — 1. Expanding (z — )~ as z — oo along a non-real ray,
b
t
R(z) = &W(Z‘)dt
a 2 t

n—1 b
= Z {/ Q(t)tkW(l) dt} 7T O(Z_"_I).
k=0 a

It follows that Q, = Q satisfies (12.4.4) if and only if Q, is orthogonal to every
polynomial of lower degree:

(Qn, P)y =0 if degP <n.

If so, then P, = P is defined by (12.4.5).
It is not difficult to see that there is a unique sequence {Q,,} of monic polynomials
that are mutually orthogonal:

(On, Om)w = 0, n #m.

In fact the n linear equations (Q,,, ¢ k), = 0,0 < k < n determine the n lower degree
coefficients of Q,. Note that Qg =1, Q; =z — b, where b =c; — 1. For n > 2,
0, — 20,1 hasdegreen — 1 andis orthogonal to all polynomials of degree < n — 3,
so it is a linear combination of Q,_; and Q,,_»:
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0, = (z— bn)Qn—l +ap Qn—Zv n>2. (12.4.6)

It follows from (12.4.5) that P, satisfies the same three-term recursion, with

Since (Qn, Qn-2)w =0 = (Qn-1, @n-2)w, (12.4.6) implies

anl|Qn-all? = (@ Qn-2, On-2)w = —(20n—1, Qn-2)w
= —(0n-1,20n—2)w = _||Qn—l||3./,

since z Q,,_, differs from Q,_; by a polynomial of lower degree. Therefore a, < 0.
Comparing this with the discussion at the beginning of Section 12.2, we see that if
we take a; = 1, the [n — 1, n] Padé approximant of F is the n-th convergent of the
continued fraction

F(z) ~ y . (12.4.7)
z—bi + 2

as

2 —by+ —m
? 2 z—bs+...

Let us estimate the remainder term R, = F — P,/ Q,:

b b _
P - 29 [ wodr 1 / 0@ = Cn®) | gy
Qn(z) a z—1 Qn(Z) a z—1

_ 1
C0,()

b
/ On(Dw(1) dt. (12.4.8)

Since we have assumed that fa b w(t) dt = 1, the Cauchy—Schwarz inequality yields

b
/ 10, OO dt < 11Onlln. (12.4.9)

In this connection, we may use the following to make more explicit estimates.

Lemma 12.4.1. The monic orthogonal polynomial Q, has minimal L* norm || ||,»
among all monic polynomials of degree n.

Proof. Suppose that Q is a monic polynomial of degree n. Then P = Q — Q,, has
degree < n, so (Q,, P),, = 0. Therefore

QI = (Q, Q)w = (Qn+ P, Qn+ Pl = (Qu, Ou)w + (P, P) = 11QulI2 +1IPI12,

50 [[Qllw > |1Qnll\ unless Q = Q. o
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Using the monic polynomials x” in the general case, and the polynomials (x —
%[b — a])” in the case of a finite interval, we see that (12.4.8), (12.4.9), and Lemma
12.4.1 imply the following estimates.

Theorem 12.4.2. Let d(z) be the distance from z € C to the interval I = (a, b).
Then d(z) > |Im z| and

_h& ! " }‘”_@
'FK@ 0.) Scﬂw"{é t“"w(t) dt =10 (12.4.10)

If the interval is finite, then d(z) ~ |z| as z — oo, and

1 b—a\"
( ) . (12.4.11)

Py (2) <
d(z)" 2

On(2)

‘F&)—

Remark. The discussion and the results of this section are unchanged if we consider
a general Borel measure w in place of one determined by a weight function w, so
long as all the moments || J t?" dpu(t) are finite. The most general type, in the case of
R, is a Riemann—Stieltjes integral.

Such an integral is determined by a bounded, non-decreasing function ¥ on R.
We may normalize it by assuming that lim,_, _, ¥ (x) = 0 and that v is continuous
from the left. The measure of an interval (a, b) is ¥ (b) — ¥ (a). The integral of a
continuous function that vanishes outside a bounded interval [a, b] is the limit of the
sums

D LR ) — ¥ (x-1)]

k=1

over partitions xo < a < x; < --- < x, = b as sup{|x;y — x4_1|} — 0. The integral
is extended to more general functions f by taking appropriate limits.
As an example, consider the step function

¢(x) = 0, x<0. o¢x) =1, x>0.

For any continuous function f : R — C,

/ fx—=0de@) = fx).

The corresponding measure p is often denoted §(¢)dt, where § is the Dirac delta
“function”, which vanishes outside the origin and is thought of as being infinite at
the origin to just the correct amount so that fR 8(t)dt = 1. (This is the reason for
taking partitions that start to the left of a, above, so that one can have a jump “at”
x = a even if the interval in question starts at a.)
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12.5 Characterization of Stieltjes transforms

In general, the question of convergence of a Padé sequence can be difficult. In this
section we consider a class of functions for which the theory is quite complete. As
we showed in Section 12.4, if F is the Stieltjes transform of a positive measure d
on the line, all of whose moments are finite, then the Padé approximants converge
to F' on the complement of the support of the measure. In this section we ask how
to characterize such Stieltjes transforms F, and how to determine the measure from

the moments .
= /t dy(t), k=0,1,2,.... (12.5.1)

We make some changes from the discussion in Section 12.4. First, we assume that
the interval I = (a, b) isnot all of R, so up to a translation and, if necessary, a change
of orientation, we assume I C (0, 00). Second, we change some signs in the Stieltjes
transform, and characterize functions

d
f@) = T = /0 n(t)

7+t

7 ¢ (—00,0], (12.5.2)

where p is a measure all of whose moments are finite. Let us note the particular case:
w supported at the origin, with ©({0}) = ¢ > 0. Thency = ¢, ¢, = 0forn > 0, and

f@) = g (12.5.3)

It will be convenient to consider (12.5.2) as a Riemann-Stieltjes integral with
respect to the non-decreasing function

v() =0, r<0, (@) =n(0,1), r=0.

Thus

f = / dw(t), z ¢ (—o0,0]. (12.5.4)
0o I+t

The function ¥ can be recovered from f. We leave the following as Exercise 10.

Proposition 12.5.1. The function (12.5.4) is the limit

P = lim——[f(—x — i) — f(—x +ie)]

el0 27i

The characterization theorem is a consequence of a classic result of Herglotz
[104] and Riesz [176]:

Theorem 12.5.2. Suppose that g : D — C is holomorphic and g(0) > 0. Then g
has positive real part if and only if there is a positive measure p on [0, 21 such that

2 ei@ + z
g = / ——du(0). (12.5.5)
o € —Z
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Proof. Suppose that g is defined by (12.5.5), with u such a measure. Then g is

holomorphic in D. For z = 0 we get g(0) = 02” du(t) > 0. Taking the real part of
(12.5.5) gives

2 2
Reg(z) = / %d ), 0<r<l. (12.5.6)
0 —

The integrand is positive, so Re g > 0.

Conversely, suppose that g is holomorphic in D, with positive real part. Let g (z) =
g(z/(14+¢€)), 0 < e < 1. Then g, is continuous on the closure of D. By Theorem
5.1.6,

2w if
gs(z)=/ Z 20 e9)d0,  ho(z) = Reg.(2).
0

By assumption, each /. is positive. Let us use %, to define a non-decreasing function
and a corresponding Riemann-Stieltjes measure

6
¢ (0) = / he(e)ds, 0<60 <2m; . = do,.
0

Then p. (D) = ¢.(27) > 0. Note that ¢, (27) = g(0).
By the usual diagonal process we may find a subsequence {¢,} of the sequence
{1/n} such that each limit

2

a, = lim e dp.,, mel (12.5.7)

n—00 0

exists. By the Weierstrass approximation theorem, Corollary 5.1.2, linear combina-
tions of the {¢"?} are dense in C (D). Since each u, has total mass g(0), it follows
that the linear maps A, : C(dD) — C defined by

2
) = [ ) d0. 0
converge to a linear map A such that A(x) > 0 if u > 0, and
2] < g(0) sup @I, A() =gO) if u=1.
This is one characterization of a measure p of total mass g(0) on dD:
/OZﬂ u@)dp@) = Au).

On any given compact subset of I, the g, converge uniformly to g, so

2w 10 2 if
+z e’ +z
g2 = 11m 8., (2) = lim d,ugn(Q) = / o d,u(@). O
0

n—oo Jo elt —
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Theorem 12.5.3. Let f be a function defined on the complement of the real interval
(=00, 0]. Then f(—z) hasthe form (12.5.2), where i is a positive measure on [0, 00),
all of whose moments are finite, if and only the following conditions hold:

(i) f is holomorphic;

(ii) f(x) > 0 forx > O;

(iii) forany x e Rand y # 0, yIm f(x +iy) < O;

(iv) there is a sequence of constants c, ci, Ca, ... such that for each ¢ > 0, the
function f(z) ~ Z;":O ez "V as 7 — oo in the sector | argz| <m —e.

Proof. Suppose that f is given by (12.5.2), where p is such a measure. It is easily
checked that f satisfies conditions (i), (ii), and (iii). To verify condition (iv), we
expand

n

1
Z( 1)" e +(—1 )”—? (12.5.8)

Therefore as z — oo in the sector,
Ck —n—
f@) = Z( 1>k—k+1 + 0™,

where the ¢; are the moments of jt.
Conversely, suppose that f satisfies conditions (i), (ii), and (iii). We use the inverse
of the Cayley transform, C~! : D — H, to transfer f to the function

1
gw) = if o C\(w) = f< +W>.

1—w

Then g is holomorphic on D and has positive real part. Moreover, f is holomorphic
across (0, co) and is real on this half-line. Theorem 12.5.2 tells us that there is a
positive measure v = d¢ on dID such that

T 10
. +w
so) =ia+ [ SENag0).
_p e’
where a is the imaginary part of g(0). Then

oz [T D+ )
1) = lg<z+i>_a l/_ﬂe“’(zﬂ)—(z—i)d(b(e)

. (7 19/2(Z +i)+ 67“9/2(Z )

_a_l/ ei0/2(z 4+ i) — e-i0/2(7 — )d¢(9)

- _i/ﬂ 2cos(0/2) —sin@/2) 4 )
_r 1zsin(0/2) 4+ i cos(6/2)

Lett = cot(6/2) and Y (¢) = %q‘)(Z cot~!7). Then
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dy (1)
dpO) = ——,
40 1+12
> X1 -tz dy@)
—1z
= . 12.5.9
A a+/0 t+z 1412 ( )
By assumption, f(z) — 0 as z — oo in any sector | arg z| < w. Therefore (12.5.9)
implies that
_ /°° rdy (1)
- 0 1+ 12 '
Since t + (1 — t2)/(t +2) = (1 +12)/(t + 2), (12.5.9) becomes
o 1 —tz] dy@) /‘°° dy (1)
= t+ —— = . 12.5.10
J@ /0 [ t+Zj|1+t2 0o 2+t ( )

We have proved this for Im z > 0, but continuation across (—oo, 0) establishes it for
all z in the complement of (—oo, 0].

It remains to show that the moments of . = dv are finite. This is a consequence
of assumption (iii); see Exercise 11. |

12.6 Stieltjes functions and Padé approximants

Given a modified Stieltjes transform

*d
e = [T

0 z+1t’

we define the associated Stieltjes function F = F,, in the complement of (—oo, 0] by

FQ) = lf<1> = /Do dp(t) (12.6.1)
Z Z 0

14zt

where again all moments of u are assumed to be finite. An example is a constant
function F(t) = ¢ > 0. In fact this corresponds to f of (12.5.2), where the measure
w has total mass ¢ supported on {0}.

The relation (12.6.1) is reciprocal: f(z) = z 'F(z~!). This relation between
F and f, and the integral formula (12.6.1), makes it easy to verify the following
characterization; see Exercise 12.

Theorem 12.6.1. A function F, defined for z in the complement of (—o0, 0), is
the Stieltjes function for a positive measure on [0, 0o) if and only if it satisfies the
properties

(i) F is holomorphic on the complement of (—oo, 0];

(ii) F(x) > 0forx > 0;
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(iii) Im (z F(z)) and Im 7 have the same sign, for Im z # O;

(iv) there is a sequence of constants ag > 0, ay, aa, ... such that for any ¢ > 0,
F(z) ~ Y 2o (—D"a,z"asz — 0, |argz| <7 —e.

Itis easily checked that the coefficients in the expansion (iv) of a Stieltjes function

are the moments oo
a, = / *du(r).
0

Let us turn to the Padé approximants of Stieltjes functions.

Lemma 12.6.2. Suppose that | is a positive measure on [0, co] and fooo du(t) is
finite. Then the functions

116 =/ W) gy =/ i) 2o
0 0

Z+1t Il +zt
satisfy
ImzIm f(z) <O, ImzIm F(z) <O0; (12.6.2)
ImzIm(zf(z)) >0, ImzIm(zF(z)) > O. (12.6.3)

Proof. This follows immediately from

1 4+t z |z|> + 1z

4+t Jz 4+t z4t |z 41]?

and the analogous identities for the integrand of F, since these integrands are bounded
functions of ¢ and therefore integrable with respect to . O

Lemma 12.6.3. Suppose that the function F is a Stieltjes function. Then the same
is true of the functions G| and G, defined by
F(z) 1 c

_ : - < . 12.6.4
FO) 1+z2G(2)° G2(2) 1+2zF (@)’ ¢>0 (12.64)

Proof. First 0
Gi(z) = [% - 1] 7L (12.6.5)

It follows from (12.6.5) and from the second equation in (12.6.4) that, since F is
a Stieltjes function, G| and G, satisfy conditions (i) and (iv) of Theorem 12.6.1.
Condition (ii) is immediate for G,, and for G it follows from the fact that for x > 0,

FO) — F(x) = /w du®) > 0.
0

14+xt

As for condition (iv),
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_ O _ ¢
2Gi(2) = o) I 2G(2) = T FQ

and Lemma 12.6.2 shows that the imaginary part of zGy(z) has the same sign as
Imz. O
Theorem 12.6.4. If F is a Stieltjes function then all the constants c, in the

continued fraction expansion

< (12.6.6)

C1Z
14
I+

Conl
14...

of F are positive.
Proof. Let Gy = F and ¢y = F(0), and define G,, inductively:

Ck

Gi(d) = ——>
€@ 1+ 2Gr41(2)

o =Gr0), k=1,2,3,....

By Lemma 12.6.5, these functions are Stieltjes functions. Therefore (12.6.6) with
coefficients

o = Gk<0)=f du(t) > 0
0

is the continued fraction associated with Gy = F.

Conversely, suppose that the coefficients in the continued fraction (12.6.6) are
all positive. For any given positive integer let G(()") = ¢,. This is a Stieltjes function.
Then by Lemma 12.6.3 so are the functions defined iteratively by

Cn—
Gz = — 2% k=1,2,....n

1 + ZGl((n_)l (Z) '

Then F, = G is the n-th convergent of (12.6.6), and has a representation

*® du, (t
Fn(z>=/ dpat),
0 1+Z[

where 1, is a positive measure on [0, 00). It has total mass
o0
| dmor = £ = a
0

Therefore, as in the proof of Theorem 12.5.2, some subsequence {it2,,} of {i2,}
converges to a positive measure p with total mass cg.
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We know that F, = P,/Q, where P, and Q, are polynomials that satisfy
P, = P,_1 +chzPro, P = 0, Py = cp; (1267)
On=0n1+cz0n—2, Q-1=0Q=1 (12.6.8)

In particular, positivity of the ¢, implies that for x > 0

1=00(x) < Q1(x) = l4cix < Qo(x) <.... (12.6.9)

As in (12.2.7), the recursion (12.6.8) leads to

(=1D)"coct - --cnz

Qn (Z) Qn— 1 (Z)

n

F,(z) = F,_1(z) =

The same kind of calculation leads to
(=1)"cocy - -+ caz"

0n41(2) Qn-1(2)

Fn-‘rl(z) - Fn—l(z) =

It follows from these identities and (12.6.9) that for x > 0,
Co
14+c1x

= Filx) < F3(x) < F5(x) < --- < F4(x) < F>(x) < Fo(x) = cp.

Now

® dpa, /°° dp(1)
0

lim F,, = i )
Pl 2 (2) klm 1+ zt

—ooJo 142zt

Thus the limiting function F is Stieltjes. It has the continued fraction expansion
whose 2n-th convergent is F3,. Now for each fixed x > 0, F,,(x) decreases, so

) : * du(t)
lim Fo(x) = lim Foy, (1) = /O o

Thus F has continued fraction expansion (12.6.6). O

We know from Proposition 12.3.1 that the convergent F, is the [n — 1, n] Padé
approximant [n, n — 1] if n is even, and is [n, n]F if n is odd. Therefore Theorem
12.6.4 and its proof give us the following.

Corollary 12.6.5. For any Stieltjes function F, the Padé approximants satisfy

0 <[1,0]p(x) <[3,2]r(x) < [5,4]r(x) < ...
<...[4,4]r(x) < [2,2]r(x) < [0,0]p(x) = F(O)

forx > 0.

Remarks. Recall that the coefficients in the expansion
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= > du(t)
~ 1) ; }n’ —
F(2) g( Yans",  F(2) /O o

are the moments a,, = fooo t" du(t). These can be computed from the convergents F,
of the continued fraction (12.6.6), and conversely. One question is: do the moments
determine p uniquely? The answer is no, in general; see [9], [186]. For example, the
measures with density functions

w(t) = exp(—t"/H[1 —asin(')], 0<a<1

all have the same momentsa, = 4 - (4n + 3) !. One positiveresultis due to Carleman
[40]

Theorem 12.6.6. If the moments a, of the positive measure u on [0, 00) satisfy
o0
Z an—l/2n = oo,
n=0

then w is uniquely determined.

12.7 Generalized Shanks Transformation

There is no general method for transforming the terms of a convergent series

o] n

A = Za,, = lim 4,, A, = Zak,

n=0 k=1

so that the transformed series converges more rapidly. However if something is known
about the (approximate) form of the remainder terms A — A, such a transformation
may be possible. Let us write A, = A + &,. By assumption, &, — 0. The system

An+l = A+8n+1» An = A+8nv An—l = A+8n—l
gives

2
AnAnfl - AnAnfl &€, — Ent1En—1
An - An—l An - An—l

A =

. Ay=Ap — A, (1271

This produces the limit A as an explicit function of any three successive A,,, provided
the denominator does not vanish and the ¢, # 0 satisfy 85 — &n_1&n41 = 0, 1.e.

Ent1 _ En _ )L#O

En En—1
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If this is the case, then
En—1 &1
&, = “ cee—8) = )»né-?().
En—2 &0

The Aitkens A? process [8] converts the sequence {A,} to the sequence {T(A)},

T(A) _ An-HAn—l - A,ZL
" AIH—I - 2An + An—l
— A _ (An+l - An)2
T (A — A — (A — Ay )
A2
=A, - —1— 12.7.2
* An - An—] ( )

(Note that if the denominatoris O forn > 1, then {A, }is constant.) Thus,if A, = aA”
for some (possibly unknown) constants «, A, with 0 < |A| < 1, then the sequence
(12.7.2) converges and the transformed sequence is constant and immediately gives
the limit A. Conversely, if the transformed sequence is constant, then A, = aA” for
some o and A, 0 < |A| < 1. More generally, if A, = ¢A"” + ¢,, where g, /A" is small,
then the sequence {7 (A),} can be expected to converge more rapidly than {A,}; see
Exercise 15.

The Aitken’s process (12.7.2) is sometimes called the Shanks transformation,
because of Shanks’s generalization to the case of more than one “transient,” as in the
case of the series

o0
A = Z[alx7+azxg]. (12.7.3)
n=0

To improve the convergence of series like (12.7.3), we look for a generalization of
the nonlinear transformation 7.

We call a term in the remainder of the power series a transient, if it decays like
A" for some 0 < A < 1 and other parts of the remainder decay more rapidly. If A,
has k distinct transient terms

k
Av=A+) o),
j=1

then A can be determined by the (2k + 1) terms A, ¢, Ap—k+1, - - - » Aptk- The solu-
tion A of this system of 2k + 1 equations with 2k + 1 unknowns is the kth-order
Shanks transformation, given by a ratio of determinants
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Ak - Anl A,
AAnfk e AAnfl AAn
AApjy1 - AA, AAny
AAp_1 - AApip—n AApqi—
A= Sk(A)n _ ln 1 — n]+k 2 n]+k 1 ’
AA, -+ AA,, AA,
AAn—k+1 e AA, AArH—l
AApy o AAy o AApy

where AA, = A, — A,. Note that §;(A), =T (A),.
The Taylor series for the function f(z) = 1/(z + 1)(z + 2) is a very slowly con-
vergent series. The nth partial sum of this Taylor series is

“ 1
i@ =) (=D (1 - F) Z
k=0

_ 1 B (_Z)n+l 3 (_Z/z)nJrl
T @+)GE+D 41 Z+2

The poles of f(z) at z = —1 and z = —2 affect the rate of convergence of f,(z) to
f(2), and they are the origin of the two transients of f,(z). When S is applied to a
sequence of partial sums whose convergence is governed by two transients, the result
is exact, that is, S¢[f,(z)] = f(z) for all k > 2. If the function f(z) has p simple
poles, then its partial sums have p transient terms; see Exercise 16. Moreover S
applied to the partial sums is exact for k > p.

The higher order Shanks transformations S; are closely related to Padé approx-
imants. In fact, this treatment can be regarded as an alternative derivation of the
Padé approximants. It can be shown that if k < n, then S;(A,) is identical to the
Padé approximant P,(z)/Qx(z) of the series A + Z;’;I(A j+1— A j)Zj evaluated
at z = 1; see Exercise 17.

For large &, the determinants in the transformations S are not easily computed.
The e-algorithm developed by Wynn [221], with techniques for implementation due
to Wynn and others, is used to make computation efficient.

12.8 Examples

The Stieltjes function

1@ /OO AL e
= < 7T
< 0 1+Zt gZ
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has asymptotic expansion

f@) ~ Z{/o "e™! dt}(—z)” = Zn!(—z)"; (12.8.1)
n=0 n=0

see Exercise 18. The series diverges for z 7 0. The standard way to obtain approxi-
mate values is by truncating the series after the minimal term. Since

(n + 1)!Zn+1

= (n+ 1)z,
n!z"

this means summing to n ~ |z|~'.

Table 12.1 illustrates convergence of the diagonal Padé approximants for this
series.

Table 12.1 Stieltjes Series

n Pu(1)/Qn (1) Pn(10)/Qn(10)
6 0.59682 0.24256
7 0.59657 0.23284
8 0.59646 0.22593
9 0.59641 0.22086
10 0.59638 0.21706
50 0.59635 0.20156
00 0.59635 0.20146

The next example exhibits a two-point expansion. Consider the function f(z)

given by the integral

Lo (e
f(z)zz—ﬁe /Oﬁdt, (12.8.2)

which is a solution to the differential equation 2zf’(z) = —(1 + 2z) f(z) + 1. This
solution has power series expansions at both z = 0 and z = oo. The differential
equation allows one to compute the coefficients recursively, by plugging a proposed
expansion into (12.8.2) and looking at the coefficient of z* or z7. At z = 0 we obtain
the Taylor series

(=4)"n!

= o (12.8.3)

oo
f(Z) = Zanzna ay
n=I
which converges for all finite z. At z = oo, we obtain the divergent asymptotic
expansion

oo
by, 2(2n — 2)!
~ = b, = —————, > 1. 12.8.4

1@ ;z" n—nr " (1284)
Here we discuss only the diagonal Padé sequence P, (z)/Q,(z), and use as inputk =
n + 1 terms of the Taylor series (12.8.3) at z = 0 and [ = n terms of the asymptotic
series (12.8.4) at z = co. Write
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Pi() = ) A, Q@ =1+) Bzt

k=0 k=1

The approximation property (12.1.2) at zp = 0 becomes the system of equations

k
A = Y ajBj, 0<k=<n. (12.8.5)
j=0

Similarly, the approximation property (12.1.13) at z; = oo becomes, by looking at
powers z 7, the system

Ac = ) Bbjy. 1=<k=n. (12.8.6)

In Table 12.2 we take z = x to be real. The values of the diagonal Padé R, /S,
are given for the two-point approximants about x = 0 and x = oo, the one-point
approximant P,/ Q,, about x = 0, and x ! times the one-point approximant to x f (x)
at x = oo. Note that for small x (< 5) the two-point Padé is significantly more accu-
rate than the one-point Padé at x = oo, while it is only slightly less accurate than
the one-point Padé at x = 0. For large x (> 50), the two-point Padé is significantly
more accurate than the one-point Padé at x = 0, while it is only slightly less accurate
than the one-point Padé at co. In general, the two-point approximant gives a more
uniform approximation to f(x).

Table 12.2 Two-point Padé approximation of f

x=1
n Two-point Padé One-point Padé at 0 One-point Padé at oo
5 0.538045407 0.538079506 —-1.436
6 0.538069836 0.538079506 1.783
7 0.538078314 0.538079506 0.973
8 0.538079573 0.538079506 0.745
Exact value of f(1) = 0.538079506
x =16
7 0.03237 0.03203 0.032336
0.03069 0.03239 0.032337
9 0.03240 0.03233 0.032336
10 0.03235 0.03234 0.032337
Exact value at f(16) = 0.032337000
x =256
5 0.001956983 -0.284 0.001956962
6 0.001956964 0.242 0.001956962
7 0.001956962 -0.198 0.001956962
8 0.001956963 0.167 0.001956962
Exact value of f(256) = 0.001956962

The next example is Stirling series. It is well known that the gamma function has
the Stirling series expansion
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L2\ 1 1
I'(z) ~e *z s l+1—2Z+288Z2+-~- (12.8.7)

asz — ooin|argz| < m —§ < m;see[160], p.294]. By transforming this series into
a sequence of Padé approximants, the applicability of the Stirling series is increased.
It can now be used to compute /" (z) to greater accuracy than can be obtained by the
optimal truncation of the Stirling series. Let P,(x)/Q, (x) denote the diagonal Padé
approximants of the Stirling series in (12.8.7). Table 12.3 provides some numerical

values of the function (x/e)* 27” g((ll//);))

Table 12.3 Stirling Series

n x=0.2 x =05
10 4.46010 1.77180
11 4.69419 1.77297
12 4.47753 1.77199
13 4.68203 1.77283
14 4.49052 1.77211
15 4.67269 1.77274
Topt(x) 471183 1.76224
() 4.59084 1.77245

Our final example here is the Bessel function

4 x6

X
Jox)=1—-x>+"— - 4..., 12.8.8
0(2x) x°+ Y- + ( )

and its Padé approximation P, (x)/Q,,(x). Whenn = m = 1, the inequality (12.8.9)

written out in full gives

4 6

X X
(=’ 5 = S0+ = (po+ pio)| < MIxl’, (12.89)

where we have as usual gp = 1. After regrouping, we obtain

I(1 = po) + (g1 — pO)x — x>+ -] < M|x|".

Taking po = 1 and p; = ¢, the left-hand side is O (x?) for small x. Hence, the expo-
nent p on the right-hand side can be at most 2, and is one less than the expected value
n + m + 1 = 3. Furthermore, the Padé approximation in this case simply reduces to
Jo(2x) =~ 1.

Let us write the quantity inside the absolute value sign on the left-hand side of
(12.8.9) as

f@0n() = Pi() =) ad,
k=0
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which is possible as long as f(z) has a power series expansion. The inequality
in (12.8.9) requires ¢y = ¢y = --- = ¢,—; = 0 with p as big as possible. This new
representation gives an indication of the error in the Padé approximation. Once the
coefficients in the power series ) cxzF are known, we have

P,(2) B Cpzl 4

=5 0= o

(12.8.10)

In our case, f(z) = Jo(2z) and we take (n, m) = (2, 4). The last equation becomes

2 xtoxf x® 2 3 4
l—x tT 3% s (I +q1x + qox” + q3x” + qax™)

—(po+ p1x + pax?) =co+erx +opx? -+ Cp,l)c"_l +cpxf + -
Collecting terms on the left-hand side gives

(1= po) + (g1 — px + (g2 — 1 — p)x* + (g3 — q1)x°

Iy 4 q1 )s I @ 6
+<q4 q2+4)x+(4 @)+ (e + G -a)x

LR N AL N RO W S
+< TN G 36+4>x+

Taking go=po=1, g1 = p1 =q3 =0, q2 = 8/27, pp = —19/27, g4 = 5/108

results in coefficients of x°, x!, -, x7 all vanishing, and we have

e e P

cg = - = = —.
576 36 4 15,552

In fact, we can compute as many c; as we wish. The Padé approximant P,(x)/Q4(x)
of the function Jy(2x) is thus given by

| — 19,2 9 8y
Jo(2x) = 77 15,552
0 Dl Ex24 2xt 14 B2 2t
27 108 27 108

As an application of this approximation, let us try to approximate the first zero of
Jo(2x), which is known to be £1.202. By solving the simple equation

19
1— —x*=0,
27"
we obtain x = £1.192, whereas the first positive zero obtained from the first three
terms of the power series in (12.8.8) gives 1.414.
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12.9 Continued fraction expansions of e¢*

At the end of Section 12.2 we established the identity

"1 1
- .
— Dy D — D?

D;
Dy + D, —

2
Dn—l

Dot b=y =D,
n—1 n

It can be used to compute a continued fraction expansion for any power series. As
an example, let us compute such an expansion of the exponential function:

o0

. gy Ly Ly

e’ = — = R
n:()n! x—1 7 2x—2

By Theorem 12.2.6, we have

I+x1—

(n!x~")?2

Sl o2
e nx "+ m+Dlx " — .

Multiplying the first denominator by x /x changes it to

X X

1/x X

x+1-— 7 x+1-— 3
x4 2/22 4/x 5 4/x

X X4 = — e e

2/x246/x3 — ... 2/x246/x3 — ...

Continuing to simplify in this way leads to

e = (12.9.1)

2x
3x
x+4—--.

x+2—

x+3-—

This converges for each z € C; see Exercise 19.
Consider now the expansion of the form (12.3.3) for the exponential function.
Computing the constants {c;} as above, it can be shown that
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1
= - =17 n — S A n = T~ :1’273""
o . DT g T T "
For these coefficients, (12.3.5) is
m = m m—1s 12.9.2
Qomt1 = Q2 Im + > —— Oom—1; ( )
Oom = Qo1 + O, m=1. (12.9.3)
4m -2
Replacing m by m + 1 in (12.9.3) gives
Q2m+1 = Q2m+2 dm + 2 Q2m
Substituting this equation into (12.9.2), we obtain
2
Qa2 — Qom = 7 sz 2, m=>1, (12.9.4)

6m T6m2 — 4

which is a second-order linear difference equation in 7,, = Q,,,. We look for an
asymptotic solution of the form

()
Ak

E — m — OQ.
k

k=1

The coefficients a; can be determined by a recurrence relation; see Exercise 21. One
can find a; by asymptotic matching. Since

aj
Qo2 — Qom ~ —— +-
m?

it follows from (12.9.4) that a; = —z?/16. Hence, we have

O = 1 Z2+0 !
m = 16m m2 )

For any non-zero function C(z), the product C(z) Q»,, is also a solution of the dif-
ference equation (12.9.4). Therefore

2 1
Om@ = CR|1-——+0(=])]. m—> o (12.9.5)
16m m?
Coupling (12.9.5) and (12.9.3) gives
0 cofi- - 4ol oo, (1296)
m—1 = —_— = —_— . m . .
et ¢ 4m  16m m?2

From (12.9.5), (12.9.6), and the identity (12.2.7), and with the aid of Stirling’s approx-
imation (2.10.5) and the duplication formula for the gamma function:
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nyn (27 \? 221 I
(n—1)! = I'(n) ~ (-) (-) TN = ST DI,

e n b3
we obtain
PVL PVL— n vn
Zn_ 27l LoDy wIV (12.9.7)
On  On 2"n!
where D(z) is a function of z (independent of n) and o4, = o4p+1 = 1, Oapir =
04n+3 = — 1. In comparison, if 7, (z) is the nth partial sum of the Taylor series of e,
T, —T, == (12.9.8)
n!

There is an extra factor of 27" in (12.9.7) relative to (12.9.8), so the Padé approxi-
mants R, = P,/Q, converge to their limit much faster than the Taylor series 7, (z).
However, we have not shown that the limit of R, (z) is indeed e?; this problem is left
as Exercise 22.

Exercises

1. Suppose f(z) = 1/(1 — z). (a) Prove that, for n > 1, the [m, n] Padé approxi-
mant of f atOis f.

(b) Find all solutions of (12.1.4) in the case m = n = 2.

2. Suppose f is a rational function. Prove that for m and n sufficiently large, the
[m, n] Padé approximant of f atOis f.

3. Let f(z) ~ Y02 anz" as z — 0, with ag # 0. Let P!’ (z) be the Padé approxi-
mant to f(z). Prove that 1/ P} (z) is the Padé approximant to 1/f(z).

4. Verify the steps in the proof of Theorem 12.1.1.

5. Formulate a set of equations for the coefficients of a two-point Padé approxima-
tion P, (z)/ Q,(z) toafunction f(z) having the asymptotic expansions (12.1.12),
(12.1.13). Hint: The result is analogous to (12.1.5).

6. Derive an efficient numerical method for computing two-point Padé approxi-
mants as in Exercise 5). Hint: Modify the continued fraction development of
the one-point Padé approximation in Section 12.3.

7. Verify Proposition 12.2.1.

8. Prove that the function f of (12.3.1) is normal if and only if the sequence of
Pad¢ approximants {R;, R, } is normal.

9. Provide a proof for Theorem 12.4.2.

10. Prove Proposition 12.5.1.

11. Prove that the moments p, in Theorem (12.5.3) are finite and given by
Un = (—=D)"c,yq foreachn =0, 1,2, ---, where ¢, are the coefficients in the
asymptotic expansion of f(z) in that theorem. Hint: Use induction.

12. Verify the characterization of Stieltjes functions, Theorem 12.6.1.

13. Verify the inequalities (12.6.2) and (12.6.3).
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14. Verify (12.7.1).

15. Suppose that ¢, /A — 0. Estimate the rate of convergence of (12.7.2) compared
to that of A,,.

16. Show that if the only singularities of f(z) in the finite z-plane are / simple poles,
then the remainder in the Taylor series for f(z) has [/ transient terms.

17. Show thatif k < n, the kth-order Shanks transform S (A,) isidentical to P’ (1),
where P}’ (z) is the Padé approximant of the series A + Zj’;l (Ajq — Aj)zj.

18. Verify the asymptotic expansion (12.8.1).

19. Prove convergence of (12.9.1).

20. Find an asymptotic expansion for the solutions to the linear difference equation
in (12.9.4).

21. Use (12.9.4) to derive a recurrence relation for the coefficients of Q,,,.

22. (a) Show that the Padé approximants P, (z) and P, (z) of e* converge to
e* as n — oo. Hint: Let F,(z) = R,(2)/S,(z) be the nth member of the Padé
sequence Py, P, P!, ---. Since S,(z)e* — R,(z) = O(z") as z — 0 and S,
and R, are polynomials, use Cauchy’s theorem to show that

" Sa(t)e'

P —F,(2) = dt,
¢ @ 2wiS,(2) Jp (t — )t

where L is any contour on which |z| < |f|. Then, use (12.9.6) to show that
S,(z) = C(z) as n — 0o, where C(z) is a finite function. Use this result to
prove that F,,(z) — e® asn — oo, provided that C(z) # 0.

(b) Show that C(z) = e¥/? in (12.9.5).

Remarks and further reading

The standard treatise on Padé approximants is Baker and Graves-Morris [16]. For a
full, up-to-date account of the computational aspects of the subject, its history, and
related developments, see Brezinski and Redivo-Zaglia [31], [32]. A version of Padé
approximants was developed by Hermite to prove that e is transcendental, and further
adapted by Lindemann to prove that 7 is transcendental. See Van Assche [209] for
a discussion of Padé and Hermite—Padé approximation.

The topics in this chapter have many applications. For more on orthogonal poly-
nomials, see Khrushchev [121] and Ismail [114]. Khinchine [120] is the standard
introduction to continued fractions. A more contemporary reference is Hensley [103].
Sauer [183] treats continued fractions and signal processing. Cuyt et al. [50] contain
continued fraction expansions of many functions, and related information important
for applications.

The classic text on the moment problem and its ramifications is Akhiezer [9].
Schmiidchen [186] contains recent developments.



Chapter 13 ®)
Riemann-Hilbert problems e

In his thesis, Riemann considered the following problem: given a Jordan curve I
in C that bounds a domain £2, and given real-valued functions a, b, ¢ on I', find a
function W = U + iV holomorphic in £2 and continuous to the boundary I", such
that

alU = bV +c (13.0.1)

on I". Hilbert later generalized the problem by allowing the functions a, b, ¢ to be
complex-valued.

A related problem is known as the Riemann—Hilbert factorization problem:
given a matrix-valued function V on I', find M, holomorphic on the unbounded
component of the complement of I” and M_ holomorphic on the bounded compo-
nent, such that on I” we have

M, =VM_. (13.0.2)

In this chapter we focus on the classical Riemann—Hilbert problem (13.0.1), and
its relation to integral transforms and integral equations. The key ingredient is the
Cauchy transform

L[ fo)
Fo =55 | =74

z¢T,
and its limits F(¢) as z approaches the curve I" from one side or the other. The for-
mulas of Sokhotski and Plemelj for these limits are proved in Section 13.1. Section
13.2 covers Carleman’s approach to the Riemann—Hilbert problem. The remain-
ing sections give some applications of the Riemann—Hilbert problem: to integral
transforms in Section 13.3, and to integral equations in Sections 13.4, 13.5, 13.6,
and 13.7.

This Chapter could as well have been titled “A Riemann—Hilbert problem.” A
rather different problem, which is also commonly referred to as “the Riemann—
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Hilbert problem” comes up as number 21 in Hilbert’s famous list of 23 problems
[106]. In Section 13.8 we describe this other problem.

13.1 The Sokhotski-Plemelj formula

Consider the Cauchy integral

Fo) = —— [ LD 4 (13.L1)
2 r t—z

where I is a finite simple oriented C! curve in the complex plane, and f : I’ — C
is piecewise continuous. The curve I" may be either a finite arc or a closed contour.
Then F defined by (13.1.1) is holomorphic on the complement of I". Let y be a point
on I, but not an end point. We wish to determine the value of the limit of F(z) as
z — ty. The answer was found by Sokhotski [193] in 1873. It was rediscovered by
Plemelj [168] in 1908, in his work on the Riemann—Hilbert problem.

Specifically, let n = n(#;) be a vector normal to I at #; and pointing to the left
with respect to the direction along the curve. We start by considering F(fy £ en) as
el 0.

Theorem 13.1.1. Under the preceding conditions, suppose that f is Holder contin-
uous at ty, i.e. there are constants C > 0 and 0 < o < 1 such that fort € I,

lf(@) — fto)] < Clt —1o]”.
Then the limits F. = lim,_,o F (ty £ en) exist, and

Q)

Jrt—1

1 1
Fi(ty) = £=f(ty) + — p.v dr. (13.1.2)
2 2mi

The principal value integral here is defined by

AQR lim/ O 4

rt—rt §=0 Jier,t—r|>8 L — L0

Proof. For convenience we translate and rotate the coordinate system so that 7o = 0
and I is tangent to the real axis in the positive direction. The unit normal isn = i.

It follows that
. 1 f@
F(ty £ en) = F(Fei) = — -
2wi Jrt Fie

dt.

A simple calculation gives

. . 1 e
F(si) — F(—¢i) = —/ —— f(t)dt.

w Jp 2+ g2
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Givene > 0,let I, = ' N {t : |t —ty| < €'/*}. Then on I' \ I}, the last integrand
is dominated by £!/2, so we may concentrate on I',. For small ¢, ¢ € I'; implies that
Im ¢t = o(¢), so

w ) 1?4¢?

ef(t)dt _/ ef(t)dt _ _/ f(ex)

1/4 I2 + g2 a4 X2+ 1

© d
~[;/_ XQiJf(0>=f(0>

as ¢ — 0. (Note that here we used only continuity at #y, not the Holder condition.)
Similarly

! d
Fei) + F(—si) = E/ %
r

Here we set 5 = {t € I" : [t| < §}. Clearly
1 / t f(t)dt . 1 f@) dt

I'\I} 2+ &2 i I'\T} t

t f(t)de _ tLf@) — f(O)]dt tdt
/pg 242 /pg 12+ ¢? * |:/ 12+ i|f(0)

Because of the Holder continuity assumption, the first integral on the right has a
limit [(§) as ¢ — 0, and [(§) — 0 as § — 0. In the second integral on the right, we
note that integrand is the derivative of log +/#2 + 2. For small § the endpoints of the
path of integration are +8 + r1, where r+ = 0(§). Therefore as ¢ — 0 the second
integral is

lim —
e—0 lj‘[

5
log(8 + ) — log(6 +r-) = log ; try

= log(1 +0(8)) = 0(5).

At this point we have proved that the difference and the sum of F(#, & ¢) have
limits. Therefore the individual limits Fy (#) exist and satisfy

1 f@de
Fy(ty) — F_(t) = f(to), Fy(to) + F_(to)) = — p.v. . (13.1.3)
Tl r t—1b
Solving (13.1.3) for F; and F_ gives (13.1.2). m]
If we assume that f is uniformly Holder continuous on the curve,
| f(@) — f(s)] < Clt —s|%, all t,s eI, (13.1.4)

where again C, @ > 0, then the pointwise result above can be converted to a uniform
result.
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Theorem 13.1.2. Under the assumptions of Theorem 13.1.1 and the additional
assumption (13.1.4), if I' is a closed curve then F is continuous from either side
of I'" up to I' itself. If I is an arc, then F is continuous up to I' minus the endpoints.
The formulas (13.1.3) hold at each point ty € I that is not an endpoint of I.

Proof. Suppose that #p € I" is not an endpoint. For some sufficiently small disk
D5, (ty), and for & < r, the sets

Ii(e) = {txen(t) :tel, |t—1n <r}

are arcs that are approximately parallel to I" at distance ¢. The function F is uniformly
continuous along each such arc. The previous argument shows that F converges at
a uniform rate along each of the normal vectors +n(t), so F is continuous up to
{tel:|t—1tl <r} m]

Let us consider the behavior of (13.1.1) at the endpoint @ of a C! arc I.

Theorem 13.1.3. Suppose that T is a simple C' arc fromatoband f : ' — Cis
piecewise continuous on I' and continuous at the endpoints. Then

—L,log(a —2z)- fla), as z—a,
F(z) ~ 2mi (13.1.5)

1
—1log(b —z)- f(b), as z — b.
2mi

Proof. Consider the endpoint a. Let I"” be an extension of I" past b to a simple C'!
curve from a to 0o. We choose a branch of the logarithm on the complement of I’
and extend it to I" by taking the limit from the left. Then

(S0, [ [0 f@
F(Z)_Zni pt—zdt_Zm' ,—t—zf(a)+2m' r t—z dar.

The first integral on the right is

1 b—z
——log—— f@)+ O()
2mi a—z

for any choice of the branch of the logarithm. To estimate the second integral, we ease
notation by assuming that the coordinates were chosen so that a = 0. The integral is

L &dh g() = f@®) — f(0).

27Ti Ft_Z

Then g is also Holder continuous, and g(0) = 0. Given z € C, if |z — ¢| > |t|/3 for
all ¢+ € I', then Holder continuity implies that

t)dt Ct|¢
/g() </ |||d;|:c1,
r t—z rltl/3
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- -

Fig.13.1 a =0, |z —s| < |t|/3

a constant. Otherwise there is a z such that |z — 7| < |#|/3. Let s = s(2) be the point
of I" that is closest to z. Then |s| > |¢| — |¢|/3 and

|t |s]
—s| <l|z—t <= =— < —; 13.1.6
e=sl =lz—tl = 3 > ( )
see Figure 13.1
Suppose for now that I" is a straight line segment, which we may take to be
[0,c] CR. Then t € I' implies |z —t|> = |t —s|> + |z — s|>, s0 |z —t| > |t — 5]

and 4
/g(t) t / lg(t) — (S)Ild I‘
r t—z

|t —
Again, Holder continuity of g yields a bound for the first integral that is independent
of 5. The second integral is

g(s)dt
t—z |

c

log(r —2)| g(s) = O(s*log(—2)) = O(|z|"log|z),
0

since |z| ~ s, by (13.1.6).

In the general case, it is enough to restrict attention to a small neighborhood of
a in which I is sufficiently close to an interval so that we can conclude that t € I"
implies |z — t| > %|t — s|, where s is again the point of I” that is closest to z. Then
the previous argument goes through. Let us note explicitly that this argument allows
for |z —s|=0,ie.z€e ',z #a.

The argument for the endpoint b is the same: simply reverse the direction of travel
on " and extend I past a to select a branch of the logarithm. O

If we allow I to be an infinite contour, then some restriction on f needs to be
made to ensure that F is defined on the complement of I", such as

Lf @)l
r 1+l

dt| < oo. (13.1.7)
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With such a restriction, the previous results hold. In (13.1.4) we may allow the
constant C to grow as || — oo.

Remark. As another generalization, we can permit the curve I to have a corner
at zo; see Figure 13.2. If the angle is 6, then

0 1
Fy(to) = (1 - E) f(fo)-i-%‘ﬂ% %dﬁ
l—
Foo) = -2 fao) + —— po. [ L 4y (13.1.8)
2 2mi rt—rt

See Exercise 2.

to

Fig. 13.2 Corner at 1

A problem sometime encountered is to find a function G that is holomorphic
on the complement of a finite curve I", such that the discontinuity G, (t) — G_(¢),
t € I',t notan endpoint, is a prescribed function f.If f is continuous on I", the proof
of Theorem 13.1.1 shows that the Cauchy integral F is a solution. A natural question
is that of uniqueness of the solution. Clearly F(z) — 0 as z — oo. If G is another
solution, then G — F is continuous on I" except possibly at the endpoints. If f is
continuous at the endpoints, and G has at most the same kind of logarithmic growth
as F' at the endpoints, then G — F' has removable singularities at the endpoints, and
is entire. More generally, if f is such that at an endpoint a of I,

F(z) = O(lz —al"), r>—lasz—a, z¢TI, (13.1.9)

and G is required to obey the same estimate then the singularities of G — F at a are
removable.
We have proved one version of the discontinuity theorem [43]:

Theorem 13.1.4. Suppose that I' is a finite simple C' curve and f : I’ — C is
continuous except possibly at the endpoints. Suppose that G is holomorphic on the
complement of I', and G+ — G_ = f on G. Suppose finally that at the endpoints, if
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any, both the Cauchy integral (13.1.1) and G satisfy estimates of the form (13.1.9).
Then G — F is an entire function.

Remark. If G = O(7") as |z| — oo for some integer n > 0, it follows that G — F
is a polynomial of degree < n.

Theorem 13.1.4 is one example of solving a problem by turning the Sokhotski—
Plemelj formula around. The following is a different example. The problem is to
evaluate the principal value integral

I1(x) = 1 &d; 1 (13.1.10
(x)—p.v./;1 IS x| < 1, .1.10)

where 0 < a < 1. Consider the function
= 1!

G = 13.1.11
0= ( )

with the branch cut (—1, 1) and the branch chosen to correspond to principal values
for ¢t real and ¢ > 1. For 7y € (—1, 1), it follows from (13.1.11) that

-1
(1 —1)" i

Gy (to) = T+ 10)°

and 1
o
(I —1) o—ia—r

G- = T e

Thus, G (t)) — G_(ty) = (1 —t0)*~'(1 + t5)~*(—2i sin ar). In view of Theorem
13.1.4, we obtain

G = (<2 , 1 fa=n*t dt
= (—4SInomwr) — _— .
. 2mi ), (40 t—2

From (13.1.3) it follows that
I(x) = mweotam (1 —x)* (1 +x)%. (13.1.12)

(Note the interesting special case ¢ = %.)

We end this section with an extension of Theorem 13.1.3 to the case of singularities
at the endpoints.

Theorem 13.1.5. Suppose that I is a finite simple C' arc from a to b. Suppose that
[ I' = C is continuous except possibly at the endpoints, and suppose that at the
endpoint ¢ = a or ¢ = b it has the form

~

A _ .
f@ = o c=a+if#0. 0 <a<l. (13.1.13)
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Here o and B are real, and f~(t) is continuous. Then the Cauchy integral 13.1.1
satisfies

(a) as z — c, with z not on the arc,
e:l:oni f(C)

F(z) = £— +68(2); (13.1.14)
2isinom (z —c¢)°

(b) ast — c, with t on the arc,

cotom f(c)
2i (t—c)°

F(t) = £ + p(1), (13.1.15)

where the positive and negative signs correspond to c = a and ¢ = b, respectively. If
o = Reo = 0, then o (z) and p(t) are bounded functions with limits at c. If @ > 0,
then -

M, o)

)| £ ———, 1| = )
B@I = o 0l = T

o < o,

where p(t) is continuous near c. The function (z — ¢)° is any branch that is single-
valued near c with the branch cut taken along the arc with the value (t — c)° on the
left side of the curve.

Proof. We only present a sketch of the proof by using the Sokhotski—Plemelj for-
mula, and refer the readers to [149] for details. Consider the case ¢ = a. Take the
branch cut of (z — a)? from the endpoint a to oo going through b; see Figure 13.3.
Select the branch that tends to (t — a)? on the left side of the cut, i.e.

(t—a) = (t—a). (13.1.16a)

To find the value of (r — @) on the right of the cut, we follow the contour in Figure
13.3.

a

Fig. 13.3 The cut from a to oo through b

Thus A
(t—a)? = Nt —a). (13.1.16b)
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Equations (13.1.16a) and (13.1.16b) can be written as
t—a)”—(—a)’ =(0—-e?)t—-a)

or equivalently

(t—a)" ————@—a)" = (t—a)’. (13.1.17)
2isinwo

2isinwo
Equation (13.1.17) shows that the function (t — @)~ can be written as a difference
function of a “+” and a “—” function. Since it is expected that the major contribution
to the Cauchy integral (13.1.1) will come from the locations where f(¢) is singular
(i.e. the endpoints), it follows from (13.1.13) that as z — a,

iy b —0
@ fre-a
2wi J, t—z

F(2)

On account of (13.1.17), we obtain
~ el 1 [(P@—a)y” 1 (fPa—a)°
F(z) ~ _— | —dt—-— | ———dt].
@ f(a)Zi sinow |:2m' « 11—z 2mi /a t—z i|
From (13.1.13), it follows that
ino
F@)~ ———[F:() — F-(@]
2isinom
By the Sokhotski—Plemelj formulas we have, for z not on the curve of integration,
eina f((l)

2isinow (z —a)°’

F(z) ~
In view of (13.1.16a) and (13.1.16b), for z = ¢ on the path of integration we have

F@) = %[F+(t) + F_(1)]
e
2isinomwr 2
cotom f(a)
T2 (t—a)’

[t —a) " +(t—a) 7]



328 13 Riemann—Hilbert problems

13.2 Riemann-Hilbert Problems

As we noted in the introduction, the problem originally posed by Riemann was to find
a function W = U + iV, holomorphic inside a bounded domain £2 and continuous
to the boundary, that satisfies a linear relation between the boundary values of its real
and imaginary parts. Up to conformal equivalence we may take £2 = ID and look for

a@QUE) +b@OV(E) = (@), gl=1, (13.2.1)

where a, b, and c are given real-valued functions. If we set
— (1
W_(z) = W4 z) lz| > 1, (13.2.2)

then W_ = W, on I = ID. Therefore we may rewrite (13.2.1) as

a(()—zib(C)W+(§)+a(()-;ib(f)

Thus, we can reformulate Riemann’s problem in the form: find two functions W, (z)
and W_(z), holomorphic inside and outside of the unit circle, respectively, such that
their boundary values on the unit circle satisfy the linear relation (13.2.3). With this
formulation, W is unique only up to multiplication by an entire function, so we
also specify the behavior of W_(z) at oo; for instance, from (13.2.2), we require
W_(z) = W_(0) as z — oo].

As a generalization, Hilbert posed the problem of finding a function W (z), holo-
morphic on the complement of a closed curve I" such that forall ¢ € I,

Wi(@) = gOOW_() + f(D), (13.2.4)

where g(¢) and f (&) are two given complex-valued functions. In Hilbert’s original
problem, I" is a closed curve, the general problem (13.2.4), whether I" is open or
closed, has become known as the Riemann—Hilbert problem. Again, for uniqueness,
the behavior of W (z) at oo is required. If I is an open arc, then the endpoint behavior
should also be prescribed.

In his work on singular integral equations (see Section 13.7), Carleman [41] found
an effective method of attack. First find a function L(z) that satisfies

Li(5) = g(&)L_(%), (13.2.5)

W_(¢) = c(2). (13.2.3)

where L (¢), L_(¢), and L(¢) have no zeros. Substituting (13.2.5) into (13.2.4)
yields
o) W_©)  f©)

Li(¢) L_(Q) Ly

Note that the function W (z)/L(z) is holomorphic for z not on I", since L(z) # 0.
Hence the conditions in Theorem 13.1.4 are met, and the general function satisfying

(13.2.6)
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(13.2.6) is given; see the remark following Theorem 13.1.4. Hence, if L(z) is known
then W (z) has been found.

Before proceeding to find L(z), we observe that solving equation (13.2.6) is
equivalent to solving

£
= F - F_
P = O F©
and then defining
F(z) = 2L Md{; (13.2.7)
Ty Jr é‘ —Z
see (13.1.2.
Equation (13.2.6) can be written as
W.(8) W_(¢)
- F = ——— —F (2).
L (0) +(©) L0 ()
The function W
@ _ re (13.2.8)
L(z)

has the same boundary values on each side of I", so it is an entire function. The
function W (z) is thus determined, up to addition of an entire function. In the case
when I” is an infinite straight line parallel to the real axis, this method is known as
the Wiener—Hopf technique; see [22].

We now return to the problem of finding a function L(z) that satisfies (13.2.5).
Assuming that g(¢) # 0 for ¢ € I', we take logarithms on both sides of (13.2.5).
This gives

log L4 (¢) —log L_(¢) = logg(¢). (13.2.9)

For now we assume that I” is an arc, and that g(¢) is continuous to the end points a,
b of the arc. By the discontinuity theorem, Theorem 13.1.4, a particular solution of
(13.2.9) is

1 logg(@) ,

G(z) =logl(z) = i [ —z
-

L. (13.2.10)

Thus, L(z) = ¢°® and L(z) is non-zero. Furthermore,

Li@) _ 60601 _ logs) _
L_(g) =e =€ - g(g)v

i.e. (13.2.5) is satisfied. Here, the second equality again follows from Theorem 13.1.4.
From (13.2.10), we have L(z) — 1 as z — oc. The behavior of L(z) asz — a or b
may not be appropriate for the application of Theorem 13.1.4. Fortunately, we can
adjust the behavior of L(z) by incorporating an integral power of z — a or z — b into
L(z). For instance, we know from Theorem 13.1.5 that
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1
G(z) ~ —-—logg(a)log(z —a)
2mi

as z — a; see (13.1.5). Hence
L(z) ~(z— a)_logg(a)/Zni

~ (Z _ a)DH-iﬁ

where « and § are real numbers. In this case, we can revise L(z) by multiplying it by
a factor (z — a)?', where p; is an integer, with —1 < o 4+ p; < 0. A similar factor
can be incorporated to yield the desired behavior at the other endpoint.

If I" is aclosed curve, equation (13.2.9) is usually not useful, since log g (z) will not
in general return to its initial value after a complete circuit. Thus the function log g(¢)
in the integral defining G(z) in (13.2.10) has a discontinuity, and the Sokhotski—
Plemelj formulas are not valid. Let log g(¢) increase by 2w ni, n an integer, during
a circuit of I". We can avoid this difficulty by defining

g0(¢) = (& —20)"g (),

where z is a point inside I". Now, define

L for = insi
NG) = 2) or 7 1ns1(?e G (13.2.11)
(z—20)"L(2) for z outside.
Our problem is now to solve
N1(&) = go(§)N-(8),
where go(¢) is single-valued, and the procedure for the arc can be used.
Example. Find a function W (z) satisfying
Wi (@) +W_(¢) = f(O) (13.2.12)

for ¢ on an arc I, with W(z) being of finite degree at co and having singularities
near endpoints a and b which are no worse than algebraic with degree > —1. The
function f(¢) may have integrable singularities at the endpoints a and b.

From (13.2.4) with g(¢) = —1, we obtain one solution, namely,

1 boin
logL(z) = i : _Zd{,

i.e.
z—>b

L(z) = .
z—a

(13.2.13)
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It is easily shown that equation (13.2.5) is satisfied. For W(z)/L(z) not to grow
too fast as z — a or b, we need to make L(z) grow algebraically (with exponent
> —1) as z — a, b. Therefore we use for L(z) a function obtained by multiplying
the right-hand side of (13.2.13) by 1/(z — b). That is, we choose

1
V(z—a)(z—Db)

1

L(z) = (13.2.14)

and the branch cut along the arc, with L(z) ~z7'asz — oco.For¢ € I', L1 (¢) and
L_ (%) can easily be calculated from (13.2.14). For instance, if I" is the line segment
(—1, 1) of the real line, then

Li() = — = and L_(¢) = L (13.2.15)

N =y
Equation (13.2.6) now gives

we 1 f©
L@ ~ 2ni Jr L@@ —2)

d¢ + pa(2), (13.2.16)

where p,(z) is a polynomial of degree < n. The function given in (13.2.16) is the
most general solution for which W(z)/z" — 0 as z — oo.

13.3 The Radon Transform and the Fourier transform

The Radon transform is defined by

Ok, p) = /Q(xhxz)df,
L

where the integral is taken along a line L with direction determined by the unit vector
k = (ﬁ, ﬁ), at a distance p from the origin, and t is a parameter on this
line; see Figure 13.4. This transform plays a fundamental role in the mathematical
formulation of computerized tomography (CT): the reconstruction of a function from
the knowledge of its line integrals, irrespective of the particular field of application.
The most prominent application of CT is in diagnostic radiology. Here a cross section
of the human body is scanned by a thin X-ray beam whose intensity loss is recorded
by a detector and processed by a computer to produce a two-dimensional image that
in turn is displayed on a screen.

A simple physical model is as follows; see Figure 13.5. Let f(x, x,) be the X-ray
attenuation coefficient of the tissue at the point x = (x|, x). This means that X-ray
traversing a small distance At along the line L suffers the relative intensity loss
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Z2

/ o1

Fig. 13.4 Line L, distance p

Al
T = —f(xl, XQ)A'L’.

Let Iy and I; be the initial and final intensities of the beam, before and after leaving
the body, respectively. In the limit At — 0, it follows from the above equation that

I

— e L fxix)dr
Iy '

that is, the scanning process determines an integral of the function f(x;, x,) along
each line L. Given all these integrals, one wishes to reconstruct the function f.

Source <}\

\‘ Detector

l

Fig. 13.5 Simple physical model of CT

Letk = (1/+/1 + k2, k/+/1 + k2) be a unit vector along L and let k* be the unit
vector orthogonal to k, that is, k* = (—k/+/1 + k2, 1/+/1 + k2). Then any point
X = (x1, X2) can be written as X = pkL + k. For fixed k and p, we write
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- T — pk ) tk+p
x1(1) = ———; X (1) = ——.
1+ k2 1+ k2

Note that as 7 varies, x = (x;(7), x2(7r)) moves along the line as depicted in Figure
13.5. Therefore the Radon transform can also be written as

7k, p) /oo (t_pk tk+p)d (13.3.1)
,p) = , T. 3.
7P —ooq NI+ E 1 +k2

Along the line of integration in (13.3.1), the derivative of a function u(7) is

dp 1 ou I
dt — J1+k2 | ox x|’

so in order to calculate g in (13.3.1), we are led to the partial differential equation

9 9
T k2 g, ). (13.3.2)
8x1 3)62
Then 00
gk, p) = V1I+k2- ux (1), x2(t))| . (13.3.3)
—00

As we shall see, equation (13.3.2) leads naturally to a Riemann—Hilbert problem.
Let us begin with a simpler model, the differential equation

d
d—“(x)—iku = V1+k2qx), —00o <x <00, keC. (13.3.4)
X
Assuming that ¢ and g, belong to L', we have the following particular solutions:

W k) = f " @)t O,
—o0 (13.3.5)

o0
Wik = = [ a0 Od
We define a solution of (13.3.4) by

M+(X,k), kl
/’Li(-ka)7 kl

07

nx, k) = { k = kg +ik;. (13.3.6)

IN IV

)

Taking into account (13.3.5), it is readily seen that ;" is holomorphic in the upper
half-plane (k; > 0) and w~ is holomorphic in the lower half-plane (k; < 0). Fur-
thermore, the large x behavior of both u™ and ™~ is uniquely determined by g(k),
which is defined by
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o0
7k =/ gx)e ™®dx, keR. (13.3.7)
—00
Indeed,
lim (¢ u") = =gk,  lim (e7™u*) = gk). (13.3.8)
xX——00 X—00

Equation (13.3.7) defines ¢ in terms of g. To invert this relationship we will formu-
late the problem as a Riemann—Hilbert problem. Taking the difference of the two
equations in (13.3.5), we have

wre k) —p (k) = e Gk),  keR. (13.3.9)

By integrating by parts, it can be seen from (13.3.5) that

1
M:O(g) as k — oo.

Then equation (13.3.9), with © — 0 as k — oo, defines a Riemann—Hilbert problem
for the function p(x, k); see (13.2.4) and the following remark. The solution is given
by

1 e8] eixl a\( l)

)= —
wen by =om | Tk

dl, keC. (13.3.10)

Given ¢(I), equation (13.3.10) yields w(x, k), which then gives g(x) through
equation (13.3.4). An elegant formula for g can be obtained by comparing the
large k asymptotics of equations (13.3.4) and (13.3.10). Equation (13.3.4) implies
q = —iklirrolo(k/x), while (13.3.10) yields

(I
lim kpu = —— g dl.
b = =5 [_ea0

Hence | -
gx) = —/ ek G (k) dk. (13.3.11)
27 J_o

Equations (13.3.7) and (13.3.11) are the usual formulas for the direct and inverse
Fourier transform.

Let us now turn this argument around. To solve (13.3.4), write the proposed
solution u and the right-hand side in terms of their Fourier transforms:

1 [ .
uix) = —/ el dl. (13.3.12)
27 J_ oo

Then the differential equation (13.3.4) becomes

du . L[> ilx ~ [
—(x) —iku(x) = —/ il—ke'" pidl = —/ e g dl.
dx 27 J oo 27 J_ o
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Thus we expect () = q/(il — ik). With this choice, the inversion formula gives
(13.3.10).

Let us take a second look at this, writing the solution in terms of a Green’s function
G for the operator d/dx — ik, i.e. we want to obtain the solution w as an integral

u(x)=/ Glx — ) gy dy.

[e.¢]

(The form G (x, y) = G(x — y) reflects the fact that the operator is invariant under
translation.) A simple computation shows that taking the Fourier transform gives

n=G-q.
In view of this and (13.3.12), we want 6(1) =1/i(l —k),so

1 = ixl 1
G(x,k) = E e md!, k¢R

The limits as =Im k | 0 can be computed (see Exercise 3), and we recover (13.3.5).

Making use of the analogy with (13.3.4), let us return to equation (13.3.2), with
k allowed to be complex:

0 el
_I'L_|_k_'u

=gq, —00 < X1, X <00, keC. (13.3.13)
8)61 3)62

As in the case of (13.3.4), we make use of the Fourier transform, this time in two
dimensions. Treating one variable at a time, it is easy to see that under appropriate
assumptions on g(x) = q(xy, x,) we have the relation between ¢ and its Fourier
transform q:

o0 o0 X
g = f / e Wxthx) 6 () dxy dxo;
—00 J —00

1 [e.¢] [e.¢] X
q(x) = f / et Gy dly di.

(2m)?

In analogy with the argument given above with respect to (13.3.4), we look for a
Green'’s function G for the equation (13.3.13):

wm(x) =/ / G(x — y)q(y)u(y) dyi dy, (13.3.14)

and derive the equation

G k ! I e 13.3.15
k) = 7o [ e (13.3.15)
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The above integral can be evaluated by using contour integration (Exercise 3), and

we have sgn(Im k)
G(x1,x0,k) = ——— Imk #£ 0. (13.3.16)
2mwi(x; — kxo)

Putting (13.3.16) into (13.3.14) we obtain

1 )
M (xr, X2, k) = £— ASITREY dy,dy,, keC* Imk #0.

27 R2 [(.Xz — y2) — k()C1 - )H)]

Applying the Sokhotski—Plemelj formulas, we obtain

1 o o0 7
(X1, x2, k) = £ — (pv/ q(y1, y2) dy )dyl

2mi J_ oo oo (X2 = y2) — k(x1 — ¥1)

</ f)q(yl X2 —k(x1 —y))dy, keR;

see Exercise 4. The difference of these two equations gives

1o e 31 ¥2)
w+—uJuhmww?f/ pu/ CASIEI dys dys,
il J o oo (X2 =) —k(x1 — y1)
kR (133.17)

The right-hand side of this equation can be written in terms of the Radon transform
of the function g (x1, x») defined by

~ e T—pk tk+p
@,)=/ ( , )dt (133.18)
7P —ooq V14+Ek 1+ k2

Indeed, changing variables from (y;, y;) to (p’, t’) where

v —pk vk +p

NS Uire BT Uire
and using equation (13.3.17) and the Jacobian of the transformation

n 3y
_ at’ at’ _
J = |det @ @ =1,

ap’ dp’
it follows that

M+(x11 X2, k) - M*(xls X2, k)

1 o0 Q(k r) ’
- , keR. (13.3.19)
lﬂp /oo)CQ-k.Xl PN+ k2 ap
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Equation (13.3.14) implies that

1
w=0 (E) k — oo, (13.3.20)

so equations (13.3.19) and (13.3.20) define a Riemann—Hilbert problem for the func-
tion u(xy, x3, k). Its unique solution, for Imk # 0, is

( k) ~ [ < : /Oo S ) =
X1, X2, = - —D.V. )
s 27i ) \7i"" o~k — g R =k

see (13.3.19). Comparing the large-k asymptotics of equations (13.3.13), (13.3.14)
and (13.3.20), it follows that

0
g = lim ——(kp)

k— 00 8)(32
or
1 0 * o0 gk, p)
(x1,x2) = =—~— ( .v./ dp)dk. (13.3.21)
q(xy, X2 272 9%, ) o p otr— k1 — pIE R p

Equations (13.3.18) and (13.3.21) are the usual formulas for the direct and inverse
Radon transform.

13.4 Integral Equations with Cauchy Kernels

A typical integral equation in one variable has the form

o]

mxX)u(x) = )»/ K(x, yu(y)dy,

—00

where m is a given function, A is a complex parameter, and various assumptions are
made about the kernel K, such as

Kix,y) = Kx—-—y), K(,x) = —-K(x,y), or K(x,y) =0 if y>x.

In this and subsequent sections we examine some cases where the problem can be
treated by Riemann—Hilbert methods.

In this section we consider the case

1
mx)u(x) = Ap.v./ u(®)

1 T—X

dt +k(x), [x] <1, (13.4.1)

where A is real and positive, and where m(x), k(x) are given real-valued functions.
Define
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1 U uz
UR) = — ©)
2ni J_1T—2

dt. (13.4.2)

(Here we allow U (z) to have an algebraic singularity of degree > —1 at the endpoints
—1 and 1.) From the Sokhotski—Plemelj formulas (13.1.2), we have

[m(x) —AmilUs(x) = [m(x) + Ami]U_(x) + k(x), (13.4.3)

which is of the form discussed in Section 13.2; see (13.2.3).
First we look for a non-zero function L(z) such that
L,(x) _ m(x) + Ami
L_(x)  m(x)—Armi’

A suitable choice is given by

1

e, (13.4.4)
z—1

L(z) =

where X
1 1 ATTQ
GR) = — log MO AT (13.4.5)
2ni J_1 T —2 m(t) — Ami

see (13.2.10). Note that
1 m(t) 4+ Ami

2mwi m(t) — Ami

is purely real, and we take it to lie in the range (0, 1). The factor (z — 1)~ in (13.4.4)
has been inserted to make sure that L(z) grows algebraically, with index between
—1 and 0, as z tends to either endpoint —1 or 1.

For x in (—1, 1], equation (13.4.3) gives

Uetr) U-@) _ k)

— —, (13.4.6)
Li(x) L_(x) Ly (x)[m(x) — Ami]
where
_ 1 m(x) + Ami Wwix)
Li(x) = 1\ ) = M[ie , (13.4.7a)
L) = b MmO = AT (13.4.7b)
x —1\V mx) + Ami
and

w(x) = L,p.v. (13.4.8)

/1 1 . m(r)—}—knidr
2mi _

0g ;
1 T—X m(t) — Ami
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(To derive these formulas, first write (13.4.3) in the form of (13.2.4), and then follow
the steps leading to equation (13.2.4)—(13.2.8).) On account of the behavior of U (z)
and L(z) as z — 00, and by Theorem 13.1.4, the most general solution of (13.4.6) is

m(x)k(x) e ® ! k(t)e v
ux) = — 55+ p.v.
m*(x) + A** | /m2(x) 4+ A2n2 ~1 (t — x)y/m2(v) +)\27r2
Ce*™

(13.4.9)

(1 — x)vm2(x) + A272’

where C is constant and w(x) is given in (13.4.8); see Exercise 4. The singularity at
x = 1 in the last term of (13.4.9) is offset by the factor "™, so that the last term
is integrable. In the case when k(x) = 0 in (13.4.1), the resulting homogeneous
equation has a solution for all A, i.e. the spectrum is continuous.

In the case when m(x) = 0 and k(x) = —Al(x), equation (13.4.1) reduces to

1
p.v./ “O = i, (13.4.10)
17 X

and its solution is given by

= U () c
*p OVIET S q3an

141 =1(t —x) 1 —x2

see Exercise 6. If [(x) = 1 in (13.4.10), then the solution further simplifies to

ulx) =

() 1 1—x+ C1
ux) = —— ,
IL+x  J1—x2

where C| is a new constant.

13.5 Integral Equations with Algebraic Kernels

Consider the Abel-type integral equation

1
/ “O 4~ ke (13.5.1)
0

It — x|

for x € (0, 1), where 0 < a < 1. This equation is not of Cauchy type but Carleman
[41] showed that it is still useful to introduce a function

1
U(2) =/ ﬂdr, (13.5.2)
0

(z—1)
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analogous to that used for the Cauchy type in Section 13.4; cf. (13.4.1)-(13.4.2). This
function is defined for all z ¢ (—oo, 1); for z real and z > 1, we use principal values
in (13.5.2). For x € (0, 1), it is easily seen that

X 1
U, (x) :/ %dr + e7iom %dr, (13.5.3)
o (X — X — X
X 1
U_(x) =/ L)adr + el L)adt. (13.5.4)
0o (x—1) v (T—2x)

Here, as before, U, (x) and U_(x) denote the limits of U (z) as z — x from above or
below, respectively. Equations (13.5.3) and (13.5.4) may be viewed as the appropriate
replacement for the Sokhotski—Plemelj formulas for Cauchy integrals. Since

; i . *ou(r)
UL (x) — e U_(x) = 2i smom/ ——dr, (13.5.5)
o (x—1)

the function u(x) can be determined from the knowledge of U, (x) and U_(x), by
using the solution of a conventional Abel equation; see [207].
Solving (13.5.3) and (13.5.4), we obtain

X 1
/ @ @
0

)

(x — 1) x (T—x)

in terms of U, (x) and U_(x), and use (13.5.1) to obtain
Up(x) = —e “"U_(x) + (1 + e "")k(x) (13.5.6)

for x € (0, 1). For x € (—o0, 0), equation (13.5.2) gives
Up(x) = e 297U _(x). (13.5.7)

This is again a Riemann—Hilbert problem, but it involves two arcs (—oo, 0) and (0, 1),
and the above-mentioned method no longer works. Fortunately, the coefficients in
(13.5.6) and (13.5.7) are constants. Trying a factor of the form z"(z — 1)*, we find
that the new function

V(z) = Z(a—l)/Z(Z _ 1)(0l—1)/2U(Z)

reduces (13.5.7) to
Vilx) = V_(x) (13.5.8)

for x € (—o0, 0). Furthermore, equation (13.5.6) becomes

Vi(x) = V_(x) — 2icos %x@‘*”/z(l —x) @D 2k () (13.5.9)
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for x in (0, 1), with

V+(x) — x(a—l)/2(1 _x)(a_l)/zeiﬂ<a_l)/2U+(x),
V_(x) — x(ot—l)/Z(l _x)(ot—l)/ze—iﬂ(ot—l)/ZU_(x)

for x € (0, 1).
The solution of (13.5.9) is

1 _ y@=D/2
V(z) = —lcosﬂ/ [rd — )] k() dr.
0

T 2 T—2z

341

(13.5.10)

(13.5.11)

where we have allowed U (z) to have algebraic singularities near the points 0, 1
of order not greater than —%(a + 1), which is equivalent to allowing u(7) to have
nothing worse than an integrable algebraic singularity at each point. Computing
V. (x) and V_(x) and using equations (13.5.10), (13.5.5) and Exercise 7, we obtain

i d [* k(
sin o (1) di —

cos?am/2
2 dx Jy (x —1)l-@ 72

ulx) =

dx (x — 1)l t—t

13.6 Integral Equations with Logarithmic Kernels

Consider the integral equation
/1 log|x —tlu(t)dt = k(x), x€(0,1).
-1
To solve this equation, we define the function
U@ = /11 log (z — tu(t) dt.

For x < —1, we have

1 1
U,(x) = f log |x—t|u(t)dt+in/ u(t)dr,
—1 -1
1 1
U_(x) = / log |x—t|u(t)dt—in/ u(t)dt.
—1 -1

But, for x € (—1, 1), there is a discontinuity and we have

d /x [[f(l i) /1 k(@)1 =)D
—— p..
0 0

dti| drt.

(13.6.1)

(13.6.2)

(13.6.3)
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1 1
U,(x) = / log |x—t|u(t)dt+i7r/ u(t)dt,
—1 X

1 (13.6.4)

1
U_(x) =/ 10g|x—t|u(t)dt—in/ u(t) dt;
-1

X

Exercise 8. To avoid the discontinuity, we can use U’(z) instead of U (z). Indeed, for
x € (=1, 1), we have
UL (x) 4+ UL(x) = 2k'(x);

Exercise 9. In terms of the function
V() = U@Vz2 -1,
the last equation becomes
Vix) = V_(x) = 2iv/1—x%2 k' (x)

for x € (—1, 1). The solution is

1 2 1 1
v = L[ RO
T J r—z —

1

Note that the last term is a constant; cf. Theorem 13.1.4 and the following remark.
(In considering the behavior of V (z) near —1 and +1, we have allowed u(¢) to have
an integrable singularity at each end point.) Since U’ (x) — U’ (x) = —2miu(x) by
(13.6.4), it follows that

"= —x

T

L 12 1
! [12 p.v./ wdﬂ—%/ u(t)dt:|. (13.6.5)
—1 -1

To obtain an expression for the second integral in (13.6.5), we first note that if
k(x) = 1, then (13.6.1) can be used to show that the integral

' log |x — 1]

1 A1 =12

is a constant. Setting x = 0 shows that the value of the integral is —m log 2; Exercise
10. Multiplying (13.6.1) by (1 — x?)~!/? and integrating from —1 to 1, we obtain

! 1 U k@)
u(t)dtr = — dt.
\/;1 () 7T10g2 -1 1 =12

Inserting this into (13.6.5) yields Carleman’s formula

dt
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dt | .

1 U VT =2k () 1 U k@)
ux) = ———| p.v. dt —

721 —x2 -1 t—x log2 J_, V1=12

(13.6.6)

As an extension of equation (13.6.1), we now consider the more general equation

1
/ [loglx — tlp(x — 1) + q(x — )] u(t) dt = k(t) (13.6.7)
—1

for x € (—1, 1), where p(x) and g(x) are polynomials. As in the previous case, we
first define the function

—1

1 ! z
U() = ﬁ[l [p(z —t)logz_i_1 +q(z —t)] u(t)dt, (13.6.8)

which is single-valued in the z-plane with a cut along the real axis from —1 to 1; see
(13.6.2). For x € (—1, 1), we have

—g B 1
U, (x) =\/1—_l_x2 _k(x) —log (x + 1)/—1 p(x — Hu(t) dt (13.6.9)
1
+i7r/ plx — t)u(t)dtj| ,
. o 1
U_(x) = % k(x) —log (x + 1)/ px —Hu(t)dt (13.6.10)
—x2 L -1
1
—in/ px —u(t) dt] ,
and hence
Uer) = U_(x) = —2 [k(x)—lo (x+1)/1 (x —t)u(t)dti|
+ BV e s L7 '

(13.6.11)
Examining the behavior of U(z) at co as well as at the endpoints —1 and 1, we
conclude that

1 1
U) = —%/_1 ﬁ [k(t)—log(1+t)/_lp(t—r)u(r)dr]t_z

+R(2); (13.6.12)

cf. (13.1.1) and (13.6.12). Here, R(z) is that part of the Laurent series for U (z), in
the region outside the unit circle, which does not involve negative powers of z. From
(13.6.8), R(z) may be expressed in terms of a finite number of unknown constants
¢, defined by

1
Ccp = / t"u(t)dt, n > 0. (13.6.13)
—1
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These same constants ¢, also occur in the term coming from f_ll p(t —r)u(r)dr
in (13.6.12). Hence, except for a finite number of these c¢,, U(z) is known. From
(13.6.9) and (13.6.10), we also have

1
Ui(x)+U_(x) = p(x —tu(t)dt. (13.6.14)

2 /
kY 1-— xz x
By using Laplace transforms, one can show that

u(x) = /‘MU—M{ \M—x4U40+U(n” (13.6.15)

where M (t) is the inverse transform of [s>P;(s)]~", P;(s) being the transform of
p(—1); Exercise 11. From (13.6.12), simple calculation shows that

Us(x) +U-(x) =

20, /1 ; k()
S |
—log (1 +t)/ p(t—r)u(r)dr]

+2R(x).

dt (13.6.16)

Thus, the solution is complete, except for the evaluation of the constants ¢,,. A set of
linear algebraic equations for the ¢, may also be obtained by multiplying equation
(13.6.15) by appropriate powers of ¢ and integrating over (—1, 1).

For the special case p(r) = 1 and ¢(¢t) = 0, the result is

_dJ1 5 k(1) — colog (1 +1)
u(t) = Ir [ﬁ 1—x p.v./il N dti|, (13.6.17)

where ¢ is a constant. The value of the constant ¢y can be determined from the
condition that U (z), as given in (13.6.12), has no terms of% as z — oo [cf. (13.6.8)
with p(¢z) = 1 and ¢(t) = O]. This yields

1 bog@)

dt 13.6.18
mwlog2 J_{ /1 —1¢2 ( )

co = —

as before; Exercise 14.

13.7 Singular Integral Equations

We conclude this chapter with a discussion of the singular integral equation

a(x)u(x) + (_1) .v./ tu() dt = c(x), (13.7.1)
L



13.7 Singular Integral Equations 345

where a(x), b(x), c(x) satisfy a Holder condition on L, and a = b # 0 on L. Solving
this equation is equivalent to finding the function defined by the Cauchy integral

1 u(t)

U@ = 5~ i — (13.7.2)
associated with the Riemann—Hilbert problem
U ) = g)U_()+ f(r), tel; U_(0) =0, (13.7.3)
where
gt) = %, f@ = ﬁ. (13.7.4)

To show that finding a solution to equation (13.7.1) reduces to solving the Riemann—
Hilbert problem (13.7.3), one can use the Sokhotski—Plemelj formulas for U (z), that
is,

u(t)

1
Ur(t) —U_(t) = u(t), Us@)+U_(t) = Ep.v./ ——dr. (1375

L

Substituting these equations into (13.7.1), we obtain (13.7.3). The converse is also
true, that is, if the Cauchy integral U (z) in (13.7.2) is the solution of the Riemann—
Hilbert problem (13.7.3) with boundary condition U_(oc0) = 0, then the function
u(t) in (13.7.5) is a solution of the integral equation (13.7.1); see Muskhelishivili
[149].

Singular integral equations of the form (13.7.1) play an important role in studying
the more general equation

K, t)u(r) de

= c@t). (13.7.6)
T—1

a(Hu(t) + i p.v./
Tl L

Writing K(t,7) = K(¢t,t) + [K(t,t) — K(¢,1)], and letting b(t) = K(¢,¢) and
F(t,7)= L[K(t,7) — K(t,0)]/(x — 1), we get

T—1

a(u(t) + %)p.v./ () e +/ Ft, Du(m)dr = (). (1377
l L L

Equations of the type (13.7.7) are much more complicated to study than equa-
tion (13.7.1). Here we only note that if F (¢, 7) is degenerate, i.e. if F(¢,7) =
>\ Hj(t)H (1), then equation (13.7.7) can also be solved in closed form.

Example. Consider the singular integral equation

. t—t! u(t)
@+t u() + — p.v. dt
= rv—t (13.7.8)

1
- —,/(t+t—‘)(r+r—‘)u(r)dr = 2¢%,
27'[1 r
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where I' is the unit circle. The kernel (t +¢~')(r + t~!) is degenerate. Hence,
according to the remark above, it is expected that equation (13.7.8) is solvable in
closed form. Let

A = L,/(t+t_1)u(t)dr.
27'[[ r

Equation (13.7.8) can then be written as

. t—1t! u(t) ) .
(t+t Hult) + - p.v. dt =2t"4+ (@ +1t)-A.
r

By the Sokhotski—Plemelj formula in (13.7.5), the above equation is equivalent to
the Riemann—Hilbert problem.

t+1 [V = U-0O]+ @ =17 [U+(0) + U-@)]
=2+ (14171 A,

which can be reduced to

1
Uet) = t720-(0) +1 + 5a +172)- A, U_(00) = 0; (13.7.9)
see (13.7.3).
We now return to the homogeneous Riemann—Hilbert problem (13.2.5):
Li(¢) = g(Q)L-(%) (13.7.10)

and the nonhomogeneous Riemann—Hilbert problem (13.2.4):

Wi (§) = g(OW_(5) + f(©). (13.7.11)

In our case, g(¢) = ¢~ and
1
f@©) =¢+30 + DA, (13.7.12)

With g(¢) = ¢~2, the homogeneous problem is simply
Li@) = 2L_(2). (13.7.13)

By inspection we can take

L.(t)=1, L_(¢) = ¢ (13.7.14)

Substituting (13.7.13) into (13.7.11) (i.e. replacing g(¢) by L. (¢)/L_(¢)) gives

W) W©) _ f©)
Li©  L© L@

see (13.2.6). From (13.1.2) it follows that the function

(13.7.15)



13.7 Singular Integral Equations 347

Fo) = — [ L0 4 (13.7.16)
2i Jp T —¢

can be written as

(&)
=F — F_(2). 13.7.17
L) +(8) ) ( )
Coupling (13.7.15) and (13.7.17) yields
W)
— >’ — F _ , 13.7.18
L) (&) + pn—1(8) ( )

where p, (¢) is apolynomial; see Theorem 13.1.4 and the following remark. Note that
in our case, the W in (13.7.11) is just the U in (13.7.9). Thus, the boundary condition
U_(c0) = 0and the function L_(¢) = ¢2in(13.7.14) imply that the left-hand side
of (13.7.18) is of the order o(¢ ~2). From (13.7.16), it is easily seen that the function
F(¢) on the right-hand side of (13.7.18) has the asymptotic expansion

i f(r) 72
F(o) ~ L+(r)<Z+F+F+ >dr

(13.7.19)

NZCH’ { — oo.

Balancing the terms on both sides, it follows readily that the polynomial p,_;(¢) in
(13.7.18) is zero and the coefficients ¢y and ¢; in (13.7.19) must vanish, i.e.

A _ A _
/|:t+—(1+1' 2)i|dr=0, /|:r+—(1+f 2)]fdf=0§
c 2 r 2

see (13.7.12) and (13.7.14). The first equation automatically holds, but the sec-
ond equation requires that A = 0. Thus, from (13.7.12), we have f(¢) = ¢. With
Pn-1(¢) =0, f(r) = tand W) = U(¢), we obtain from (13.7.18), (13.7.16),
and (13.7.14)

v =

L) T {g“, ¢ inside the circle,
dt =

i rt—=< 0, ¢ outside the circle.

Returning to (13.7.9) and (13.7.12), wehave U, (t) = t,U_(t) = Oand f(¢) = ¢.
Therefore, we conclude from (13.7.5) that equation (13.7.8) has the unique solution
u(t) = tif the constant A defined above is zero, which is indeed the case since

A= —/(T+t Yu(r)dr = —f(r—i—t Yrdr = 0.
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13.8 The other Riemann-Hilbert problem

There is another problem that was studied in various forms by Riemann and, later,
Hilbert. It is (at least) equally well known by the term Riemann—Hilbert problem.
Consider a linear differential equation

P+ @ P N+ +g,(2) fz) =0, (13.8.1)

where the coefficients {g;} are rational functions. Let P be the set of poles of the
{gi} in S. Fix a coordinate disk D in £2 =S\ P, centered at a point zo. There is a
basis f1, f2, ... fp of solutions of (13.8.1) defined in D. If y is a closed curve in £2
that begins and ends at z¢, then each f; can be continued along y to another solution
fj, giving a second basis of solutions defined in D, related to the original set by a
matrix A, in the group GL(n, C) of n x n invertible complex matrices. This gives
a homomorphism x from the fundamental group to the n x n matrices:

X : Hi(2) — GL(n). (13.8.2)

The image is called the monodromy group of the equation.

The equation (13.8.1) can be reformulated as a system of equations of first order.
If the resulting singular points (including the point at oo, if it is singular) are simple
poles, then (13.8.1) is said to be of Fuchsian type. After changing coordinates by an
element of Aut(S) if necessary, we may assume that co is a regular point. Then the
first-order system has the form

1

Z — dg

1<j<p, (13.8.3)

fi@ => By
k=1

where the gy are distinct, the Bj; are constant, and

> By =0. (13.8.4)
k=1

Then Problem XXI in Hilbert’s famous list of problems [106] can be formulated as
follows:

Let the representation (13.8.2) be given. Prove that there is always a system (13.8.3), (13.8.4)
with the given monodromy (13.8.2).

As it turns out, this can be done for equations of degree < 3 or with < 3 sin-
gularities. Bolibrukh [29] showed that otherwise there are counter-examples, so the
problem, in Hilbert’s formulation, has a negative solution. For a full treatment, see
Anosov and Bolibrukh [10].
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Exercises

1. Prove that the Holder continuity condition at #y in Theorem 13.1.1 can be replaced
by the weaker condition

|f (@) — f ()]

|dt| < oo.
r [t — o]

2. Prove (13.1.8).
3. Letl'y, = {x +iy:—o00 <x <oo}, I} = limy_o+ [yandI_ = lim,_,o- I}.
Consider the contour integrals
Ii = / ¢ dZ.
r, <

eiz
I. = —4dz,
ry 12

(a) Show that

thus proving that the contour integrals are convergent and well defined.
(b) Use Cauchy’s integral formula to show that

L — I = 2xi,
and
0 eiR(cosOJri sin @)
L=1lm [ ——d6 =0,
R—00 - Rele
hence I_ = 2mi.

(c) For any +Rew > 0, we have

e e Zmiw) 0, Rew > 0,
—dx = dz = W
rRX+iw R 2 2mie”, Rew < 0.

4. (a) Use the results in Exercise 3 to show that if x; > O then

eiMé d, = 0, Re & > 0,
R € +iE U= ) 27ie™%, Re&, < 0.

and if x; < O then

/ einé {—Znie’”&, Re& > 0,
R

d& =
£+ i& 5=, Re& < 0.

(b) Show that fora € Rand b > 0,

ei(X|$|+JC2§2) 27
/ ——d§iy = —— .
r2 &1 + (@ £ ib)é Xy — (a £ ib)x,
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(c) Use (b) to conclude that

/ el 1E1+x282) dE & 2m sgn(Im k) Imk # 0
- = -, m ’
R £+ kE X2 — kxy

which proves (13.3.16).
5. (a) Show that equation (13.3.14) can be written as

o 1 oo ,
Mt (X1, X2, k) = :F/ |: / 9. y2) d)’2:| dy:.

oo L2700 J o y2 — [x2 — k(x1 — y2)]

(b) By applying the Sokhotski—Plemelj formula to the equations in (a), prove
that for k € R,

I [= o q(y1, y2)
u(x,x,k)::l:—./ .v.f dy»d
R i ) T ) G =) — kG — )

1/ [ °°
+§(/ _/ )c](yl,xz—k(xl—yl))dyh

which gives the formula in (13.3.17).
6. Prove (13.4.11).
Prove the two equations in (13.6.4).
8. Prove the identity

=

U,(x)+ U (x) = 2k'(x), x e (—1,1),

where U (z) is defined in (13.6.2).
9. (a) Bytakingk = 11in (13.6.1) and (13.6.5), show that the integral

' log |x —¢]

——dt
—1 A1 =12

is a constant.
(b) By setting x = 0in (a), show that the value of the integral in (a) is — log 2.
10. When the parameters are positive, the usual Laplace transform is defined by

F(x) = Z5(s) = /‘00 f@®e™"dt, s>0. (1)
0

When the parameters are negative, one can use a different notation. For instance,
for & < 0, we define

0
F@) = Ly(0) = / fx)e ™ dx. )

Define .
S = f=y. 3)

Show that
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Lp(0) = Z;(=0). “)

11. Letg(x) = %s/l — x2[U, (x) + U_(x)], so that equation (13.6.14) becomes

1
g(x) =/ px — u(t) dr. &)
Define
u(t) = u+1) and gx—1) = gx). (6)
(a) Show that
0
glx—1 = / plx —1—1t)u(t)dt, @)
x—1
and (0) = g(1)=0. ®)

(b) With the Laplace transforms defined in Exercise 10, show that
L) = Li®) - L,(9); )

equivalently, G@®) = U®O)P®). (10)

(c) Using integration by parts, show that

1
Ly(®) = SLz (). (11)

If 1(x) denotes the integral

0
I) = / ) dr. (12)

then show |
L) = —5La(9)- (13)

(d) Use equation (9) to conclude that

1 Ly (0)
Li0) = =5 Li(@)'

(14)
12. Recall equation (13.6.15): M (¢) is the inverse Laplace transform of [s2 P; (x)] ",

where Pj(s) is the Laplace transform of p(—t), i.e.

a 1
Lu(s) 2 T PO @ 2,0 s). (15)
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(a) Show that
Z5(—=0) = Pi(0).

(b) Use (4), (14) and (15) to show that
Li(®) = —Ly(0)Ly(0), (16)

where M(x) = M(—x).

13. (a) By interchanging the order of integration, show that
0 0
/ e‘xe/ M(x —1)g(t)dtdx = Ly (0)Ly(6)
—00 X
(b) Use the results in (a) and Exercise 12 (b) to conclude
0 0
/ uydt = — / M@ —x)g'(t)ds.

(c¢) Now prove the formula in (13.6.15).

14. Prove (13.6.18). Hint: use the result in Exercise 9).

Remarks and further reading

The Riemann—Hilbert problem and applications to singular integral equations in C are
treated in depth in Vekua [210], [211]. An important generalization of the Riemann—
Hilbert factorization problem takes the function to be factored to be a matrix-valued
function. This makes it possible to treat matrix-valued singular integral equations; see
Clancey and Gohberg [45]. Calderén and Zygmund [37] developed a far-reaching gen-
eralization of the theory of singular integral equations in the plane; see Stein [194],
Christ [44], or Peyriere [167]. The Riemann—Hilbert problem plays a crucial part in
several areas of asymptotic analysis, including random matrices; see Deift [53].

An active area of application of both Riemann—Hilbert problems is the study of
inverse scattering and integrable systems of nonlinear partial differential equations.
For use of the first version of Riemann—Hilbert, see Beals, Deift, and Zhou [19]
and Deift and Zhou [54]. For use of the second version of Riemann—Hilbert, see the
expository article by Its [115].



Chapter 14 )
Asymptotics and Darboux’s method e

Suppose that f is holomorphic in a domain that includes the unit disk D. Then its
Maclaurin expansion

f@ =) " (14.0.1)
n=0

converges in D. The coefficients a, are determined by f: on any smaller circle
centered at the origin we have the integral representation
1 z
f@ ,

2Ti - Zn+1 o

A problem that arises frequently in number theory [96], combinatorics [75] and
orthogonal polynomials [114] is to determine the asymptotic behavior of the a,,.

One such problem that we treat in this chapter involves the Legendre polynomials
{ P} that play a role in Chapter 4. The generating function for these polynomials can
be written as
1
(eie _ Z)1/2(€_i6 _ Z)1/2 ?

fo@) = ) Pulcos0)" = (14.0.2)
n=0

where the branches are chosen such that (e*? — 7)!/2 — ¢*7i%/2 35 7 — 0. For fixed

0,0 < 8 < m, fy(z) is holomorphic in D and the restriction of f to I" = 9D has two
algebraic singularities that coalesce as & — 0. Thus the asymptotics of the Maclaurin
coefficients of fy are the asymptotics of P,(6).

As this example suggests, we might want to extract information about the a,, from
f on I' = 0D, under the assumption that the singularities of f on I" are somehow
manageable. Darboux [51] was the first to consider problems of this nature. Darboux
considered the case of finitely many distinct algebraic singularities. This work is
described in Section 14.1. Recent extensions of the Darboux method are the sub-
ject of remaining sections: logarithmic singularities in Section 14.2 and coalescing
singularities in Section 14.3. Section 14.4 is devoted to showing that the result on
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coalescing singularities gives an asymptotic expansion for the coefficients. In Section
14.5, these results are applied to the case of the Heisenberg polynomials.

14.1 Algebraic singularities

Suppose that f is holomorphic on ID and on I" = 91D except at finitely many distinct
points s; where, in a neighborhood,

f@=@6;—2%gi@, 1<j<l, (14.1.1)

where g;(z) is holomorphic at z = o0}, s; is a complex number, and the branch of
(s; — z)% is holomorphic on .

For simplicity, we look first at the case of a single singularity at a € I". The
associated function g has an expansion

g@) =) cla—2). (14.1.2)
r=0

The mth Darboux approximant of f(z) is defined by

m

fu@ =D ela—2)" (14.1.3)

r=0

Since f;,(z) is holomorphic in D, it has a Maclaurin expansion

oo
fu@ = bun". (14.1.4)
n=0
From (14.1.3), a simple calculation gives
1 - r4+o
— (n) _ n r4o—n
b = —f70) = (=) Zc,< . )a an, (14.1.5)

r=0

By Cauchy’s theorem, we have from (14.1.4) and (14.0.1)

an — by = : . / MdZ, (14.1.6)
L Jr Z

27 n+1

where I” is any contour that contains the origin and lies in D. For convenience, we
let
em(2) = f(2) — fu(2) (14.1.7)

and .
du(n) = . / Sm(Z)Z_n_le. (14.1.8)
2mi r
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In view of (14.1.5), equation (14.1.6) can be written as

=Y. (r J’: “)a’+“" 4 8(n), (14.1.9)
r=0

where

<r+a> _r+a)rta—1)---(r+a—n+1)

n n!

The functional equation for the gamma function is I"(z + 1) = zI(z), so (14.1.9)
can be rewritten as

'h—a-—r) .|
= —ad" "+ 5 14.1.10
a4 ;cn'l“( a—r) + (). ( )
equation
‘We claim that
Sm(n) = o™, as n — oo. (14.1.11)

Integration by parts N times gives

_ k=N 1 (N) N o —(—N+1)
() = S /F M (2):z dz. (14.1.12)

Since
en(2) = cnri(@ ="+ opa@— )"
in a neighborhood of z = a, we have
eM(z) = 0((a — "+e=N) (14.1.13)
as z — 1. As long as N satisfies
m+Rea+1 < N < m+Rea + 2, (14.1.14)

then (a — z)"T*+!=N is integrable on I', so the the contour I" can be expanded so
that (14.1.12) becomes

1 mn=N)! [ 4 ‘
5, = BTN 0oy git-nre g (14.1.15)
27 n! 0o

Let us emphasize here that N = N(m) ~ m. Since the last integral is absolutely
integrable, it follows from the Riemann—Lebesgue lemma (Exercise 2) that

Sm(n) = 0 (m_—'N)') —on™) asn— oo, (14.1.16)
n:

which in view of (14.1.14) establishes our claim in (14.1.11). Thus, (14.1.9) gives

I'n—o—
~Zc, rran 0 Z0 ) (14.1.17)
n'F( a—r)
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Let us remark that as n — oo,

I'n—a—r) _ I'n—a—r) N
n! T I'(n+1

n-e =l (14.1.18)

see Exercise 1.

Letusreturn to the case (14.1.1) with finitely many singularities {s;}. We can apply
the same derivation to each s;. The end result is a sum of asymptotic expansions.

Theorem 14.1.1. Suppose that f is holomorphic on D and has distinct singularities

$1,82, -+, 8, on 0D, and that in a neighborhood of s,
o0
@) =) cjplsi =)™ (14.1.19)
r=0

Then the Maclaurin coefficients a,, in (14.0.1) have the asymptotic expansion

[ I
an~ Y Y (=1 (r e )S?’””

r=0 j=1

o) 1
aj+r—n F - -
~ 30N st RN 2] (14.1.20)

J " (—a: —
= n!I'(—a; —r)

asn — OQ.

Now let us return to the example in the introduction:

3 P, 0)7" !
fo@) = ZO n(eosf)z” = (€0 — 2)12(e—10 — )12
where the branches are chosen such that (¢*® — z)=2 — ¢T3/ as 7 — 0. The alge-
braic singularities are at a; = ¢’ and ata, = e~%. Since
1 in/4 s 1 i yr—1
‘ ‘ = ¢ 2\ DT
(el — 7)1/2(e~16 — 7)1/2 V2sin6 —\r (—2i sin )"

for ¢!’ — z| < 2sin@, and

| i E (N (e gy
. . = 2 == 14.1.22
(el — 2)1/2(e=i0 — 7)1/2 /2 sin 0 ; < r ) (2i sin )" ( )

for |e~?

1
-3 and

— z| < 25sin 6, the constants cj; and o in (14.1.19) are given by a1 = o =
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eirr/4 _1 1
Clr = 2 5
/2 sin 6 ( r ) (—2i sin6)"

e—in/4 _% 1
= V/2siné ( r ) (2i sin@)""
From (14.1.20), it now follows that

Py(cos0) ~ (— : i 2\ (7~ 1) 08 Ohr (14.1.23)
n(Cos0) ~ | — (@sin6)” B
sing ) = \r n ) (2sinf)”

=0

asn — oo, where6,, = (n—r + %)0+(n— %r— i)n.

Olver [157] pointed out an interesting paradox associated to (14.1.23). It is easily
verified that the series on the right-hand side of (14.1.23) converges when 2 sin 6 > 1;
that is, %n <0 < %n. Thus, it is natural to expect that the sum is P,(cos6). But
from (14.1.22), we have

1 e—in/4

S _1 (e—iO _Z)n—%
= Z( 2)— (14.1.24)
V1—2zcos6+22  /2sin0 G\ r (2i sin )"

which converges uniformly when e~ — 7| <2sin@ — 8,8 > 0.If2sin6 > 1,then
z = Olies inside the region of uniform convergence. According to (14.0.2), P,(cos )
is the nth Maclaurin coefficient of the function on the left-hand side of (14.1.24).
Hence, differentiating (14.1.24) n times, setting z = 0, and equating real parts, we

obtain N 1 1
1 —5\ (7 — 5\ cosb
P,(cos) = 2 2 ) 14.1.25
(cos ) _ZSM;<F>< . )QSM), ( )

However compare (14.1.23) with (14.1.25), and note that

1 5
P,(cos0) ~ 2P,(cosb), 87{ <0 < 87{, n — oo. (14.1.26)

Example. In [177], Robinson considered the following problem: “Let there be n
straight lines in a plane, no three of which meet at a point. Determine the number,
gn, of groups of n of their points of intersection such that no three of the points of
the group be on one of the straight lines.”

Although Robinson did not find an explicit form for g,,, he showed that g, satisfies
the recurrence relation

n

2>gn—2, n >3, (14.1.27)

gnt1 = Ngn + (

where g; = g» = 0 and g3 = 1. He also proved that the limit



358 14 Asymptotics and Darboux’s method

lim - — B (14.1.28)

n—o0 plte=—"n

exists, and conjectured that B might be a new geometric constant. Although several
solutions were given to show that the conjecture is false, none of these used the
method of Darboux; cf. an editorial note in [178].

If we multiply (14.1.27) by z"*/n! and sum from n = 3 to oo, we obtain

n+l +2
|

00

gn+1 En+1— : gnzn

Z . Z AP
n=

Hence, if we define f(z) = > -5 g.2"/n!, we obtain
1 1
(1-2)f'(2) - Ezzf(z) = zzz. (14.1.29)

The solution of this first-order equation is

¢ exp | — i—i—g —1
T P 472 '
Since f(0) =0,c =1, and

F@) = —ex {_<§+E>}_1 (14.1.30)
z - = p 773 . 1.

From the Darboux result (14.1.17) witha = 1, a =

fl@) =

2, and ¢y = e~3/*, we have

8n_ 27, (14.131)

n'te™"

and hence the constant B in (14.1.28) is given by B = +/2¢~%/4.

14.2 Logarithmic singularities

In this section we consider an extension of Darboux’s method to deal with a general
version of the type of singularity that occurs in the following example:

1 1 >
L = — 4 - = 1,7". 14.2.1
@ log(1l —z) + Z Xz(; ¢ ( )

A second form of the same example is

n

M(z) = log(1+z) Z izl < s (14.2.2)

:!\1



14.2 Logarithmic singularities 359

in fact
zL(—z) = M(—z2)+1,

s0A,/n!=(=D"",_1,n>1.

In 2004 Donald Knuth asked Frank Olver about the asymptotics of the
coefficients [, in (14.2.1). Polya [169], pp. 8-9 gives the first few coefficients Ay in
(14.2.2):

Ao=1, A1 =1, Ay =1, Ay =2, Ay =4,
As = 14, Ag = 38, A; =216, Ag = 600, Ag = 6240,  (14.2.3)

and asks for a conjecture on A,. In the solution section, after noting that (14.2.3)
makes it reasonable to conjecture that A,, is positive and increasing, Pélya points out

that asymptotically

A

n 1
on . (_l)n—l
n!

nlog’n’

(14.2.4)

The extension that we discuss now, taken from [220], is apparently considered
useful in combinatorics; see a remark in [75], p. 438, line 12.

Let f(z) be holomorphic, with Maclaurin expansion
[o.¢]
f@ =) ad", 2 <l (14.2.5)
n=0

Assume that f(z) has a singularity at z = 1, and is holomorphic within and on the
contour I” shown in Figure 14.1), for some § > 0. In a neighborhood of z = 1, f(z)
is assumed to have the form

f) = (1 —2*"og(l —2) g(z), (14.2.6)

where A and u are complex numbers, g(z) is holomorphic at z = 1, and log(1 — z)
has its principal value, which is real when z is real and < 1.

Fig. 14.1 Contour I';§ > 0
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From (14.2.5) we have
2ria, = / f()z" dz
r

= / f@z " dz + / f()z" dz. (14.2.7)
|z|=1+8

|z—1|=8

We will vary §, with

=

§ =68, =n2, (14.2.8)

and assume that on the larger circle |z| = 1 4 §,, f satisfies

f@) = 0(') n— oo, (14.2.9)

for some fixed s. A simple estimation then gives

7n71d -0 n—s , ,
/ﬂzwnf(z)z z ((1+1/ﬁ)"> n— 0o
= O (exp(—ev/n)), n— oo,

for some fixed & > 0. Since this integral is exponentially small, it is clear that the
asymptotic behavior of a, will be determined by the asymptotic behavior of the
integral

i

I, f(2)z" dz, (14.2.10)

27 Jyz-1)=s,

where the path of integration on |z — 1| = §, is now oriented in the positive direction.
Before we begin the study of behavior of the integral I,,, we shall digress briefly
to discuss the function

. (0+>
M, pu;n) = é / (—2)* ' log(—z) e "Didy, (14.2.11)
o0

where the loop contour of integration and the cuts in the z-plane are illustrated in
Figure 14.2. If © = 0, then the integral in (14.2.11) can be expressed in terms of the
gamma function; see Section 2.10.

_ i 1
ra—» E/ ()" e du,  |arg(-u)| < 7. (14.2.12)
o0

Differentiating both sides with respect to A gives

k 1 i 0" il .
D T—»n =g/ (=u)"™ (log(—u))“e " du, (14.2.13)

where D¥ = d¥/dk.
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Fig. 14.2 Loop contour

Lemma 14.2.1. For any fixed integer N > 0,

L (Slog(n 4 ) [ SN () DAL/ = 3)]
Mopm = ="y LX::? (k) (—log(n + D)k
1
¢ (aog(n + N )] (14219
asn — oQ.

Proof. In (14.2.11), we make the change of variable u = (n + 1)z and obtain

[ A —u \ 7"
MO, j:2) = ———— —uy " log (— )| e“du. (14.2.15
Guri) = g [ ot froe (555 )] etan asaas)

Divide the loop path of integration into two parts A and B, where A is the portion
contained in |u#| < (n + 1)” for some fixed p in (0, 1), and B is the remaining por-
tion of the path (i.e. two half-lines extending to co). Since arg(—u) = £7 on B,
log(—u/n + 1) satisfies the inequalities

) u
0 —_——
& n—+1

Hence, |log(—u/(n + 1))| is uniformly bounded away from zero. Although this
function becomes unbounded on B, it is bounded by the larger of log |« | and log(n +
1). An easy estimation shows that for |u| > (n + 1)”, there must exist an ¢ > 0 such
that

<

T =

log

. 14.2.16
n+1H+n ( )

_ 14
/ (—u)*! |:10g (ﬁ)] e du = O (exp(—en®)) (14.2.17)
B

as n — oo, with A and w unrestricted, and the order relation holds uniformly.
On the part A of the loop, we have

log(—u) 1" = (w) (og(—u)) (logu)V+!
[1 ~ log(n + 1)} =2 <k) (—log(n + 1)) o ((IOg(n + 1))”“)

k=0
(14.2.18)
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asn — oo, for every fixed integer N > 0. Since [, (—u)*~' (log(—u))*e™ du exists
as an absolutely convergent integral for each fixed k > 0, it follows that

fior ()]
g 1 e u

N
= o107 | 2 (1) g 1
k=0
1

By the argument used to obtain (14.2.17), we also have

f (—u)* ™! (log(—u)) e ™ du
A

%)
= / (—u)* " log(—u))*e™ du + O (exp(—en®)). (14.2.20)

oo

Hence, on account of (14.2.13),

i / (—w)*Tlog(—u))*e ™ du = D"|: }Jr O (exp(—en”))
27'[ A

ra—»a
(14.2.21)
asn — 00. A combination of the results (14.2.15), (14.2.17), (14.2.19),and (14.2.21)
yields the desired result (14.2.14). O

The result in Lemma 14.2.1 will be used in a slightly different form. First, we
note that

E(w,u) = exp{—n + D[log(1 + u) — ul}
— exp {—%wu |:2(10g(1 +u - ”)]} , (14.2.22)

u?

where
w=m+ Du. (14.2.23)

(The first equality will be used later in (14.2.35).) Now, let P, (w) be the polynomials
defined by

gu+DEw,u) = Y Py(w)u™, (14.2.24)
m=0

where g(z) is the function given in (14.2.6). Thus we have

m

1 d
Pp(w) = ——— g+ DE(w, u)]

p b (14.2.25)

u=0

Consider the integral
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Jn(n) = i (=) log(—u))* Py ((n + Du)e™ "tV qu,  (14.2.26)
Yn

where y, is the contour which traverses the circle |u| = §,, in the positive direction,
and begins and ends on the positive half of the real axis. The polynomial P, ((n + 1)u)
may be written as

Pu((n 4 Du) =Y py(n+ 1), (14.2.27)

where p; is a fixed number. Hence,
In@) = 3 (=1 pyn+ 1) 5= / (—u)* "+ (log(—u)) e~ d u,
s=0 2 Va
(14.2.28)
Since the error incurred by extending the circular paths of integration to infinite loops
is exponentially small, we have

m

Jun) = 3 (=1 pn+ D’MOu 4 m + 5, i n) + O (exp(—sn%)) (14.2.29)
s=0

asn — oo; see (14.2.17). By Lemma 14.2.1,

o]

N (—log(n 4+ 1)* 7 _ k
Jn(n) —(n Fpjye ,;zo <k>Ak(A, m)(—log(n + 1)) ", (14.2.30)
where
_ - 1) k 1
Ar(A,m) = E (=1)’psD [F(l p— S)} . (14.2.31)

Returning to (14.2.10), we replace z — 1 by u and obtain

I = L/ Fl+ D+ )" du, (14.2.32)
2w J,,

where y, is the contour described in (14.2.26).

Theorem 14.2.2. If the function in (14.2.5) is holomorphic within and on the con-
tour I' shown in Figure 14.1, and if f(z) satisfies the conditions in (14.2.6) and
(14.2.9), then for any fixed integers N > 0 the Maclaurin coefficients of f(z) have
the asymptotic expansion

1
S 1 40 <(ffﬁl) (142.33)
m=0

asn — oo, where J,,,(n) is defined in (14.2.26) and its asymptotic behavior is given
in (14.2.30).
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Proof. Substituting (14.2.6) into (14.2.32) gives

1, = kS (—u)*(log(—u)*g(u + )(u + 1)~ 'du. (14.2.34)
27 J,,
By (14.2.22) and (14.2.24),

N
g+ Dexp{—(n+ Dllogu + 1) —ul} = Y Pp(w)u” + Ry (n, u),
m=0

(14.2.35)
where N > 0 is any fixed number. The error term Ry (n, u) in (14.2.35) can be
expressed as

1 d
Ry(n,u) = (2—m/ ,g<;+1>E<w,;>—§) e
|

¢|1=2K/n2 ¢NFN(E —u)

using Taylor’s formula with remainder, where K is a positive constant and E (w, ¢)
is given in (14.2.22). A simple estimation gives

Ry(n,u) = O(mWVHD2,N+ly  asn — oo, (14.2.36)

provided |u| < K/n%. Coupling (14.2.26) and (14.2.35), we obtain

N
L = Y (=1)"Ju(n) + Ex(n), (14.2.37)
m=0
where
Ex(n) = é / (—u)* ' log(—u)* Ry (n, u)e="Vudy. (14.2.38)
Yn

Now, choose N large enough so that Re (A + N — 1) > 0. The circular path of inte-
gration can then be replaced by two line segments joining ¥ = 0 to u = §,,, one on
the upper side of the cut in the u-plane, and the other on the lower side of this cut.
Hence,

Ex(n) = O (n(N“W / |(—u)* ™ (log(—u))*e D du|), (14.2.39)
L

where L is the integration path shown in Figure 14.3. By the argument given in
Lemma 14.2.1, it can be shown that the integral in (14.2.39) is O ((log n)“/n“N“).
Thus,

Ex(n) = O ((logm)*/n**NtD/2)agn — oo. (14.2.40)

From (14.2.37), it follows that
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Fig. 14.3 Integration path L

N
I, = Z(_ijm(n) + O ((logn)*/n*+(N+D/2) (14.2.41)

m=0

This is short of the claim in (14.2.33). However, the order of the terms J,,(n), given
in (14.2.30), indicates that the result in (14.2.41) can be improved to read

N
I, = Z(—l)mlm(n)—f- O ((logn)* /n**N*1) (14.2.42)

m=0

as n — oo, for any fixed integer N > 0. This is essentially the statement of the
theorem, on account of (14.2.7) and (14.2.10). O

When p = 0, the canonical form (14.2.5) reduces to the Darboux condition
(14.1.1) with o replaced by A — 1, and our expansion (14.2.33) is equivalent to the
result given in (14.1.17).

From (14.2.30), we have

_ (Clog(n+ )" ¢ (1) o, pr| 1
Jo(n) PR ,;;(k)( log(n + 1)) poD [m—x)}
and
(Slogn+ )! S\ SN !
him) ~ — = ;(k)( log(n + 1)) gpsD ik
Hence, for any integer N > 0,
(—log(n + 1)*
JO(H)_Jl(n)zg(l)W
N M 1
—k yk
X [;(k)(—log(n—i—l)) D [—F(l—x)]

+0 ((logn+ 1))+ 0 (n_l)j|

as n — oo. Clearly, none of the terms of J;(n) can contribute to the asymptotic
expansion for a, unless the infinite asymptotic expansion for Jy(n) terminates after
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a finite number of terms (e.g. when u is a positive integer). The same will be true for
Jn(n) for m > 1. Hence, the general situation is

oo Glogn + 1)) S w1 _ k
ap ~ g(1) "1 ;(QD [F(I—A)}( log(n 4+ 1)~ (14.2.43)

asn — oo.
Returning to (14.2.1), we note that

z2L(z) =1 = f(2),

where f(z) is given in (14.2.6) with A = 1, u = —1 and g(z) = z. Thus,

ln=an+ly I’l=0,1,2,"'

Since I'(1 — A)I"(A) = m/sinmz, a straightforward calculation gives

1 2
I, ~ . [1 - 4. ] , (14.2.44)
(n+2)log“(n +2) log(n + 2)

where y = —TI"'(1) is the Euler constant.

14.3 Two coalescing singularities

Returning to (14.0.2), we note that the generating function for the Legendre poly-
nomial has two algebraic singularities, one at z = ¢’” and the other at z = ¢™?. As
6 — 07, these two singularities coalesce at z = 1 and the asymptotic expansion
of the Legendre polynomials, given in (14.1.23), breaks down; that is, Darboux’s
method fails when two or more singularities coalesce.

Fields [71] in 1967 presented a uniform treatment of Darboux’s method when two
or three singularities coalesce. He considered the case

o0

f(2.0) = (1 =)7ME” =)™ =)™ g(z:0) = Y _a(®)z", (143.1)

n=0

where the Maclaurin expansion converges for |z| < 1 uniformly for 6 € [0, 7], the
branch of (1 — z)~* and [(e'? — z)(e~"? — z)]~¢ are chosen such that each is holo-
morphic on D and equals 1 as z = 0, and g(z, ) is holomorphic in |z| < e” (n > 0).

Fields derived an expansion which is uniform in certain 6-intervals depending
on n. However his result seems too complicated for practical applications; see, e.g.
Erdélyi [66], p.167, Olver [159], pp.112—-113, and Wong [218], p.145. In response to
the comments by Erdélyi and Olver, Wong and Zhao [219] found a way to derive a
simpler form of uniform asymptotic expansion for the Maclaurin coefficients a, (6)
in (14.3.1) when two or three algebraic singularities on the circle of convergence
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coalesce. (Neither the series in (14.1.17) given by Darboux nor Field’s result is an
asymptotic (power) expansion in the usual sense.)
To begin, we start with the simple case of two singularities, namely,

f@0) =" =)™ =) ™e(z,0) = Y an®)7", (143.2)

n=0

where g(z, ) is holomorphic in |z| < e”, n > 0; this is (14.3.1) with A = 0. Contri-
bution to the large n behavior of a, () still comes from the singular points z = e*?,
which are now allowed to vary as § — 0. We shall show that the approximants in
this case are

1 : 1
Ti(x) = 5— 2+ D7%ds, Th(x) = =— [ s(s*+ 1) e™ds,
Tl I 2mi Iy
(14.3.3)

where I is a Hankel-type loop which starts and ends at —oo, and encircles s = +i
in the positive sense. It is easily verified that (d/dx)T|(x) = T»(x), and it can also
be shown that

JT JT

Ti(x) = m(;)a I 1(), Tx) = m(%)“ Jy 1 (0, (14.3.4)

where J,(x) is the Bessel function; see Exercise 3. Our ultimate goal here is to
establish that the Maclaurin coefficients in (14.3.2) have an asymptotic expansion of
the form

a, (0 )~£(i) [ Jy s (n 9)2“"(9) +U, 3 )Zﬂk(e)} (143.5)

asn — 00, holding uniformly for 6 € [0, # — §], § > 0, with coefficients o (6) and
Br(0) determined recursively.
To prove (14.3.5), we start with the Cauchy formula

dz

g (14.3.6)

an(e) = _/ g(Z 9)(1 —2Z0059+Z) “

where I" is a simple closed contour which encloses z = 0 but not z = ¢*’ and lies
in the domain of z-holomorphy of f(z; #). We may choose I" so that it consists of
two portions I'; and Iz, where I is a curve starting from z = e~ ", enclosing
z = ¥ but not z = 0 in clockwise orientation, and ending at z = €% ¢”, while I'x
is the circle |z| = e, oriented anticlockwise; see Figure 14.4.

We first show that the contribution from Iz is exponentially small. Indeed, let us
define

1 d
4 (0) = ¢(2,0)(1 — 2z cos 6 + 22« =5 (14.3.7)
2mi I

and
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Ckg

—en

Fig. 14.4 Contour in (14.3.6)

1 d
ex@) = — | (2, 6)(1 —2zc0s6 + 22)~ 0= (14.3.8)
2mi Jr, z" 1
On I'g, we have
(" — 1)? < |1 —2zcos + 22| < (" + 1)
From (14.3.8), it follows
lee @) < c(g, me™™, (14.3.9)
where c(g, n) is a positive constant. In fact, one may choose
c(g.m = max{lg(z; O)]} - max{(e” — D7, (" + D7,
z|=e"
From (14.3.6) to (14.3.9), we obtain
a,(0) = 2,(0) +¢e£(6), (14.3.10)
where |eg| < c(g,0)e .
Now we consider the behavior of 7,. The change of variable
z=e % (14.3.11)
in (14.3.7) gives
1—2a
A, (0) = - / ho(s, 0) (s + 1)~ ds, (14.3.12)
2rwi Jr

where
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s 6739 _ €i9 6739 _ e*iG -«
ho(s,0) = g(e 7", 0) [((—s — i)@) ( E—; )i| (14.3.13)

is holomorphicins forRes > —n/6 and |s £ i| < 27 /6.In(14.3.12), I" is the image

of I'; under the transformation (14.3.11). That is, I" is the positively oriented curve

in the s-plane which starts at e "1 /6, ends at /"1 /6, and encloses both s = i.
To pick up the first-level contribution from the integral in (14.3.12), we write

ho(s, 0) = ao(0) + so(0) + (s* + 1go(s, 6), (14.3.14)

where the coefficients «(6) and By(0) are determined by setting s = £i. More
precisely, we have

1 1
ap(0) = z[hg(i,@)-f-ho(—iﬁ)], Bo(0) = 2—i[ho(i, 0) — h(—i,0)]. (14.3.15)

Note that go(s, ) in (14.3.14) has the same domain of s-holomorphy as (s, 9).
Inserting (14.3.14) into (14.3.12) and integrating the last term by parts give

1
Gy (0) = 07 ag(O)[T1(n0) — er,1 4+ 0" Bo(O)[T2(n0) — 7,1 + —e1,
(14.3.16)
where T (x) and T,(x) are given in (14.3.3),

e~ "n/0 e n/6
er, =/ s’—‘(s2+1)—“e"“ds+/ sTHsT+ D% ds, (14.3.17)

i 00 ein n/e

[=1,2,and
& = 21 +81’E. (14318)
In (14.3.18),
1 s=e'%n/6
e = 072 s—[go(s,0)(s* + ) 7e"] (14.3.19)
2mi s=e=i77/0

represents the endpoint contribution and

12«

X = -
2mi

fhl(s,e)(s2+1)*“e"9ws, (14.3.20)
r
where
1 2 o d 2 1—«
hi(s,0) = =2 (s* +1) a[go(&@)(s + ']

— [(sz +0L 20— oe)s:| 20(s.0). (14321
0 ds
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It can be seen from (14.3.21) that (s, 0) has the same domain of s-holomorphy as

go(s, 0), and hence as h(s, 0). It can also be seen that the integral representation for

X is of the same form as (14.3.12) for <7, (0). Thus, the procedure can be repeated.
Define inductively

hi(s,0) = o + sBr + (s> + Dgi(s,0), k=0,1,2,---, (14.3.22)
and

1 d
hig (5.0) = — [(52 + D +2(1 = a)si| gu(5,0),k=0,1,2,--- (14.3.23)

Repeated application of integration by parts as above gives the expansion

m—1

0
o, (0) = 01—2aTl(n9) Z (Xk(k )
= "
m—1
0
+60' 2 Ty(n0) ) £ "(k L+ e0,m) (14.3.24)
n
k=0
form =1,2,---, where
m m—1
€k, - ar(@)er, + Be(@)er,
8(9,m)=gE+Z%_91 2a2 k Tlnk & T
k=1 k=0
1
o Zm) (14.3.25)
nm
In (14.3.25), e is given in (14.3.8),
1 s=e™1n/0
ser = 07— [giea(s,0)(s” + D" ck=1,2,--- (14.3.26)
2mi et
and
91—20(
X = ; / R (s, 9)(s2 + 1)—aen<95ds, m=1,2,--- (14.3.27)
27Tl r

One can see from (14.3.22) and (14.3.23) that A (s, 6) and g (s, ) have the same
domain of s-holomorphy as % (s, 9).

To conclude this section, we show that 7, and er, in (14.3.17) are exponentially
small. Set

o0
I = (s> 4+ 1)~ %e " ds, (14.3.28)
n/6

and make the change of variables s = (¢ 4 1)n/6. The integral in (14.3.28) becomes

00 92 —o
I = 7,'—2“92“—'e—""f [(;+ D>+ F} e ™ dt. (14.3.29)
0
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Note that 6% /5> > 0, and
627
[(r + 17+ —2} <@+DH7
n
for 0 € [0, 2] and r > 0. Hence

o0
1
| 5C(n)020‘_'e—””/ (t+ D2 ™dr < CO*'=e™™,  (14.3.30)
0 n

where we have used C (1) as a generic symbol to denote positive constants, indepen-
dent of 6 and n, the value of which may differ in different places. From (14.3.17)
and (14.3.30), it follows that

01—2rx|8 <C l —nn
nl < (n)ne (14.3.31)

and
0'"% e, | < C(p)e™ (14.3.32)

for 6 € [0, 7 ]. The last inequality is obtained by combining (14.3.17) with (14.3.30)
and integrating by parts in both integrals in (14.3.17).

14.4 Asymptotic nature of the expansion (14.3.24)

In the previous section we derived the expansion (14.3.24) for the Maclaurin coeffi-
cients a, (0) in (14.3.2). To show that (14.3.24) is an asymptotic expansion, we must
estimate the remainder term (6, m) and demonstrate that the coefficients o (6) and
By () are bounded. In this section we do this step by step.

Theorem 14.4.1. Assume that g(z,0) in (14.3.2) is uniformly bounded for 6 €
[0, ], and is z-holomorphic in |z] < e" (n > 0). For any integers m > 1, we
have

m—1 m—1
a,(0) = 0" Ty(n6) ) | akn(f) +40' Ty (n0) ﬂ];(ke)
k=0 k=0
+e@, m), (14.4.1)
where
@) < Mi,  1B(9)/6] <= My (14.4.2)

fork=0,1,2,---, and

917201
£@.m)| = My—r|ITi(16)| + 00 | (14.43)
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el

D .

I'..’ /8 E L
\

Fig. 14.5 Domain D and contour I”

form = 1,2,3,--- . The positive constants My, k =0, 1,2, --- , are independent
of0 € [0, 7 — 6], 6 > 0, the coefficients ;. (0) and By (0) are defined successively by
(14.3.13), (14.3.22), and (14.3.23). The remainder term (0, m) in (14.4.1) involves
€E, €Ty, €k, E, and X, which are explicitly given in (14.3.8), (14.3.17), (14.3.26), and
(14.3.27), respectively.

Step 1. Proof of (14.4.2). Define the region

n . 2
D = {s|Res > —g [s£i] < 2 [ (14.4.4)

and let I" be a contour in D which encloses s = =i in the positive sense; see Figure
14.5. Using Cauchy’s integral formula and the fact that A (s, ) is s-holomorphic in
the region D, we have from (14.3.15)

1
ap(0) = z—m/ Ao(s, 0)ho(s, 0)ds,
r

Bo(0) = = L/ Bo(s, 0)ho(s, 0)ds, (14.4.5)
2mi r

where

1
and  By(s,0) =

s
_— 14.4.6
s24+1 s2+1 ( )

Ap(s,0) =

Define inductively
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1 2\—1 2 d

Ar(s,0) = 5(1 + s57) (s” + l)d— + 2as ¢ Ag_1(s, 60) (14.4.7)
s

and
1 241 2 d
Bi(s,0) = 5(1 +5) (s” + l)d— + 2as ¢ Bi_i1(s, 0) (14.4.8)
s

fork = 1, 2,3, --- . Thedifferential operator in (14.4.7) and (14.4.8) can be written
as

—(s F 1) [(s F1)%Ap i Gs, 0)] (14.4.9)
In terms of these rational functlons, we obtain

Lemma 14.4.2. For9 € [0, 7] andk = 0,1,2,---, we have
@) = (1 —20) 221 ® 4 L/ Ax(s, O)ho(s, 0) ds (14.4.10)
0 2mi r

and |
B(®) = —— / Be(s. 0)ho(s. 0) ds. (14.4.11)
2mi r

where I is the same contour given in (14.4.5) and for convenience, we have set
B-1 =0.

Proof. We demonstrate only the result in (14.4.10). The corresponding result in
(14.4.11) can be established in a similar manner. The case k = 0 is already given in
(14.4.5). For k > 1, we have from (14.3.22) and (14.3.23)

ag(6)

L / Ao(s. O)hi (s, 6) ds
2mi
1
= 527 | A0Gs. 9){—7(2+1>°‘ ~[a-16.0067 + D' “}}ds
Tl
- i./ A1(5, 0)(s2 + Dge1 (5, 0) ds
27i Jr

1
= f A1 (s, 01 (5. 0) — ag_1(6) — 5By (©)ds
i Jr
Br—109)
0

1
- —./ A1 (s, 0)h_y (5. 0) ds + (1 — 2a)
2ri Jr

Bk— 1 (9)

= 7/ Ap(s,0)ho(s, 0)ds + (1 — 2a)

thus proving (14.4.10). Here we have repeatedly used
1
—./Ak(s,e)ds:o, k=1,2,---,
2mi r

1
—f 0sA1(s,0)ds = 2a — 1,
2wi Jr
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and {
—,/QsAk(s,G)ds=O, k=23,
27Tl r

which follows from (14.4.6), (14.4.7), and (14.4.13) below. |

Lemma 14.4.3. For 0 € (0, ], there exists a constant My > 0, independent of 0,
such that
|Ac(s,0)| < M0 and |Bi(s,0)| < M;6> (14.4.12)

for|s| < M/O,|s—i| = L/0 and|s+c| > L/O, where L and M are positive
constants.

Proof. By induction, one can use (14.4.6) and (14.4.7) to write

_ Pi+1(8)

Ai(s,0) = Q_k—(l v (14.4.13)
fork =0,1,2,---, where pyy;(s) is a polynomial of degree k + 1, with coefficients
independent of 6. It can also be shown from (14.4.6) and (14.4.8) that

L qi(s)

Bi(s,0) = ﬁ—(l + skt (14.4.14)
for k=0,1,2,---, where g;(s) is a polynomial of degree k, with coefficients
independent of 6. The two inequalities in (14.4.12) now follow from (14.4.13) and
(14.4.14), respectively. O

To estimate the function A (s, ) in (14.3.13), we first recall that g(e=%%, 6) is
uniformly bounded for 6 € [0, w] and Res > —n/6. Hence there exists a constant
My, independent of 6 and s, such that

Ig(e™®,0)| < M, for Res> —n/6. (14.4.15)

Next, since (e* — 1)/z has no zero and is bounded on the circle |z] = bfor0 < b <
27, there exist positive constants m;, and M, such that

z

mp < < M, for |z| <b.

Z

Hence, for 0 < b < 27, we have

e—x(? —é

(—s — )0

0
< M, for |s+i]|=<

my < < (14.4.16a)

N RN
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-n/0

Fig. 14.6 The deformed contour I"

and :
6739 _ 6719

b
— | < M, for |s—i|<-. (14.4.16b)
(—s+1)0 0

my <

Combining (14.4.15), (14.4.16), and (14.3.13) gives

Lemma 14.4.4. For 6 € (0, ], there exists a constant Mp > 0, independent of s
and 6, such that

b b
lho(s, )] < Mp forRes > —g, [s+il < Jandls—il < 2. (144.17)

Now, for 6 € [0, m — §], one may specify b = 2w — § in (14.4.17). Without loss
of generality, we may always assume that n < /7 (37 — 26). The contour I" in
(14.4.5) may be deformed so that it consists of

(i) |s+1i| = b/6,Ims > OandRes > —n/0;
@) |s —i] = b/0,Ims < OandRes > —n/0;and
(iii) the segment of Res = —n/0 joining (i) and (ii); see Figure 14.6.

The constants M and L in Lemma 14.4.3) may be chosen to be M = max{n, 37 —
26} and L = min{n, §}. A combination of Lemmas 14.4.2-14.4.4) gives the bound-
edness of the coefficients o (6) and B (8) /6, thus proving (14.4.2).

Step 2. Bounds for e and €y g. To describe the behavior of T} (n6) and T5(n0),
we make use of (14.3.4). From the behavior of J, -1 (nf) and J, -3 (nf), when né is
small, we have

Ty (nb) ~ nH)* ' as no - 0t

I'Qa)
and |
T>(nf) ~ m(;19)2"—1 as nf — 0%;
see, e.g. [22], p.225. Hence

|T\(n0)| + |To(nd)| > Cno)>! (14.4.18)
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for nf € [0, ¢] and ¢ small, where C depends only on €. The interval of validity for
(14.4.18) can of course be extended to nf € [0, B] for a finite B, since Ja_% (7) and
Jy_ 3 (7) have no common zero. The constant C may then depend on B.

In view of the behavior of the Bessel function (see, e.g. [158], p.133), we again
have from (14.3.4)

1 (no\*"! 1
Ti(nf) ~ —— (—) cos <n9 — Eom) as nb — oo,

I'(o)
n 1 o\ 1 w
T,(no) ~ @ (7> cos (n@ - Eom + E) as nf — oo.
Hence

|Ti(n0)] + |To(nB)] > C(nH)*~" (14.4.19)

for n6 € [B, 00), where B is a large but fixed number.
To estimate the error terms, we note from (14.3.31) that

2a—1 2a—1
(o) (n6)

C
ler,| < (n)02a—le—nn = C(n) {nm—Zae—nn}
n

n m n m

for n6 € [0, B], and from (14.3.32) that

(n9)2a71

Oler,] < C e

also for n6 € [0, B]. Here, C(n) is the generic symbol for positive constants, inde-
pendent of 6 and n, used in (14.3.30), (14.3.31), and (14.3.32).
When n6 € [B, 00), and hence for 8 € [B/n, ], it follows from (14.3.31)

o

0 2] a—1 0 a—1
len,| < C{—we""}(ne)"‘l < C{nmw‘ldl*ae*nn}(n ) - C(n ) .
n

n™m - n™m

Similarly, from (14.3.32) we have

(ne)ozfl

nm

Oler,| < C
Summarizing the last four inequalities, we obtain, in view of (14.4.18) and
(14.4.19)
1
0 leg| = Cu— (IO +IRON, 1= 1,2,

where C,, is a constant independent of n and 6. Accordingly,
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m—1 1-2a
g2 Z ap(@)er, + Br(@)er, - C@ (@) + I BE (14.4.20)
n" nn

k=0

for all n and 6, where use has been made of the estimates in (14.4.2). Note that the
quantity on the left-hand side of this inequality is exactly the third member in the
remainder (0, n) given in (14.3.25) and (14.4.1).

An estimate for ¢ can be obtained by comparing (14.3.9) with (14.4.18) and
(14.4.19). Since

—nn

0 12« (n9)2(x—] <c 0 12« (n9)2(x—]

m—2a+1 e—nn} <
n" n"

e ={n

for n6 € [0, B], and

1—2« a—1 1—2a a—1
e < C{nm—a+\a\+le—nn}0 (n6) < Ce (nb)

n" - n"

for nf € [B, 0co) (and hence 6 € [B/n, m]), it follows that

12«
|8E| = Mm

p UT1(0)| + |T2(0)]]. (14.4.21)
Note that e is the first member in the remainder term (0, m) given in (14.3.25).

To investigate & g, we first analyze hi(s,0) and gx(s,0). Analogous to the
sequences {Ax(s, )} and {By(s, 0)} defined inductively in (14.4.7) and (14.4.8),
we now introduce another sequence of rational functions associated with (14.3.22)
and (14.3.23). By Cauchy’s theorem,

1 h 0
ho(s, 0) = —/ 0.9 4
C,

2mi u—=s

where the integration path C, is a contour that lies in the domain D of the u-
holomorphy (see Figure 14.5)), and encloses u = s and u = =i in the anticlockwise
direction. Set

1
OQo(u,s,0) = . (14.4.22)
u—s
Then 1
ho(s,0) = —/ Qo(u, s, 0)ho(u,0)du. (14.4.23)
27i Je,
‘We further define
050 = 2| L to0 " o as.0), k=123
u,s, = = | — 107 _q1(u, s, s — , 2,3,
k 0 | du u? +1 k=1
(14.4.24)

see the comment following (14.4.8).
In view of (14.4.22) and (14.4.24), it can be shown by induction that
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o = L : Pi(w) (14.4.25)
Ok(u,s,0) = ﬁ;(u_s)k—wrl(l_i_bﬂ)l’ o

where P;(u) is a polynomial of degree [ whose coefficients are independent of s and
0. The last equation suggests that

1

-f Qk(uvs79)du:05 k=172’39“.7
27i Je,
1
—/ uQ(u,s,0)du =20 — 1,
27i Je,
1
— uQr(u,s,0)du =0, k=273,4,--

2mwi C,

(These are similar to the last three equations in the proof of Lemma 14.4.2; see also
the proof of Lemma 14.4.3.)
Similar to the derivation of (14.4.10) and (14.4.11), we have

Lemma 14.4.5. For0 € [0, 7] andk = 0,1,2,--- , we have

)ﬁk71(9)
0

1
hi(s,0) = (1 — 2« + —/ Ov(u, s, 0)ho(u,0)du, (14.4.26)
27 C.

where, for convenience, we have set f_1(6) = 0.

From (14.4.25), one can also see that the following estimates hold:

Lemma 14.4.6. For 6 € (0, 7], |u| < M/0,|s| < M/O, lu—s| > L/6, |u—
i| = L/0,and|u+i| > L/0, there exist constants My, k =0, 1,2, ---, such that

[Qk(u,s,0)| < M;0. (14.4.27)

Choose an s-contour Iy similar to I", described in the paragraph following Lemma
14.4.4, I'; consists of

1) |s+i| = b/0,Ims OandRes > —(n—¢)/0;
@) |s —i]| = b/0,Ims OandRes > —(n —¢&)/0; and
(iii) the segment of Res = —(n — ¢€)/0 joining (i) and (ii), where ¢ is a positive
number which is sufficiently small so that I'; encloses =£i; see Figure 14.7.

=
=

Similarly, we define I, consisting of

1) lu+il = (b+¢e)/6,Imu > OandReu > —n/0;
@) lu—il = (b+¢€)/0,Imu < O0Oand Reu > —n/0; and
(iii) segment of Reu = —»/0 joining (i) and (ii).

Denote by D, the domain bounded by I§. If s € D; and u € I, then Lemma
14.4.4 holds with s replaced by u, and Lemmas 14.4.5 and 14.4.6 hold since I,
encloses u = s and u = =i, and lies in D, and since it follows from the previous
description that |u — s| > ¢/6.
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|
=
~
>

e ————— — e

Fig. 14.7 Contours I, and I

We notice that in the previous derivation leading to (14.3.24) and the estimation
leading to (14.4.2), (14.4.20), and (14.4.21), we only require that  be a fixed positive
number. Hence, in these cases we can replace n by a smaller number, say '’ = n — &,
and the validity of these previous results will remain. For convenience, we continue
to denote the small ' by 5. With this understanding, one obtains the following result
by combining Lemmas 14.4.4—14.4.6 and using the fact that fn |du| = 0(1/6).

Lemma 14.4.7. For0 € (0, 7], andk =0,1,2,---, we have
lhi(s,0)] < My, s € Dy, (14.4.28)

where Dy is the domain bounded by

(i) |s+i| = b/6,Res > —n/6 and Ims
(ii) |s —i| = b/6,Res > —n/0 and Ims
(iii) Res = —n/0, [Ims| < /b? —n2/6.

We are now ready to consider the term ¢ g given in (14.3.26). By (14.3.22),

0;
0; and

IN IV

g1(s, )" + 1) e’ = [hk_l(s, 0) — a1 (6) — s—ﬂk_gl(e)@]

X(S2 + 1)—aen50‘

Since
/0% < /07 +1 < (n* +7)/607,



380 14 Asymptotics and Darboux’s method

it follows that (s2 + 1)~ is bounded by C(1)6%. In view of the bounded-

s=etiT 77/0

ness of hy_1, ax—1(0), and Br_1(0)/6, it follows that
lexel < C(n, My—pe™ ™. (14.4.29)

Using the inequalities preceding (14.4.21), one can show that the estimate for eg in

(14.4.21) also holds for e, g, k = 1,2, - - - . Hence, we have

zm: 8k_E 1-2a
k

k=1

0
= Mp— =T (n0)] + [ T2(nO)]]. (14.4.30)

Note that this is an estimate for the second member in the error term £(6, m) given
in (14.3.24) and (14.4.1).

Step 3. An Estimate for X,,(0). The only remaining task in this section is to
estimate X, given in (14.3.27). For nf € [0, B], we deform the integration path I”
so that it starts from e " /6 and ends at ¢/ /0, and that there are positive constants
L and M such that|s +i| > L/6 and |s| < M/6 along I'"; for an example of such
a path, see the paragraph following Lemma 14.4.4. Now make the change of variable
nfs = t, and denote the image of s-curve I by I;. It is readily seen that I} is a
curve which starts at e nn and ends at '™ nn; along 1:}, we have |t £inf| > nL,
|t| <nM, and

12«
X, = 0 — (ng)>! / B (s, 0)(t* + (n0)*)%e' dt. (14.4.31)
2mi i

We further deform I so that it traverses from e " nn to e ~'" (2B) along the lower
edge of the negative real line, moves to ¢/” (2B) on the circle |t| = 2B in the
anticlockwise direction, and then along the upper edge of the negative real line
to /" nn. The deformed curve will still be denoted by I. Along this new curve,
[(t> + (n9)>)™¥| < C(B)t™>* and |h,,(s,0)| < M,,; see (14.4.28). Thus

| Znl < 0'72°C (M, B)(n6)*~! [ 672" || di|
r

< C(M,,, B)8' **(n)>"! (14.4.32)

for n6 € [0, B]. In view of (14.4.18), we obtain
|Znl < M,0'*[|T\(n0)| + | T>(n6)]] (14.4.33)

forn € [0,B]l,m = 1,2,3,---.

Finally we consider the case when né — 4-o0. First, we introduce a curve I,
depending on 76, which starts at e~ /6, moves to e~'* /nf along the lower edge

of the negative real axis, encircles the origin along the circle |s| = 1/nf in the
positive sense, and then proceeds from e'™ /né to ¢/ /6 along the upper edge of
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eiﬂ',q/e : :
efmn/e A

Fig. 14.8 Contour I' = UT_; U T,

the negative real line. We now deform the path of integration in (14.3.27), and split
it into three parts: I; = I. +1i,[_; = I. — i, and I, where I, consists of three
segments on Res = —7/6 connecting:

(i) e™n/0 —iand e " n/0 +i;

(ii) €™n/6 + i and €' n/6;
(iii) e~""n/0 — i and e~""1/0; see Figure 14.8.

We know from Lemma 14.4.7 that h,,(s,0) isboundedon I" =T UT_; U T,

and that the bound is uniform in 8 € [0, # — §]. Consider

1
I = —/ B (s, 0)(s* 4+ 1) %" ds
27Tl I
ein@

2mwi

/ {hp(s +1,0)(s 4+ 2i)"%}s %" ds.
I,

In the last integral we put v(s) = h,, (s + i, 0)(s 4+ 2i)~* and make the change of
variable t = nfs. Since v(s) is uniformly bounded on {I, : Res > —3}, we have

em@

- f v(s)s %" ds
2mi (I: Res > —3}

pinf O
—/ v(s(t)t Y dt

2mi 310

()
c/ lt]7%eReY dt| § (n@)* L.
—00

— (I’l@)a71

IA

On the other hand,
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emG

M, C(x n/¢
. / w(s)ené‘s ds‘ < m—()/ t—ZOte—th dt
270 Jir: Res < —3) b4 3

< C€73n0 ,

which is in turn bounded by (n)%~! for n# > B. The second to last inequality
follows from the fact that w(s) = h,,(s + i, 0)(s + 2i)~*s~“ is uniformly bounded
by C|s|~* on that part of I'.. Hence

] < C(no)*". (14.4.34)

Similarly, we have
11| < Cmo)* . (14.4.35)

The estimate of the integral I, over I, can be obtained by taking the absolute value
of the integrand. Indeed, we have

|| < Ce™™07* < C(no)* . (14.4.36)

To obtain the last inequality, we have used the fact that 6 € [B/n, ] for nf €
[B, 0c0). A combination of (14.4.34), (14.4.35), (14.4.36), and the fact that X, =
0'72(I; + I_; + 1) gives

|Z,0)] < CO'T 0" < CO'T|Ti(n0)] + | T2(n6) |} (14.4.37)

for n6 € [B, +00), B being sufficiently large, m = 1,2,3, .- ; see (14.4.19). The
results in (14.4.33) and (14.4.37) imply that there exists a constant C such that

|52 @) < COT(Ti(n0)| + | T2(nh)]) (14.4.38)

for all n and 6. The desired result (14.4.3) now follows from (14.4.20), (14.4.21),
(14.4.30), (14.4.38), and (14.3.25).

Remark. To conclude this section, we note that in addition to the expression in
(14.3.4), the approximant 7> (x) in (14.4.1) can also be expressed as

(@ — VT (@ Ned (ﬁ

Lot = —F % 2 T \2

) Jor1 (n9).
(14.4.39)

ot
) Jotfé(ne) -

As a consequence, we have the following useful corollary.

Corollary 14.4.8. Under the same assumption as Theorem 14.4.1, the following
holds:

1 m—1 ~

a® = (55) ey 9) by s

n e A0 .
+(%) Ja+%(”9)k2:0: o TEO.m). (14.4.40)
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With oy, By, and (6, m) replaced by ay, Bk, and £(6, m), respectively, the estimates
in (14.4.2 and (14.4.3) remain valid.

Indeed, inserting (14.3.4) and (14.4.39) into (14.4.1) gives, explicitly,
ao(0) = Vmag(0)/I (),

@ (0) = W /T(@)o®) + Qo — D-1()/01, k= 1,2,3,---,
Be®) = —VmB@®)/T (@), k=012, (14.4.41)

and

Qa— )7 (l)“*% Bm-1(6) 1

50, m) = e, m)+ e % o 1 (6). (14.4.42)

The above result is immediately applicable to the ultraspherical polynomials
P™(x) defined by

[ — ) — )] = Z P™(cos6)z". (14.4.43)
n=0

With @ = X and a,(f) = P,(cos8), one can immediately write down the asymp-
totic expansion

(SIE

N n o\ 2\ @ (0)
Pn<>(cose)~(%) 5o1m6) Y o
k=0

=g o Bi(0)

uniformly for 8 € [0, # — 8], § > 0. Here

- _Jm (sinf - 5 o A/m (sinf -
Ol()(e) = m (T) COS)\.@, ,3()(9) = —m (T) smk@,

(14.4.44)

. YT (sin@\ " [r—1 0 cost —sinf
@O) = Y - : sin 26
(L) % 2 6 sin 6
sin A6
+2 cos AG] + ,

and
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5,(0) JT lk(k D sin@\ [0 cosf — sin@ A6 + 2.5in A
= - _xh— cos sin )
! ()2 ) 0 sin 0

Setting & = %, the above result reduces to a uniform asymptotic expansion for the
Legendre polynomials defined in (14.0.2).

14.5 Heisenberg polynomials

The Heisenberg polynomials are polynomials in z and z, defined by

n

o S =

where o and S are real numbers, and (y); is the Pochhammer symbol defined by
(¥)o = land (y)r = y(y +1)---(y +k — 1). This representation can be derived
from the generating function

o0
(1—w?) (1 —wz)? = Zc,ga-ﬂ>(z)w", lwz| < 1. (14.5.2)

n=0

The notation c,i“"‘” (z) was used by Gasper [86] in the sense of (14.5.1) and (14.5.2),
but the term Heisenberg polynomials was first used by Dunkl [63].

From (14.5.2), it is readily seen that the Heisenberg polynomials have the property
C*P (pel?) = p"C*P)(¢'?). Hence, to study the behavior of these polynomials as
n — o0, it suffices to consider the polynomials on the unit circle. The generating
function in (14.5.2) now takes the form

)
(eie _ Z)fot(efiQ _ Z)fﬂeiQ(aﬁB) — Z C’ga,ﬁ) (Em)Z”. (14.5.3)
n=0

Note that the exponents of the two factors on the left-hand side of the above equation
are different; hence, the result of Theorem 14.4.1 is not directly applicable to Heisen-
berg polynomials. However, the arguments in the last two sections can be modified
to deal with the current situation. To this end, we define

1 .
Ti(x) = — | s s=)Ps+i)y%eCds, 1=1,2, (14.5.4)
27'[1 Iy

where I is a Hankel-type loop which starts and ends at —oo and encircles s = =i
in the positive sense; cf. (14.3.3). We further introduce an auxiliary function
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i0 —O0sY [ _—if —9s1-B
ho(s. 0) = ei%e@p | —¢ ¢ —¢ 1455
ofs,6) = e (s +1)0 s — )0 (143.3)

and a sequence {hi(s, 6)}72,, defined by

hi(s, 0) = ar(0) + s (0) + (s* + Dgils, 6), (14.5.6a)

hk+l (S, 0) -

s24+1(a—1 -1
e

d
J - —} 9 (s, 0) (14.5.6b)

s+i s —1i ds

for k=0,1,2,---; cf. (14.3.13), (14.3.14), (14.3.22), and (14.3.23). The coeffi-
cients o () and B (6) are determined by requiring all A, (s, 6) and g (s, 6) to be
holomorphicin D = {s : Res > —g, [s £i| < 27”}; see Fig. 4.5.

Theorem 14.5.1. For 0 € [0, m — 8] with arbitrary § > 0, we have

m—1
) %
C,ia’ﬂ)(ele) — OlfafﬁTl (nH) E ak(k)
k=0 n

m—1
+01 P Ty0) Y B
k=0

0
(k) +eom  (145.7)

n

where | (0)] < My, |Bc(0)/0] < My fork=0,1,2,---, and
leg.ml < Mu0' " Pn (| Ty(n0)| + |T>(n0)|}, (14.5.3)

form = 1,2, --- . The positive constants My, k = 1,2, --- | are independent of 0
for @ € [0, m — 8]. The coefficients a(0) and B (0) are given by (14.5.6), with

(9)_6”"‘ sin _“+e’59’3 sing\ ~#
=T 2 o ’

€% (sing\ " e % [sing\ P
Bo(0) = — - — .
21 % 21 0

By expanding the slowly varying factor in the integrand of (14.5.4) in a uniformly
convergent power series of 1/s and integrating term by term, we obtain

oo k .k 1
_ (=D ()1 (B)k—i
Ty(x) = xo+~! ! i, (14.5.9)
; ; k=Dl @+ B+k

where x**#~1 is positive for real positive x. It is easily seen that x A+ T (x) is
an entire function. From (14.5.4), it is also readily verified that 7>(x) = T|(x) in
the cut plane C \ (—o0, 0]. Moreover, witha =2 —a — B and b = B —«, T1(x)
satisfies the differential equation

xT] +aT| + (x — bi)T; = 0. (14.5.10)
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Furthermore, making the change of variables

Ti(x) = x' ™% y(x), z = —2ix (14.5.11)

yields the confluent hypergeometric equation
2—a->b
2

d*y

Zd—Zz y = 0. (14.5.12)

d
+@-a) -5 -

dz
Taking into account the first two terms of the infinite series in (14.5.9), one obtains
1

Ti(x) = mx“+ﬂ_leixM(a, o+ B, —2ix), (14.5.13)

where M is the Kummer function [22], p.201. Since T>(x) = T} (x), it also follows

_ : a+p-2 ix
T = &P ;(:fg ¢ M, a+ B, —2ix)

2ixth—leix

_WM (Ol, o+ ,3, —2ix),

(14.5.14)
where M'(y, 8,z) = d%M(y, 8, z). Substituting (14.5.13) and (14.5.14) into (14.5.7),

we obtain an asymptotic expansion of the Heisenberg polynomials in terms of the
Kummer function.

Theorem 14.5.2. Assume that « and B are real and fixed and that 7 = pe'® with
p > 0and 0 real. Then we have the compound asymptotic expansion [158], p.118:

cr(0)
Lk

oo
G () ~ n“+ﬂ‘lz”{M(a, o+ B, —2ind) Y
k=0
di(6)
k

o0
+M (o, 0 + B, =2in6) )
n

k=0

} (14.5.15)

asn — 0o, uniformly with respectto p € (0, 00) and 0 € [0, w1 — §], where() < § <
7. The coefficients are given by

cu(6) = ar(0) + 1Bk (0) n Bx(0)/6 4(6) = — 2ipr(0)
T T e+ B) FTa+p—1" 77 "Ta+p

(14.5.16)

fork =0,1,2,---, ap(0) and Bi(0) being defined in (14.5.6). In particular,
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o) — el sinf\ ™«
0= (5)

do®) = = (ﬂ)ﬁ e (ﬂ)
T Ta+p o F'a+p) \ 0 '

When the parameters « and § in the above theorem are non-positive integers, the
coefficients ¢, and dy in (14.5.15) all vanish; see (14.5.16). However the asymptotic
relation remains valid, since the polynomials also vanish for large value of n, i.e. it
is a trivial result.

The results in this section are taken from [135]. For a proof of Theorem 14.5.1,
we refer to [135].

(14.5.17)

Exercises

Use Stirling’s approximation (2.10.5) to prove (Re4.1.19a).
. Prove the Riemann-Lebesgue lemma: if ffooo | f(6)]dO < oo, then

N —

lim ¢ f(0)d6 = 0.
n—oo

Hint: by a density argument, it is enough to verify this for the characteristic
function of a bounded interval.

Prove the two identities in (14.3.4).

4, Forn=1,2,3,...,let

b

1 — 2 _ 2 _ln—l
LR N Vi

=1 .
a T 2 n—1

Find the generating function of the sequence {a;} and show that a, — 0 as
n — oo.

5. Let g, denote the probability that in n tosses of an ideal coin, no run of three
consecutive heads appears. Clearly go = g1 = ¢» = 1, and in probability the-
ory it is established that g, = %qn_l + iqn_z + %qn—} Show that the {g, } have
generating function

i o 202 +41 +8
nzoq" 8 —d4r—22 13

and deduce the asymptotic formula

1.2368398446
(1.0873780254)"+1

qn as n — oo.

(See Feller [70], p.278.)
6. The Charlier polynomials C¥ (x) can be defined by the generating function
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& "
—aw X o (a) p—
(1 4 )t = chn (0
n=

For fixed x > 0, find an asymptotic expansion for C'*(x) as n — o0o. Write out
the first two terms of the expansion. (See [20], equations (5.3.6) and (5.3.12).)

. The Meixner polynomials M, (x; B, c) have generating function

'

(1- %) (1—w) ™~ = gmn(x;ﬂ,c)%.

For fixed x > 0, find an asymptotic expansion for m, (x; 8, ¢) as n — oo. Cal-
culate the coefficients of the two leading terms. (See [20], equation (5.5.7) and
Exercise 10.21, pp.262-264.)

. The Stirling numbers of the first kind S)', m,n =0, 1,2, ..., have generating

function
n

&)
4
log(1 + 01" = LSy —.
Llog(1 +1)] Z:;m "

Use the results in Section 14.2 to write out an asymptotic expansion for S as
n — o0. (This formula was first given in Jordan [117].)

. The Jacobi polynomials PP have the generating function

o0
Y PeP = 2RV~ + R 1+ R,
n=0

where R = R(z,t) = (1 — 2zt — t*)~'/2. The branch of the square root is cho-
sen so that R(z, 0) = 1. Use Darboux’s method to show that:

(a) For 0 € [e,m — ¢], & > 0, we have

PP (cos@) = n~'*k(0) cos(NO + y) + O(n™>/?),

where
k(0) = 7 "(sin 1)™"2 (cos 16) 7
N=n+3@+B+1D, y=—sm@+3),

and the O (n~3/2) term is uniform on the interval [—¢, 8 — ¢]. (See [20], equations
(4.6.7) and (4.6.11).)

(b) For fixed x > 1 we have

PP (x)y ~ (x = D™ (x + DPPVx = 1T+ Vx + 11*1F
1
+02 = D7) e 4V - 1R

The Heisenberg polynomials c\*? have the generating function given in
(14.5.2):
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[e9]
l-—0d) (-0 =) C*P@o", |oz<l
n=0

As noted at the beginning of Section 14.5, the homogeneity property of these
polynomials allows us, in studying asymptotics, to restrict attention to the unit
circle and thus to the restricted generating function (14.5.3):

[
(eiﬁ _ Z)—a(e—iO _ Z)—ﬁeiﬁ(a—ﬁ) — Zcr(la,ﬂ)(eiﬁ) .
n=0

By modifying the arguments given in this chapter, prove the result stated in
Theorem 14.5.1.

Remarks and further reading

The original presentation of Darboux’s method was in Darboux [51]. The discussion
at the start of this chapter is mainly based on Carrier, Krook, and Pearson [43].

Since its inception, Darboux’s method has been used extensively to compute
asymptotics of orthogonal polynomials. An excellent source for results of this type
is Ismail [114].

For some recent applications, see Bai and Zhao [15] and Wang and Zhao [212].
For other recent developments, in addition to the work described in this chapter, see
Flagolet et al. [74], Temme [204], Boyd [30].
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almost everywhere, 40
analytic continuation, 1415
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arc, 1
area theorem, 81
argument principle, 11
Ascoli—-Arzela theorem, 26
attracting fixed point, 56
attracting periodic orbit, 57
automorphism, 19
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backward orbit, 47
basin of attraction, 59, 60
immediate, 59
Beltrami coefficient, 189
Beltrami equation, 182
normal solution, 187
Bergman kernel, 235
Bergman metric, 244
Bergman spaces, 261
Bessel equality, 37
Bessel inequality, 36
Beurling—Ahlfors extension, 180, 181
Bieberbach conjecture, 80
Bieberbach’s theorem, 82

Blaschke product, 76
boundary condition, Dirichlet, 253
branch

of logarithm, 11

of power, 11
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Calder6n—Zygmund inequality, 185
canonical image, of a quadrilateral, 155
canonical image, of a ring domain, 163
Casorati—Weierstrass theorem, 8
Cauchy integral formula, 4, 5
Cauchy integral theorem, 3
Cauchy transform
one-dimensional, 319, 320
two-dimensional, 183
Cauchy—Green formula, 4
Cauchy—-Riemann equations, 3
Cauchy—Schwarz inequality, 35
Cayley transform, 20
change of contour, 7
Charlier polynomials, 387, 388
circular distortion, 174
complete orthonormal set, 37
complex curve, 125
complex logarithm, 10
conformal equivalence
of domains, 28
conformal mapping, 28
conformal structure, 126
conformally conjugate maps, 49
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convergence of product, 12
convolution, 41
coordinate chart, 126
coordinate disk, 138
coordinate neighborhood, 126
coordinates, 126
cover, 128
universal, 129
cover transformation, 131, 203
covering map, 31
critical points, of a rational map, 55
cross ratio, 19
curve, 1
cycle
on a Riemann surface, 206
periodic orbit, 57

D
Darboux approximant, 354
Darboux’s method, 353
deck transformation, 131, 203
degree, of a rational function, 48
diameter, 33
differential, 267
Abelian
first kind, 267, 271, 275
second kind, 271
third kind, 271
holomorphic, 221, 267
quadratic, 221
dilatation quotient, 161
dilatation, maximal, 159
Diophantine number, 64
Dirichlet boundary condition, 253
Dirichlet domain, 210
Dirichlet integral, 122
Dirichlet problem, 113, 253
discontinuity theorem, 324
domain, 1
Dirichlet, 210
simply connected, 11
Douady rabbit, 51
dual index, 38

E

elliptic curve, 264

elliptic modular function, 30

elliptic Riemann surface, 143, 203
entire function, 7

equivalence, of Riemann surfaces, 127
essential singularity, 8
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Euler-Lagrange equations, 245
expansion

Laurent, 8

Taylor, 5
extended Liouville theorem, 7
extended Poisson formula, 117
extremal domain

Grotzsch, 166, 167
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Teichmiiller, 167

F
Fatou set, 49
fixed point
attracting, 56
geometrically attracting, 56
neutral, 56
parabolic, 62
repelling, 56
super-attracting, 54, 56
Fourier transform, 334
Fuchsian group, 134, 203
first kind, 213
second kind, 213
function field, 263
fundamental group, 128

G

gamma function, 4445
functional equation, 44
Stirling’s approximation, 44

genus, 201, 263, 264

geodesic, 244

geometrically attracting fixed point, 56

Grotzsch’s extremal domain, 166

Grotzsch’s module theorem, 167

Green’s function, 138, 141, 254

Green’s identity, 146, 254

Green’s theorem, 4

Gronwall area theorem, 81

H

half plane, upper, 17

half-period, of theta function, 273
Hardy space, 238, 259

harmonic conjugate, 16, 138
harmonic function, 138, 254
harmonic measure, 139

Harnack inequalities, 117
Harnack principle, 117
Heisenberg polynomials, 384-389
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Higher Teichmiiller theory, 228
Hilbert space, 35-36
Hilbert transform
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one-dimensional, 191
holomorphic, 3
differential, 221
holonomy, 228
homology, 266
homotopic curves, 127
Holder
continuity, 186, 321
Holder continuity, 176, 185, 320
Holder’s inequality, 38
hyperbolic metric, 23
hyperbolic Riemann surface, 141, 203
hyperelliptic curve, 264

|

immediate basin of attraction, 59
infinite products, 12-13

inner measure, 40

inner product, 35

inner product space, 35

isolated singularity, 7

J

Jacobi inversion problem, 275
Jacobi polynomials, 388
Jacobi variety, 273

Jacobian, of a curve, 273
Jordan curve, 33

Jordan domain, 33

Julia set, 49

K
K-quasiconformal map, 157
Koebe function, 79

L

Laplace equation, 253

Laplace transform, 350

Laurent expansion, 8

Leau—Fatou flower, 70

Legendre polynomials, 100

lift, 128

limit set, of Fuchsian group, 213
linear fractional transformation, 18
Liouville theorem, 7

extended, 7
Loewner’s equation, 91
logarithm

branch, 11

complex, 10

principal branch, 11

M
Maclaurin expansion, 5
Mandelbrot set, 73
mapping theorem, Riemann, 28
maximal dilatation, 159
maximum modulus principle, 6

strong, 6
mean value property

harmonic functions, 116

holomorphic functions, 6
measurable, 40
measure, 40

harmonic, 139

inner, 40

outer, 40
Meixner polynomials, 388
meromorphic function, 9
metric density, 24
model, of a quadrilateral, 155
modular group, 206
module

of a quadrilateral, 155

or a ring domain, 163
module theorem, Grotzsch’s, 167
moments, 297
monic polynomial, 297
monodromy theorem, 15
Mobius transformation, 18
multiplier, of a fixed point, 56

N

neutral fixed point, 56

neutral periodic orbit, 57

Newton’s method, 76

normal family, 25
complete, 25
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order, of pole, 8
orthogonal, 36
projection, 259
orthonormal basis, 37
orthonormal set, 36
complete, 37
outer measure, 40

P

Padé approximant, 284
Padé table, 284
parabolic fixed point, 62

parabolic Riemann surface, 143, 203

parallelogram identity, 37
path, 1
pathwise connected, 126
period lattice, theta function, 273
periodic orbit, 57
attracting, 57
neutral, 57
repelling, 57
super-attracting, 57
periodic point, 57
periods, of theta function, 273
Perron family, 119, 138
Perron function, 119
Perron method, 137
Poincaré density, 23
Poincaré metric, 23
Poisson formula, 115
extended, 117
Poisson kernel, 115
pole, 8
products, infinite, 12—13
properly discontinuous group, 131

Q

quadratic differential, 221
quadrilateral, 154
quasi-isometry, 181
quasiconformal map, 157
quasiconformal reflection, 225
quasiperiod, theta function, 273
quasisymmetric, 178

R

Radon transform, 331, 337
reflection principles, 13—-14
regular boundary point, 120
regular map, 160
removable singularity, 8

repelling fixed point, 56
repelling periodic orbit, 57
reproducing kernel, 238
reproducing property, 236
residue, 9
theorem, 9
Riemann constants, 278
Riemann mapping theorem, 28
Riemann sphere, 17
Riemann surface
elliptic, 143, 203
hyperbolic, 141, 203
parabolic, 143, 203
Riemann-Hilbert
factorization problem, 319
problem I, 319
problem II, 348
Riemann-Stieltjes integral, 299

Riesz—Thorin convexity theorem, 194

ring domain, 163
module, 163

Robertson conjecture, 95

Rouché’s theorem, 10

S

schlicht function, 79, 81
Schwarz reflection principle, 123
Schwarz’s lemma, 20

Schwarzian, Schwarzian derivative, 219

Scramm-Loewner evolution, 94
self-similarity, 55
Shanks transformation, 308
sides, of a quadrilateral, 154
Siegel disk, 67
simple pole, 8
simply connected domain, 11
singularity
essential, 8
isolated, 7
removable, 8
SLE, 94
slit domain, 87
slit mapping, 86, 87
Sokhotski—Plemelj formula, 320
standard coordinate, 138
stereographic projection, 21
Stieltjes function, 303-307
Stieltjes transform, 296, 300-303
modified, 303
Stirling numbers, 388
Stirling’s approximation, 44
stochastic Loewner evolution, 94
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subharmonic function, 118, 138

super-attracting fixed point, 54, 56

super-attracting periodic orbit, 57
support, 38

T
Taylor expansion, 5
Teichmiiller distance, 214
Teichmiiller metric, 214
Teichmiiller space, 214
universal, 202, 217
Teichmiiller theory, higher, 228
Teichmiiller’s theorem, 227
theta function, 272
with characteristics, 273
triply punctured sphere, 30
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U

uniform convergence of quadrilaterals, 157
uniformization theorem, 126, 127, 137, 141
unit circle, 17

unit disk, 17

unitary map, 258

univalent function, 79, 81

upper half-plane, 17

w

Weierstrass approximation theorems, 116

Weierstrass polynomial approximation the-
orem, 115

Weyl’slemma, 42
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